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Abstract
Full Text
MATHEMATICS

A. V. KUZHEL

ON THE REDUCTION OF UNBOUNDED
NON-SELF-ADJOINT OPERATORS TO TRI-
ANGULAR FORM
(Presented by Academician A. N. Kolmogorov on 4 XII 1957)

1. The question of reducing a broad class of bounded non-self-adjoint operators
to triangular form was solved by M. S. Livshits in papers (1,2). An analogous
problem is considered here for unbounded operators.

Denote by 𝐺𝐴 the set of vectors 𝑓 belonging to the domain of definition 𝐷𝐴 of
the operator 𝐴 and such that (𝐴𝑓, 𝑔) = (𝑓, 𝐴𝑔) for every 𝑔 ∈ 𝐷𝐴. Let 𝐴0 be
the operator coinciding with 𝐴 on 𝐺𝐴 and defined only on 𝐺𝐴.

Definition. A closed operator 𝐴 with everywhere dense domain of definition
𝐷𝐴 will be called a quasi-Hermitian operator of rank 𝑟 (in what follows,
a 𝐾𝑟-operator) if 𝐴0 is a Hermitian operator with defect index (𝑟, 𝑟) (𝑟 >
0) and dim 𝐷𝐴 = 𝑟 (mod 𝐺𝐴). We shall consider only those 𝐾𝑟-operators
for which there exists at least one point 𝜆 regular together with its conjugate
(Im 𝜆 ≠ 0). Without loss of generality one may assume that 𝜆 = 𝑖. The class of
𝐾𝑟-operators contains all bounded non-self-adjoint operators, as well as many
integral, differential, and other operators.

A 𝐾𝑟-operator 𝐴 will be called a 𝐾𝑟
𝐼 -operator if 𝐷𝐴 = 𝐷𝐴∗ ; a 𝐾𝑟

II-operator if
𝐺𝐴 = 𝐻, and a 𝐾𝑟

III-operator if 𝐷𝐴 ≠ 𝐷𝐴∗ , 𝐺𝐴 ≠ 𝐻. We note that the class
of 𝐾𝑟

II-operators coincides with the class of quasi-self-adjoint extensions (3) of
symmetric operators with equal defect numbers.

The largest invariant subspace (4) of the operator 𝐴, in which 𝐴 = 𝐴∗, will be
denoted by 𝐻𝐴 and called the supplementary subspace of the operator 𝐴.
The operator 𝐴𝑝, coinciding with 𝐴 on the manifold (𝐻 ⊖ 𝐻𝐴) ∩ 𝐷𝐴, will be
called the simple part of the operator 𝐴. The operator 𝐴 is called simple if
𝐴 = 𝐴𝑝.

2. Let 𝑟 = 1. Consider a certain 𝐾1-operator 𝐴 and put

𝐵 = 𝑖𝑅−𝑖 − 𝑖𝑅∗
−𝑖 − 2𝑅∗

−𝑖𝑅−𝑖, 𝑅−𝑖 = (𝐴 + 𝑖𝐼)−1.

The operator 𝐵 may be represented in the form

𝐵𝑓 = 𝐽(𝑓, 𝑔)𝑔 (𝑓 ∈ 𝐻),
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where 𝐽 = ±1, 𝑔 ∈ 𝔑−𝑖 = 𝐻 ⊖ Δ𝐴0
(−𝑖), Δ𝐴0

(−𝑖) = (𝐴0 + 𝑖𝐼)𝐺𝐴.

The function

𝜔𝐴(𝜆) = 1 − (1 − 𝜆𝑖)((𝐴∗ − 𝑖𝐼)(𝐴∗ − 𝜆𝐼)−1𝑔, 𝑔)𝐽

will be called characteristic for the operator 𝐴.

Theorem 1. Simple 𝐾1-operators 𝐴1 and 𝐴2 are unitarily equivalent if and
only if their characteristic functions coincide.

In the upper half-plane the function 𝜔𝐴(𝜆) satisfies the inequality

𝜔𝐴(𝜆)𝐽𝜔𝐴(𝜆) < 𝐽.

Using this property and the known representation of a bounded function regular
in the unit disk, one can show,

that 𝜔𝐴(𝜆) can be represented in the form

𝜔𝐴(𝜆) =
𝑁

∏
𝑘=1

𝐿(𝑘) − 𝜆
𝐿(𝑘) − 𝜆

𝛾(𝑘) exp [𝑖 ∫
𝜈

0

1 + 𝜆𝛼(𝑡)
𝛼(𝑡) − 𝜆 𝑑𝑡] exp[𝑖𝜆]𝜇,

where 𝑁 ≤ ∞; 𝜈 < ∞; 𝜇 ≥ 0;

𝐿(𝑘) = 𝛼𝑘 + 𝑖
2𝛽2

𝑘𝐽; 𝛾(𝑘) = 𝐿(𝑘) − 𝑖
𝐿(𝑘) − 𝑖 |𝐿(𝑘) − 𝑖|.

{𝛼𝑘}, {𝛽𝑘} are certain sequences of real numbers; 𝛼(𝑡) is a nondecreasing nu-
merical function.

Let 𝐻1 = 𝑙2, 𝐻2 = 𝐿2(0, 𝜈), 𝐻3 = 𝐿2(0, 𝜇).
Define in 𝐻𝑘 (𝑘 = 1, 2, 3) the operators 𝐴𝑘 as follows:

𝐴1𝑓1 = {𝑓1(𝑘)𝐿(𝑘) + 𝑖
𝑁

∑
𝑗=𝑘+1

𝑓1(𝑗)𝛽(𝑗)𝐽𝛽(𝑘)} (𝑓 ∈ 𝐻1),

𝐴2𝑓2 = 𝛼(𝑥)𝑓2(𝑥) + 𝑖 ∫
𝜈

𝑥
𝑓2(𝑡)𝛾(𝑡)𝐽𝛾(𝑥) 𝑑𝑡 (𝑓2 ∈ 𝐻2),

where 𝛾(𝑥) = 𝛼(𝑥) + 𝑖; moreover, we shall assume that 𝑓2 ∈ 𝐷𝐴2
if 𝐴2𝑓2 ∈ 𝐻2,

and

∫
𝜈

0
𝑓2(𝑡)𝛾(𝑡) 𝑑𝑡 < ∞.
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Further,

𝐴3𝑓3 = 1
𝑖

𝑑𝑓3(𝑥)
𝑑𝑥 ,

where 𝑓3 ∈ 𝐷𝐴3
if:

1) 𝑓3(𝑥) is absolutely continuous on [0, 𝜇]; 2) 𝑓3(𝑥), 𝑓 ′
3(𝑥) ∈ 𝐻3; 3) 𝑓3(𝜇) = 0.

Consider now in 𝐻 = 𝐻1 ⊕ 𝐻2 ⊕ 𝐻3 the manifold 𝐷𝐴, consisting of vectors 𝑓
of the form

𝑃1𝑓 = 𝑓1 + [
√

2
2 𝑖 ∫

𝜈

0
𝑓2(𝑡)𝛾(𝑡) 𝑑𝑡 − 1

2𝑓3(0)𝑒𝐽𝜈] 𝑔, (1)

𝑃2𝑓 = 𝑓2(𝑥) − 1
2𝑓3(0, −𝜈 + 𝑥)𝛼(𝑥) − 𝑖

𝛼(𝑥) + 𝑖 , 𝑃3𝑓 = 𝑓3(𝑥),

where 𝑓𝑘 ∈ 𝐷𝐴𝑘
(𝑘 = 1, 2, 3);

𝑔 = { 𝛽𝑘
𝐿(𝑘) + 𝑖

𝑁
∏

𝑗=𝑘+1

𝐿(𝑗) + 𝑖
𝐿(𝑗) + 𝑖 𝛾(𝑗)} ;

𝑃𝑘 is the projection operator onto 𝐻𝑘 (𝑘 = 1, 2, 3).
On the manifold 𝐷𝐴 define the operator 𝐴 as follows: if the vector 𝑓 is deter-
mined by the equalities (1), then

𝑃1𝐴𝑓 = 𝐴1𝑓1 − 𝑖 [
√

2
2 𝑖 ∫

𝜈

0
𝑓2(𝑡)𝛾(𝑡) 𝑑𝑡 − 1

2𝑓3(0)𝑒𝐽𝜈] 𝑔,

𝑃2𝐴𝑓 = 𝐴2𝑓2 + 𝑖
2𝐽𝑓3(0)𝑒𝐽(𝜈+𝑥) 𝛼(𝑥) − 𝑖

𝛼(𝑥) + 𝑖 , 𝑃3𝐴𝑓 = 𝐴3𝑓3.

We shall call the operator 𝐴 a triangular model of the 𝐾1-operator 𝐴.

The following assertions hold:

1) The operator 𝐴 is a 𝐾1-operator.

2) The characteristic function of the operator 𝐴 coincides with the character-
istic function of the operator 𝐴.

3) The nonreal spectrum of the operator 𝐴 consists of the set of numbers
𝐿(𝑘), which are eigenvalues of the operator 𝐴; the real spectrum coincides
with the set of values assumed by the function 𝛼(𝑥).
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From Theorem 1 and assertion 2) it follows:

Theorem 2. For every 𝐾1-operator 𝐴 there exists an isometric operator 𝑉 ,
mapping 𝐻 ⊖ 𝐻𝐴 onto H ⊖ H𝐴 one-to-one and such that the simple part 𝐴𝑝
of the operator 𝐴 is carried under this mapping into the simple part A𝑝 of its
triangular model.

We note that the operators 𝐴1, 𝐴2, 𝐴3, by means of which the operator A is
defined, are 𝐾1-operators. Here the operators 𝐴1 and 𝐴2 outwardly resemble
the discrete and continuous parts of the triangular model of bounded non-self-
adjoint operators (1). If in equality (1) 𝜇 = 0 and

𝑁
∑
𝑘=1

𝛽𝑘 + ∫
𝜈

0
|𝛼(𝑥)|2 𝑑𝑥 < ∞,

then the operator 𝐴 is a 𝐾1
1 -operator and can be transformed to the same form

as that of the triangular model for bounded operators. Conversely, if 𝐴 is a
𝐾1

1 -operator, then in equality (1) 𝜇 = 0 and

𝑁
∑
𝑘=1

𝛽2
𝑘 + ∫

𝜈

0
|𝛼(𝑥)|2 𝑑𝑥 < ∞.

Consequently, the triangular model for 𝐾1
1 -operators coincides (in outward form)

with the model for bounded operators.

An operator 𝐴, defined in 𝐻 = 𝐻1 ⊕ 𝐻2, will be called a coupling of the
operators 𝐴1 and 𝐴2, acting in 𝐻1 and 𝐻2, respectively, if 𝐴|𝐷𝐴∩𝐻1

= 𝐴1,
[𝐴∗|𝐷𝐴∗ ∩𝐻2

]∗ = 𝐴2. The operator considered earlier is a coupling of the oper-
ators 𝐴1, 𝐴2, 𝐴3. In the general case, the triangular model of a 𝐾𝑟-operator
𝐴 (𝑟 < ∞) is a coupling of the operators 𝐴1, 𝐴2, 𝐴3, 𝐴4, which are defined in
certain (specified) spaces of vector-functions as follows:

𝐴1𝑓1 = {𝑓1(𝑘)𝐿(𝑘) + 𝑖
𝑁

∑
𝑗=𝑘+1

𝑓1(𝑗)𝜎(𝑗)𝐽𝜎∗(𝑘)} , 𝐴2𝑓2 = 𝐵−1
2 𝑄2𝐽𝐵−1

2 𝑓2,

where 𝐽𝑓2 = 𝑓2(𝑥)𝐽 ,

𝑄2𝑓2 = 1
𝑖

𝑑𝑓2(𝑥)
𝑑𝑥 (0 ≤ 𝑥 ≤ 𝜇),

and 𝑓2 ∈ 𝐷𝑄2
if:

1) 𝑓2(𝑥) is absolutely continuous on [0, 𝜇];
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2) 𝑓2(𝑥), 𝑓 ′
2(𝑥) ∈ 𝐻2;

3) 𝑓2(𝜇) = 0.

The operator 𝐵2 is defined by the equality 𝐵2𝑓2 = 𝑓2(𝑥)𝑃 (𝑥); moreover, the
operator 𝐴2 is considered in the subspace 𝐻2 = 𝐻2 ⊖𝐻0, where 𝐻0 is the largest
subspace annihilating the operator 𝐵2.

The operator 𝐴3 is defined by the equality

𝐴3𝑓3 = 𝛼(𝑥)𝑓3(𝑥) + 𝑖 ∫
𝜈

𝑥
𝑓3(𝑡)𝛾(𝑡)𝜔(𝑡)𝜔−1(𝑥)𝐽𝛾∗(𝑥) 𝑑𝑡.

The operator 𝐴4 is defined in the same way as the operator 𝐴2.

The elements by means of which the operators 𝐴𝑘 (𝑘 = 1, 2, 3, 4) are defined
are taken from the multiplicative representation of the characteristic matrix-
function of the 𝐾𝑟-operator 𝐴 for which the model is constructed.

For lack of space we are unable to give the definition of the characteristic matrix-
function and to give a complete description of the triangular model for an ar-
bitrary 𝐾𝑟-operator (𝑟 < ∞). We note, however, that in the general case the
definition of the characteristic matrix-function differs little from the case 𝑟 = 1.
The multiplicative representation mentioned may be obtained easily by using
the main theorem of V. P. Potapov (5). For every 𝑟 < ∞ the same assertions
hold as in the case 𝑟 = 1.

It is interesting to note that in the triangular model for 𝐾1-operators, in contrast
to the triangular model for bounded operators, there appears—

a substantially new element—the differentiation operator. In the general case,
two essentially new operators appear in the triangular model (𝐴2 and 𝐴4), rem-
iniscent of the differentiation operator. The presence of two, and not one, such
operators for 𝑟 > 2 is connected with the nonpermutability of the matrices enter-
ing into the multiplicative representation of the characteristic matrix-function
for 𝐾𝑟-operators.

In conclusion I take the opportunity to express my deep gratitude to my super-
visor, Prof. M. S. Livshits.

Odessa State Pedagogical Institute
named after K. D. Ushinsky

Received
19 VIII 1957
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