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1. Let G be a bounded domain of n-dimensional space (n > 2), star-shaped
with respect to all points of some ball contained in it. In the Hilbert
space Ly(G) we shall consider a self-adjoint positive-definite operator A,
generated by some differential operator of even order and by a system of
homogeneous boundary conditions.

We shall say that the operator A is strongly invertible if

1A flyy < ClIAlL,:  (f € L), (1)

where | [y is the norm in the Sobolev space W&

As shown by Caccioppoli (1) and Ladyzhenskaya (?) for a second-order operator,
and by Gusev (3) for operators of higher order, elliptic operators are strongly
invertible for a broad class of domains and boundary conditions.

From Sobolev’ s embedding theorems (*) and inequality (1) one can conclude
that the operator A~! maps the space L, into the space C, or into some space
L,, where g is determined by the numbers n and [. We shall be interested in
the question of into which spaces the operators A™, 0 < v < 1, map L.

Theorem 1. Let A be a strongly invertible operator, 0 < v < 1, andr = yl—n/2.
The following cases are possible:

a) The number r is positive and nonintegral. Then the operator A7 is a
completely continuous operator acting from the space Ly into the space C,, ,
of functions having partial derivatives m = [r], satisfying the Hélder condition
with exponent v < r — [r].

b) r is a positive integer. Then the operator A~ is completely continuous and
acts from Lo into the space C, where m=r—1 and v < 1.

m,v’

¢) r < 0. Then the operator A~ is a completely continuous operator acting
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from Ly into L,, where

v 1 1 4l
r

oo _1o

q n 2 n

Let us note that assertion ¢) of the theorem can be obtained from assertion a) by
means of M. A. Krasnosel” skii’ s theorem (°) on fractional powers of operators.*

The role played by estimates of Green’ s functions of differential operators is
well known. However, in a number of applications it is in fact

* Fractional negative powers of the Laplace operator were studied by V. A. II’
in (%), from whose results it follows that A= for v > n/4 acts from L, into C
and is bounded.

what is needed is not these estimates themselves, but information about the

functional space in which the operator D™A~! acts, where D™ is a certain

partial derivative of order m. We shall consider this question for the operator

DmAY.

Theorem 2. Let A be a strongly invertible operator, and let m be a positive
n

integer satisfying the inequality vl — 5 < m < «yl; then the operator D™ A™" is

a completely continuous operator acting from Ly into L, where
1 1 l—m
i L L (2)
q 2 n

Combining the assertions of Theorem 1 with Theorem 2 makes it possible to
conclude that, under the hypotheses of the latter theorem, the operator A~7
acts into the space W

Let M be a point of the domain G. Consider the operator

1

Dznf(P)Em

Dmfp)  (h=0).

With the aid of Holder’ s inequality, Theorem 2 yields a conclusion about where

the operator D} A~ acts. However, for v = 1 one can obtain a more precise

result.

Theorem 2. Let A be a strongly invertible operator and let the monnegative
n

integer m satisfy the inequalities | — — < m < l. Then, for every h such that

p
m + h <, the operator DTA’1 is a bounded operator acting from L,, into L,
where

1 1 l—m—~h
q P no
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n n
If m =1 — —, then the preceding assertion is true for ¢ > p, h < —.
p q

Following (7), we shall call the order a of the operator D}’ relative to the
operator A the lower exact bound of the numbers 7 for which the operator
Di*A™7 is bounded in L.

Theorem 3. For 0 < m <1 and 0 < h < min{l —m, g}, the operator D} is

. . m+h .
an operator of fractional order not exceeding relative to the operator A,

m-+h
and, moreover, for <y <1,

DA Vel < Koy,

” :
— h
M — P L

where K does not depend on M € G.

Using Theorem 3 and the results of (7), one can study solutions of elliptic and
parabolic equations in which the coefficients of the lower (spatial) derivatives
have point singularities. In this case, the sum of the order of the derivative and
the order of the singularity of the coefficient standing with it must be less than
the order of the principal terms.

2. We present some facts that are used in the proofs of Theorems 1, 2, 3. At
the basis of these proofs lies a small refinement of a theorem established in (7)
by P. E. Sobolevskii and one of the authors.

C|¢|g- Let B be an operator defined on D(A) C E and admitting a closure B
as an operator from L, into E. In order that, for all v > «, the inequality

Let E be a space embedded everywhere densely in L,, and suppose [¢],, <

IBA™ ¢l < K(v, B¢l

it is necessary and sufficient that, for sufficiently small 6 and v > a, the inequal-
ity

Kl(’% E)

1Bfle < —5—Ifle, + 0" Afl,  (f € D(A)). 3)

hold.

Part ¢) of Theorem 1 follows from the assertion just given, if B is taken to be the
identity operator. Inequality (3) is then obtained from known inequalities of this
type for generalized partial derivatives of various orders. These inequalities were
obtained by various authors under one or another set of assumptions concerning
the boundary of the domain G. They are also valid under our assumptions.*
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Part a) of Theorem 1 follows from Theorem 3 with the aid of a theorem of
embedding type established by Nirenberg ((¥), Lemma 1). To obtain part b)
of Theorem 1 from Theorem 3 it was necessary to supplement Nirenberg s
result; this was achieved with the aid of a theorem on operators of potential
type established by one of the authors of the present paper.

For the proof of Theorems 2’ and 3 it was necessary to establish inequalities
of type (3) no longer for partial-derivative operators, but for the operators Dj}".
We shall state them in a more general form than is needed for Theorems 2" and
3.

Theorem 4. Let ¢ € Wé and s = [ — . Then, for all sufficiently small § > 0
p
and [ > m > s, the inequality

K
1D, < 5olel, + Mol (4)

holds, where

+t (5)

n(l 1) m+h
l

and K does not depend on 4, ¢, or the point M € G with respect to which the
1.1 I—m—h
operator D} is constructed. Here 0 <h <l —m, — > — > — — meh
p q P n

Theorem 4’. Let ¢ € WIQ andlet s = — 2 > 0. Then, for all sufficiently small
p
6 > 0, the inequality

D™p(P) — D™ K
wp DB =D"HQ)] K
P,QeG |P_Q|U ox

lelz, + 6" Xlell L,

holds, where

X

and K does not depend on § or .

Here m is the greatest integer smaller than s, and v = s — [s] if s is not an
integer, while v < 1 if s is an integer.

Theorems 4 and 4’ are obtained with the aid of certain theorems on operators
of potential type and S. L. Sobolev’ s representation (%) of functions from Wé.
In doing so one has to use certain geometric properties of domains that are
star-shaped with respect to a ball.
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The spaces Wzl) consist of functions which themselves belong to L, and are
mapped into L, by all partial-derivative operators D! of order . Similarly, one
may consider the space of functions ¢ € L,, for which Dipe L, for given [ and
k. Theorems 4 and 4’ generalize to such spaces.

* In the most general form these inequalities were apparently obtained in an
unpublished work of V. P. II’ in, with which he kindly acquainted the authors.

3. The complete continuity of the operators discussed in Theorems 1 and
2 is established with the aid of inequalities analogous to the well-known
Friedrichs inequality for the Laplace operator (?).

Theorem 5. Under the conditions of Theorem 4 the inequality holds

m K 2 14+» 1 1
IDiel,, < vz Y| [ e(Pywi(P)dP|+ 8|l sty =)
¢ Pi=1

where » is determined by formula (5); K does not depend on ¢, §, or M; N
does not depend on ; the w,(P) are functions bounded by a single constant
independent of p.

Under the conditions of Theorem 4’ there is a theorem analogous to Theorem
5.

4. As follows from (19), Theorems 1, 2, 3 may be useful in the study of elliptic
and parabolic equations with nonlinearities, as well as (1!) in the question
of expansions in series in eigenfunctions of differential operators.

For these problems it would be important to know into which spaces the opera-
tors D' A7 act not only from L, but also from L, for p > 2. To obtain such
theorems by the methods of the present work, a further strengthening of the
result of (7) on operators of fractional order is required.
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