
Soviet-era science, translated into English

Corresponding Member of
the Academy of Sciences
of the USSR Ya. B.
ZELDOVICH and G. I.
BARENBLATT
1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.09803

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-195801.09803


Abstract
Full Text
MATHEMATICAL PHYSICS
Corresponding Member of the Academy of Sciences of the USSR Ya. B. ZEL-
DOVICH and G. I. BARENBLATT

ON THE ASYMPTOTIC PROPERTIES OF
SELF-SIMILAR SOLUTIONS OF THE EQUA-
TIONS OF UNSTEADY GAS FILTRATION
1°. In numerous nonlinear problems of mathematical physics, obtaining and
analyzing exact self-similar solutions constitutes a very effective method of in-
vestigation. It is important to bear in mind that self-similar solutions are of
interest not only, and not so much, as particular solutions of separate narrow
classes of problems, but chiefly as an instrument for obtaining approximate so-
lutions and asymptotic representations of solutions of more general classes of
problems. In particular, in a number of cases self-similar solutions determine the
asymptotic behavior, for large values of time, of solutions of sufficiently broad
classes of unsteady problems. Profound considerations on this subject are con-
tained in the book of L. I. Sedov (1). As is known, the existence of self-similar
solutions is connected with the invariance of the basic equations of the problem
with respect to some group of transformations. It turns out to be possible, by
using this invariance, to indicate (also in self-similar form) the following terms
of the asymptotic representations of the solution for large values of time. In
the present note such results are obtained as applied to the Cauchy problem
for the nonlinear equation of unsteady gas filtration (coinciding with the heat-
conduction equation for a power-law dependence of the thermal conductivity on
temperature), whose self-similar solutions corresponding to an initial condition
in the form of a 𝛿-function were obtained earlier (2, 3). Despite a certain formal
difference, the considerations set forth in the present work are closely connected
with the work (4), where the equation of heat propagation of a flame, invariant
with respect to a narrower group of continuous transformations, was considered.
We note that, in the spherical case, the problem of perturbations of a self-similar
solution was considered in the work of E. I. Andriankina and O. S. Ryzhov (5).

2°. Let us consider the asymptotic behavior of solutions of the Cauchy problem
for L. S. Leibenzon’s equation of unsteady gas filtration

𝜕𝑢
𝜕𝑡 = 𝑎2 𝜕2𝑢𝑛+1

𝜕𝑥2 or 𝜕𝑤1/(𝑛+1)

𝜕𝑡 = 𝑎2 𝜕2𝑤
𝜕𝑥2 ; 𝑤 = 𝑢𝑛+1 (1)

(𝑢 is the gas density, 𝑎2 is a constant depending on the properties of the medium
and of the gas, 𝑥 is the coordinate (−∞ < 𝑥 < ∞), 𝑡 is time, 𝑛 is the polytropic
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exponent), corresponding to bounded initial distributions 𝑢(𝑥, 0) = 𝑈(𝑥) that
vanish outside some finite interval of the 𝑥-axis.

For illustration, let us first consider the linear case (𝑛 = 0). As is known, the
solution of the Cauchy problem under consideration in this case is represented
in the form

𝑢(𝑥, 𝑡) = 1
2𝑎

√
𝜋𝑡 ∫

∞

−∞
𝑈(𝑦)𝑒−(𝑥−𝑦)2/4𝑎2𝑡 𝑑𝑦. (2)

It is not hard to show, by expanding the kernel of the integrand, that for large
𝑡 this solution is represented in the form

𝑢(𝑥, 𝑡) = − 1
2𝑎

√
𝜋𝑡𝑒−𝜉2 ∫

∞

−∞
𝑈(𝑦) 𝑑𝑦 + 𝜉𝑒−𝜉2

2𝑎2√
𝜋𝑡 ∫

∞

−∞
𝑈(𝑦)𝑦 𝑑𝑦+

+𝑒−𝜉2(2𝜉2 − 1)
8𝑎3√𝜋 𝑡3/2 ∫

∞

−∞
𝑈(𝑦)𝑦2𝑑𝑦 + … (𝜉 = 𝑥

2𝑎
√

𝑡) , (3)

i.e., in the form of a sum of self-similar terms in which the powers of time
each time increase in absolute value by 1/2, while the coefficients are expressed
through successive moments of the initial distribution. Expression (3) confirms
the intuitively obvious fact that the general solution (2) tends to the self-similar
solution

𝑢′
0(𝑥, 𝑡) = 𝐸

2𝑎
√

𝜋𝑡 𝑒−𝑥2/4𝑎2𝑡

(provided that the first moment of the function 𝑈(𝑥) does not accidentally van-
ish). In the linear case it is also easy to verify that, with a suitable choice
of the normalizing factor 𝐸, the coordinate shift 𝑥0, and the time shift 𝜗, the
self-similar function

𝑢0(𝑥 − 𝑥0, 𝑡 + 𝜗, 𝐸) = 𝐸
2𝑎√𝜋(𝑡 + 𝜗)

𝑒−(𝑥−𝑥0)2/4𝑎2(𝑡+𝜗)

differs from the exact solution by terms of order not lower than 𝑢′
0/𝑡3/2. For

this one must take

𝐸 = ∫
∞

−∞
𝑈(𝑦) 𝑑𝑦, 𝑥0 = ∫

∞

−∞
𝑈(𝑦)𝑦 𝑑𝑦/ ∫

∞

−∞
𝑈(𝑦) 𝑑𝑦,

𝜗 = ∫
∞

−∞
𝑈(𝑦)𝑦2𝑑𝑦/𝑎2 ∫

∞

−∞
𝑈(𝑦) 𝑑𝑦.
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3∘. Let us now turn to the nonlinear case (𝑛 ≠ 0). First of all, note that the
solution of the problem under consideration satisfies the relations

∫
∞

−∞
𝑢(𝑥, 𝑡) 𝑑𝑥 = ∫

∞

−∞
𝑈(𝑦) 𝑑𝑦 = 𝐸, ∫

∞

−∞
𝑢(𝑥, 𝑡)𝑥 𝑑𝑥 = ∫

∞

−∞
𝑈(𝑦)𝑦 𝑑𝑦 = 𝑥0𝐸,

(4)

where 𝑥0 and 𝐸 are certain constants. The self-similar solution of equation (1),
satisfying conditions (4), has the form (2,3)

𝑤 = 𝑤0 = 𝐸2(𝑛+1)/(𝑛+2)

[𝑎2(𝑡 + 𝜗)](𝑛+1)/(𝑛+2) [ 𝑛
2(𝑛 + 1)(𝑛 + 2)]

(𝑛+1)/𝑛
(𝜉2

0−𝜉2)(𝑛+1)/𝑛 (|𝜉| ≤ 𝜉0),

𝑤0 ≡ 0 (|𝜉| ≥ 𝜉0), (5)

where

𝜉 = 𝑥 − 𝑥0
[𝐸𝑛𝑎2(𝑡 + 𝜗)]1/(𝑛+2) ; 𝜉0 = 𝜉0(𝑛)

is a certain nonzero function of 𝑛; for small 𝑛, 𝜉0 ∼ 𝑛−1/2; 𝜗 is an arbitrary
constant. For large 𝑡 the solution of the general problem under consideration is
represented in the form

𝑤(𝑥, 𝑡) = 𝑤0(𝑥 − 𝑥0, 𝑡 + 𝜗, 𝐸) + 𝜑(𝜉, 𝜏), 𝜏 = ln(𝑡 + 𝜗), (6)

where 𝜑(𝜉, 𝜏) is regarded as small in comparison with 𝑤0; the choice of the
constant 𝜗 will be discussed below. The problem consists in determining the
order of decrease of the function 𝜑(𝜉, 𝜏) with time. Substituting expression (6)
into equation (1) and linearizing, we obtain for 𝜑 the linear equation

𝜕𝜑
𝜕𝜏 = 𝐿𝜉𝜑 = 𝑛

2(𝑛 + 2)(1 − 𝜉2)𝜕2𝜑
𝜕𝜉2 + 1

𝑛 + 2𝜉 𝜕𝜑
𝜕𝜉 + 2

(𝑛 + 2)(1 − 𝜉2)𝜑 − 𝜑, (7)

where 𝜁 = 𝜉/𝜉0. We seek the solution of this equation by the method of separa-
tion of variables in the form

𝜑 =
(𝑛)
∑ 𝑒−𝜆𝑛𝜏𝑓(𝜁, 𝜆𝑛) =

(𝑛)
∑(𝑡 + 𝜗−𝜆𝑛)𝑓(𝜁, 𝜆𝑛),
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where 𝜆𝑛 are the eigenvalues of the operator 𝐿𝜁. To determine several of the
first eigenvalues we shall make use of the invariance indicated above, i.e., of the
fact that the function 𝑤 = 𝑤0(𝑥 − 𝑥0 + Δ, 𝑡 + 𝜗 + 𝜎, 𝐸 + 𝜀) is also a solution
of equation (1) for arbitrary Δ, 𝜎, 𝜀. Up to small quantities of second order in
Δ, 𝜎, 𝜀, this solution is represented in the form

𝑤0(𝑥 − 𝑥0, 𝑡 + 𝜗, 𝐸) + 𝜀 𝜕𝑤0
𝜕𝐸 + Δ 𝜕𝑤0

𝜕𝑥 + 𝜎 𝜕𝑤0
𝜕𝑡 . (8)

It is easy to see that, owing to the self-similarity of 𝑤0(𝑥, 𝑡, 𝐸), the last three
terms of expression (8) are represented in the form (𝑡 + 𝜗)−𝑚𝑓(𝜁), satisfy equa-
tion (7), and, consequently, the corresponding functions 𝑓(𝜁) are eigenfunctions
of the operator 𝐿𝜁, corresponding, as is not hard to verify, respectively to

𝜆0 = 𝑛 + 1
𝑛 + 2, 𝜆1 = 1, 𝜆2 = 2𝑛 + 3

𝑛 + 2 .

But it is easy to show that 𝑓(𝜁, 𝑛+1
𝑛+2 ), corresponding to the everywhere positive

𝜕𝑤0/𝜕𝐸, does not vanish anywhere inside the interval (−1 < 𝜁 < 1); 𝑓(𝜁, 1),
corresponding to the function 𝜕𝑤0/𝜕𝑥, which changes sign once, vanishes in-
side this interval once; 𝑓(𝜁, 2𝑛+3

𝑛+2 ), corresponding to the function 𝜕𝑤0/𝜕𝑡, which
changes sign twice, vanishes inside the interval twice. Therefore these eigenfunc-
tions are, respectively, the first, second, and third eigenfunctions of the operator
𝐿𝜁, and, consequently, the asymptotic representation (6) is written in the form

𝑤(𝑥, 𝑡) = 𝑤0(𝑥 − 𝑥0, 𝑡 + 𝜗, 𝐸) + 𝑐0
(𝑡 + 𝜗)(𝑛+1)/(𝑛+2) 𝑓(𝜁, 𝑛 + 1

𝑛 + 2) +

+ 𝑐1
(𝑡 + 𝜗) 𝑓(𝜁, 1) + 𝑐2

(𝑡 + 𝜗)(2𝑛+3)/(𝑛+2) 𝑓(𝜁, 2𝑛 + 3
𝑛 + 2 ) + ⋯ . (9)

The conditions (4) give that the coefficients 𝑐0 and 𝑐1 are equal to zero, so that

𝑤(𝑥, 𝑡) = 𝑤0(𝑥 − 𝑥0, 𝑡 + 𝜗, 𝐸)+

+ 𝑐2
(𝑡 + 𝜗)(2𝑛+3)/(𝑛+2) 𝑓(𝜁, 2𝑛 + 3

𝑛 + 2 ) + 𝑜(𝑡−(2𝑛+3)/(𝑛+2)) . (10)

It is obvious that there exists such a 𝜗 for which the coefficient 𝑐2 also vanishes,
so that, with such a choice of 𝜗, the solution 𝑤(𝑥, 𝑡) will differ from the function
𝑤0(𝑥 − 𝑥0, 𝑡 + 𝜗, 𝐸) by a quantity

𝑜(𝑡−(2𝑛+3)/(𝑛+2)) .
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4°. It should be noted that in the solution of the nonlinear problem there is
a boundary of the perturbed region, which gives a singularity of the solution.
In the presence of a perturbation, the boundary is also shifted by an amount
proportional to the perturbation; it is not difficult to find this by using the
well-known method of Lighthill (6). We also note that in the problem under
consideration it is possible to find the entire spectrum of the operator 𝐿𝜁, using
the fact that the eigenfunctions of this operator are expressed in terms of Leg-
endre functions of order 1

𝑛 − 1 (it is quite curious to trace how, as 𝑛 → 0, these
functions go over into Hermite polynomials, corresponding to the linear case).
We have

𝜆𝑚 = 𝑚 + 1
𝑛 + 2 + [𝑚(𝑚 − 1) + 2] 𝑛

2(𝑛 + 2) , 𝑚 = 0, 1, … .

The structure of the spectrum found confirms I. M. Gelfand’s hypothesis that,
for a broad class of self-similar problems, the eigenvalues are represented as
integer combinations of several numbers (in the present case, of the two numbers
1/(𝑛 + 2) and 𝑛/(𝑛 + 2)).
In a completely analogous way one determines the asymptotic character of self-
similar solutions corresponding to various mixed boundary-value problems, in
particular, solutions of the dipole type corresponding to the zero boundary con-
dition on the boundary of a semi-infinite reservoir 7.

In the spherical case, as shown in 5, perturbations can be classified according to
their angular dependence 𝑃𝑙𝑚(𝜃, 𝜑) (spherically symmetric 𝑙 = 0, dipole 𝑙 = 1,
quadrupole 𝑙 = 2, …). Variation of the energy gives the lowest value 𝜆 = 0 for
𝑙 = 0, a shift of the coordinate gives 𝜆′ with 𝑙 = 1, and a shift of time gives the
following 𝜆″ with 𝑙 = 0. In this case |𝜆″| > |𝜆′|. Concerning 𝜆‴ with 𝑙 = 2,
one can assert only that |𝜆‴| > |𝜆′|, but the relation between 𝜆‴ and 𝜆″ is
unknown.

In conclusion, the authors express their sincere gratitude to I. M. Gelfand and
V. B. Adamskii for a valuable discussion.

Oil Institute
Academy of Sciences of the USSR

Received
12 X 1957
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