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Integral formulas for the matrix elements of irreducible unitary representations
of the group G of homogeneous linear transformations preserving the quadratic
form 2% + 2%+ + 22 — 22, (the group of motions of Lobachevsky space) were
indicated by us in the paper (!). In the case when these representations are
realized in the space of functions on the sphere, one easily computes the matrix
elements satisfying the functional equation f(g) = f(gw), where w is an element
of the subgroup Q,, of rotations of the subspace z,,,; = 0 (associated spherical

functions). These matrix elements have the form

2T(p+ DI (—p—ip+'/,) \/F(zp FRWAR) gop o prprs (cha), (1)

D(—p—ip—Fk+1/,) KpL(2p) 1y tip

where p = (n — 2)/2; u is the parameter specifying the representation; k is
the parameter specifying the element (k is an integer). For k = 0 we obtain
zonal spherical functions satisfying the equation f(w;gw,) = f(g). A differential
equation for these functions was indicated by M. G. Krein in the paper (?). The
integral representation leads to the relation

1 [ )
— / CP(cosp) (cosp sha + ch a)*l’*l/zﬂﬂ sin?? p dp =
T Jo

C(2p+ k)D(—p+"'/y +ip)

= h?aP?
PARLID(—p—k+ 'y +in)

k
[atip

(cha), (2)

where C} (cos ¢) are Gegenbauer polynomials.

sovietrxiv.org/items/ru-195801.09418 Machine Translation


https://sovietrxiv.org/items/ru-195801.09418

The usual considerations connected with the theory of group representations
(see, for example, (3,4)) lead to the following addition theorem. Let

cha = cha; chay +sha; sha,cosp.

Then
P 2T(p+1) ¢ = 1732 4,2
sh™ ozPl/HM(ch a) = TZO 11)[(174‘7"4‘ /2)? + p?] x
xsh Pa;sh P a,P P 7 +w(Ch al)P:f’/;im(ch ay)CY(cos ). (3)

From formula (3) it follows that

/ sh™”a P:fﬂ.#(ch @) CP(cos @) sin® pdp =
0 2

7D(2p + k) 55 1\? , ,
= TR () H ( +7“—|—7) +p? | sh™”a; sh™ ayx
—p—k —p—k
<P 1k (chay) P (chay). (4)

In works (°,%) an integral transform connected with the functions P~ Liu(cha)
2

was studied. The group-theoretic meaning of this transform consists in expand-
ing an arbitrary function f(g), g € G, n = 2, satisfying the functional equation
f(g) = f(wygw,), in an integral with respect to zonal spherical functions. Car-
rying out the corresponding considerations for any value of n, we obtain the
following result.

Theorem 1. Let $ be the space of functions f(ch «) for which the integral

7= [ Ir(eha)?sh®™ ada, 8
0
converges, and let 2R be the space of functions F(u) for which the integral

| == ; 1 - 1
b wshmul (p+in+3)T(p—ip+3)

converges. Then the formulas

sovietrxiv.org/items/ru-195801.09418 Machine Translation


https://sovietrxiv.org/items/ru-195801.09418

h 1 1
F(p) = MS;TMF (p—Hﬂ—i— f) r (p—iu+ 7> X

2 2
X ‘400 f(cha) Pjgﬂ.#(cha) sh” ™ ada; (7)
f@mwzwpalmﬂmpfﬁ¢mmmi ®

define mutually inverse mappings of the spaces $) and R onto each other. More-
over, ||f||*> = | F|?, i.e. the indicated mappings are isometric.

The inversion formulas (7) and (8) also lead to the relation

1 1 1
—,ush7r,uI‘<p+i,u+f>F<p—iu+f) X
U 2 2

%4—1,”

X/O P7§+M(cha)P:p - (cha) shada=6(u—A). (9)

We shall now denote by 2 the space of functions f(cha) for which the integral

/ h |f(cha)| sh™" o do (10)
0

converges.

We shall call the convolution of two functions f;(cha) and fy(cha) from 2
the function

fleha) = fi* fy(cha) =

1—‘ 1 o0 s
= F(p(iz)z/E/o /0 f1(ch B) fy(cha ch B+sha sh fcos @) sin® o sh2p+z 5?@ dg.
11

Then the function f; * fy(ch a) also belongs to 2.

The generalized Fock-Mehler transform of the function f(ch«) is the function

2°T(p + D7y () Fy (1)

P = L mn T + i+ o) — i+ 1/2)

(12)
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where Fi(u) is the generalized Fock-Mehler transform of the function fj,(ch «),
k=1,2.

If, in formula (4), one takes « as the variable of integration and uses formula
(8), then we obtain that the integral

/ pshouT(p+k+1/o+iw)T(p+k+1/y—ip)x
0

xpjf/;ﬁm(ch al)P:f’/;im(ch a)Pl, . (cha)dp (13)

is equal to

2Pk (p) -y (cha —chaycha, ) [cha —ch(oy — ay)]P~/2[ch(ey + @) — chalP~/2
r(2p+k) * sh” o, sh” a, sh” o ’
(14)

sh o shay

if |a; — ay| < @ < ay + ay, and is equal to zero if this condition is not satisfied.

Let us also note the relation

(cos g sha + ch )P~ /2Hin —

L(—p+1/s+ip)
(=p—k+1/5+ip)

= " 2°(p+k)(p) - sh P aPI". (cha)Cf(cosp), (15)
k=0

which follows from formula (2).

From the matrix elements (1), by passage to the limit, one can obtain the matrix
elements of the Euclidean motion group, which are expressed in terms of Bessel
functions. Therefore, from each formula derived in this paper one can obtain a
corresponding formula for Bessel functions. We wish to note one formula related
to Bessel functions, analogous to formula (13). The integral

/ T (ta) g, (), (te) tdt, v >m—1, (16)
0

where m is an integer and a, b, ¢ are real numbers, is equal to zero if a,b, c are
not sides of a triangle. If a,b,c are sides of a triangle, a > b, ¢ is the angle
between a and b, 9 is the angle between a and ¢, and A is the area of the

1
triangle, then this integral is equal to 5-A cos(vy) — myp).
™
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Very interesting formulas are obtained when considering the group of affine
transformations of (n+1)-dimensional space preserving the indefinite form (z; —
)2+ .+ (2, — Y,)* — (1 — Ypy1)?. Computing the zonal and associated
spherical functions with respect to the (noncompact!) subgroup of homogeneous
transformations, we obtain the following addition theorem:

\/3/0 pshpum T(p+ip+ /)T —ip+ /o) K, (2)K;,(y)x

x PP

xy\Pt /2
v (cha)du—ﬂ( zy> sh” a K, +1/,(2), (17)

where 22 = 22 + y? + 2zycha.

Using the inversion formula (8), we find that

Km p+1/2 +1
zp+1/2yp+1/2 \/>/ — Pff/%w(ch a)sh” ada. (18)

With the aid of the Mehler inversion formula (7) we obtain from this that the
integral

271 P

1 C+ioo
— / I12(R2)K,,(Re)K,,(Ry)RY* 77 dR, C>0, (19
C—100

is equal to zero if 0 < x + y < z, and is equal to

\/?P_p Z—a?—y?\ [@tyt)Pz—a+ylPlztr—yPlz—z—yP
2" /2t 22y (22)Pzyz ’
(20)

if x +y > 2. Let us also note the formula

7Y () gV 5 o g (s
Hy @5y (y) :—i\/> enm / V) )P*” (cha)sh”™ ada, (21)
v
0

(xy)p+1/2 Lp+1/2 —1/2+ip

where 22 = z2 4+ 9% + 2zycha, which likewise follows from considerations of

representation theory. A number of very interesting formulas involving Legendre
functions of the second kind arise in considering the group of homogeneous linear
transformations preserving the form i + 23 + -+ + 22 — 22 | + x2,,, and its
subgroup acting in an (n + 1)-dimensional space.
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