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Abstract
Full Text
THEORY OF ELASTICITY
L. A. TOLOKONNIKOV

PLANE DEFORMATION OF AN INCOM-
PRESSIBLE MATERIAL
(Presented by Academician L. I. Sedov, 25 XII 1957)

1. The position of the points of a body in the natural state is determined by
Cartesian coordinates 𝑥1, 𝑥2, 𝑥3. Let the displacement vector of a particle have
the components 𝑢1(𝑥1, 𝑥2), 𝑢2(𝑥1, 𝑥2), 𝑢3 = 0. Then the deformed state of the
neighborhood of a point can be determined (1) by the components of the tensor
((𝜀𝑖𝑘)) and the vector 𝜔⃗, of which only 𝜀11, 𝜀22, 𝜀12, and 𝜔3 may differ from
zero.

If 𝜗 is the angle between the first of the principal fibers in the natural state and
the vector i1; 𝜆1, 𝜆2 are the elongations of the principal fibers; 𝜔 is the angle of
rotation of the neighborhood of the point as a rigid body, then

2(1 + 𝜀11) = (𝜆1 + 𝜆2) cos 𝜔 + (𝜆1 − 𝜆2) cos(2𝜗 + 𝜔),
2(1 + 𝜀22) = (𝜆1 + 𝜆2) cos 𝜔 − (𝜆1 − 𝜆2) cos(2𝜗 + 𝜔),

2(𝜀12 − 𝜔3) = −(𝜆1 + 𝜆2) sin 𝜔 + (𝜆1 − 𝜆2) sin(2𝜗 + 𝜔),
2(𝜀12 + 𝜔3) = (𝜆1 + 𝜆2) sin 𝜔 + (𝜆1 − 𝜆2) sin(2𝜗 + 𝜔).

(1)

Hence, among other things, it follows that

2𝜔3 = (𝜆1 + 𝜆2) sin 𝜔.

Considering the deformation of an incompressible material, we put

𝜆1 = 1 + 𝜂, 𝜆2 = (1 + 𝜂)−1, 𝜆3 = 1,

ln 𝜆𝑘 = √2ℰ𝑖 cos 𝛽𝑘, 𝛽1 = 𝛽, 𝛽2 = 𝛽 + 2
3𝜋, 𝛽3 = 𝛽 − 2

3𝜋,

whence follow the expressions for the phase and intensity of deformation:

𝛽 = 1
6𝜋, √1.5 ℰ𝑖 = ln(1 + 𝜂) = 1

2 𝜗. (2)
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The displacement compatibility conditions reduce to the system:

2(𝜗 + 𝜔),1 = 2 ch 𝜗 𝜗,1 − (ch 𝜗),2 + (sin 2𝜗 sh 𝜗),1 − (cos 2𝜗 sh 𝜗),2,
2(𝜗 + 𝜔),2 = 2 ch 𝜗 𝜗,2 + (ch 𝜗),1 − (sin 2𝜗 sh 𝜗),2 − (cos 2𝜗 sh 𝜗),1, (3)

and the compatibility condition for rotations of the elements of the body proves
to be the equation

(cos 2𝜗 sh 𝜗),22−(cos 2𝜗 sh 𝜗),11−2(sin 2𝜗 sh 𝜗),12+∇2 ch 𝜗+2𝜗,2(ch 𝜗),1−2𝜗,1(ch 𝜗),2 = 0,
(4)

where ∇2 denotes the Laplace operator.

2. The nonlinear equilibrium equations are written in generalized stresses (2),
which are expressed in terms of the hydrostatic 𝜎 and octahedral tangential 𝜏
stresses. Assuming the body to be isotropic, the principal directions of stresses
and deformations to coincide, the phases of the true stresses and logarithmic
elongations to be the same, and the intensity of deformations, known from
experiments, to be a single-valued function only of the octa-

of the reduced shear stress, we satisfy the equations of equilibrium in the absence
of body forces by introducing the stress function 𝑈 :

𝜎√1, 5 + 𝜏 cos 2𝜗 − 𝑓 = 𝑝𝑈,22, 𝜎√1, 5 − 𝜏 cos 2𝜗 − 𝑓 = 𝑝𝑈,11,

𝜏 sin 2𝜗 = −𝑝𝑈,12, 𝑓 = 2√1, 5 ∫
𝜗𝑖

0
𝜏(𝜗𝑖) 𝑑𝜗𝑖, (5)

where 𝑝 is a characteristic stress.

Putting 𝑉 = 𝜏−1 sh 𝜗, on the basis of (5) and (4) we obtain the resolving equa-
tion of the problem

∇4𝑈 + 1
𝑝

𝑑𝜗
𝑑𝜏 ∇2𝑡2 + 1

2𝜏𝑉
𝑑𝑉
𝑑𝜏 [(𝜏2

,11 − 𝜏2
,22)(𝑈,11 − 𝑈,22) + 4𝜏2

,12𝑈,12]

+ 1
2𝜏𝑉

𝑑
𝑑𝜏 (𝑉

𝑝
𝑑𝜗
𝑑𝜏 ) [(𝜏2

,1)2 + (𝜏2
,2)2] + 𝑝𝑑𝜗

𝑑𝜏 [𝑈,122(𝑈,111 − 𝑈,122)+

+𝑈,112(𝑈,222 − 𝑈,211)] + 1
𝜏𝑉

𝑑𝑉
𝑑𝜏 (𝜏2

,1∇2𝑈,1 + 𝜏2
,2∇2𝑈,2)

+ 1
4𝜏𝑉

𝑑
𝑑𝜏 (1

𝜏
𝑑𝑉
𝑑𝜏 ) {[(𝜏2

,1)2 − (𝜏2
,2)2](𝑈,11 − 𝑈,22) + 4𝜏2

,1𝜏2
,2𝑈,12} = 0.

(6)

On passing to the relations of the classical theory of elasticity, this equation
reduces to the biharmonic equation.
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3. Let on a boundary element with normal ⃗𝜈(cos 𝛼, sin 𝛼) in the natural state
the true normal 𝑝𝜎𝑛 and tangential 𝑝𝜏𝑛 stresses be prescribed. Since

𝑝𝜆2
𝜎𝜎𝑛 = 𝜆2

𝜎𝜎 − √1, 5𝜏[sh 𝜗 − ch 𝜗 cos 2(𝛼 − 𝜗)],

𝑝𝜆2
𝜏𝜏𝑛 = −√1, 5𝜏 sin 2(𝛼 − 𝜗), 𝜆2

𝜏 = ch 𝜗 − sh 𝜗 cos 2(𝛼 − 𝜗),

on the basis of (5) we find the boundary conditions

𝑑𝑈,1
𝑑𝑠 = 𝐴 cos 𝛼 − 𝐵 sin 𝛼, 𝑑𝑈,2

𝑑𝑠 = 𝐴 sin 𝛼 + 𝐵 cos 𝛼, (7)

where 𝑠 is the length of the arc of the boundary contour Γ in the natural state,

𝐴 = − 1√1, 5𝜆2
𝜏 ∣Γ𝜏𝑛,

𝐵 = −1
𝑝𝑓∣Γ+ 1

ch 𝜗 { 𝜆2
𝜏𝜎𝑛√1, 5 + 𝑉 𝜏2

𝑝 + 𝑝𝑉 (1
2∇2𝑈 + 𝑓

𝑝 ) [1
2 cos 2𝛼 (𝑈,22 − 𝑈,11) − sin 2𝛼 𝑈,12]}∣

Γ
.

(8)

4. In investigating finite deformations of nonferrous metals one may take

𝜏 = 𝐺 th 𝜗, 𝐺 = const. (9)

We denote

𝜇 = 𝑝
𝐺, 𝑡 = (𝑈,12)2 − 1

4(𝑈,22 − 𝑈,11)2, 𝐻 = 1
ch2 𝜗

= 1 − 𝜇2𝑡 (10)

and write the resolving equation in the form

∇2𝑈 +
4

∑
𝑘=1

𝜇𝑘𝐿𝑘(𝑈) = 0, (11)

where 𝐿𝑘 are nonlinear operators of degree 𝑘 + 1, for example:

𝐿1(𝑈) = ∇2𝑡 + 𝑈,122 (𝑈,111 − 𝑈,122) + 𝑈,112 (𝑈,222 − 𝑈,112) . (12)

Since in this case
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𝑓 = −𝐺 ln 𝐻, 𝜎√1, 5 = 𝑓 + 1
2𝑝∇2𝑈,

it is easy to find:

𝐴 = − 𝜏𝑛√1, 5𝐻 (1 − 𝜇𝐾
√

𝐻) , 𝐾 = 1
2 cos 2𝛼 (𝑈,22 − 𝑈,11) − sin 2𝛼 𝑈,12,

𝐵 = 𝜎𝑛√1, 5 + 𝜇 ( 1
𝜇2 ln 𝐻 + 𝑡

√
𝐻) − 𝜇𝐾

√
𝐻 ( 𝜎𝑛√1, 5 − 1

2∇2𝑈 + 1
𝜇 ln 𝐻) . (13)

The structure of equation (11) and of the boundary conditions (7), (13) indicates
the possibility of representing the solution of the problem by an expansion in
powers of the small parameter 𝜇:

𝑈 = 𝑈 (0) + 𝜇𝑈 (1) + 𝜇2𝑈 (2) + … (14)

The determination of 𝑈 (0) is equivalent to the solution of the classical problem
(3), while the computation of each of the subsequent approximations reduces to
the solution of problems of the type

∇4𝑈 (1) = −𝐿1 (𝑈0) ,

𝑑𝑈 (1)
,1

𝑑𝑠 ∣
Γ

= 𝑓1 (𝑈0) , 𝑑𝑈 (1)
,2

𝑑𝑠 = 𝑓2 (𝑈0) , (15)

therefore, for the solution of concrete problems one may successfully apply the
methods developed by N. I. Muskhelishvili.

In contrast to the known (4) methods of formulating and solving plane problems
of the nonlinear theory of elasticity, here the magnitudes of deformations and
displacements are not restricted; therefore, the computation of any approxima-
tion and the analysis of the convergence of (14) are meaningful.
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