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Abstract
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PHYSICAL CHEMISTRY

Yu. S. Sayasov

ON EQUILIBRIUM IONIZATION CREATED
BY DUST PARTICLES

(Presented by Academician V. N. Kondrat ev, June 4, 1958)

As is known, ionization in carbon-containing flames in many cases is determined
mainly by thermionic emission of electrons from carbon dust particles, which
are usually quite uniform and are characterized by an average radius r of the
order of 1075 cm and a work function ¢, = 4.35 eV (}). Since the work function
from charged carbon particles must differ appreciably from ¢, at temperatures
of interest multiple ionization of dust particles may play an essential role, and
this must be taken into account in calculating the equilibrium concentration of
electrons in such systems. Similar calculations have recently been carried out
(1:2) by studying infinite series that determine the electron concentration in the
presence of multiple ionization of the particles. In the present note a complete
mathematical solution is given of the problem of equilibrium ionization in a
system formed by dust particles, with the aid of well-studied #-functions, which
make it possible to express the equilibrium electron concentration in closed
form by a formula containing, as limiting cases, both the Saha formula (valid
at sufficiently low temperatures) and the simple asymptotic expression found in
(1:2), valid at sufficiently high temperatures, and also to investigate the region
of intermediate temperatures.

We shall assume at first that the particles are identical and introduce the no-
tation: n (cm~3)—concentration of particles; n, (cm—3)—concentration of elec-
trons; n;;, (cm™3)—concentration of particles having positive charge +me, (e
—charge of the electron, m = 1,2,...); n,, (cm 3)—concentration of particles
having negative charge —meg; n, (cm~3)—concentration of neutral particles.
The formulation of the problem set forth below coincides completely with that

adopted in (?).

The conditions of quasineutrality of the system and conservation of the total
number of particles make it possible to write the relations (?):

o0 o0 o0 o0
— + — — + —
n, = E mn} — E mn,,, n=mny+ E nt + E n.,. (1)
m=1 m=1 m=1 m=1

(The summation over m in (1) is extended, as in (12), to infinity, since the
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charge of particles, positive or negative, can in principle be very large.)

The equilibrium constant K for the process of single ionization of a particle
with charge +(m—1)e, can be determined from the relation n;}, = K\, /n.-n .
where (13)

m kT : (m—1)e3

Kn=2 (57 )  explog/kT) = Kexpl-(m—1)/20%, = ppt "0,
m kTN , kT
K =2 ( 2 l2 ) expl—po/kT], o* = oz

(T—absolute temperature, m,—electron mass). The ionization potential of a
particle with charge (m — 1)e, is written, as in (!), in the form

m—1)e?
90:900""(%7

which, apparently, is valid for spherical and sufficiently well-conducting parti-
cles;

ratio of the statistical weights for the initial and final states of the particle, as
in (1), is taken equal to unity.

From this we easily find the relation of n}, to the concentration of neutral
particles

ML —1
nt = TOHKj/ne = nya™ exp {—M] , a=K/n,.

2
e 20

Similarly, introducing the equilibrium constant for the process of single ioniza-
tion of a particle with negative charge —me,, K, = 1/Ke ™/2°" we find the
relation between n,, and ng:

n, =mng H K;n, =nga ™exp [-m(m+1)/20%].
i=1

Substituting the thus determined n;, and n,, in (1), we find the formulas (2):

> m [ m(m—l)]
Z ma™ exp | — 5

EZTYL:—OO 20- @: 1

n R mm—1)]  n & mm—11
m;wa exp [20_2 ] m;wa exp [ "

(2)
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Using elementary transformations, n,/n can be expressed by means of elliptic
f-functions. Let Ina = 27v. Then

i a™ exp[—m(m — 1)/20?%] = exp[rv + 1/802] x

X Z exp[(2n + 1)mv] exp = exp[mv + 1/802]04(—iv, p),

n=—oo

202

l (n+ 1)

where () 6,(x, p) is an elliptic §-function,

[e'e] 1.,
by(z.p) =Y "2 expl(2n + Vi, q=e
—00

(i.e., here p = 1/2m0?). Hence we have:

e

n

ii1n0 (—iv, p) Mo _ !
2rdv ? P T exp[mv + 1/802]0,(—iv, p)

2
Using the known transformations

1
0, (iv, p) = p~1/2em™*/rg, (_37 *>
p’p

and 0y(z, p) = 05 (3 —,p) (*), we finally find

n, p d nE 1/ 7y Fm)? 1
—= = ——1In6 — =pV — . . (3
A e L I R X s S
Here
K
y=o0’ln—+ =, p=2m02, m=12,...
n 2

(&

Let us now examine some limiting cases in formulas (3). First let p > 1 (suf-
ficiently high 7" and r). Using the known asymptotic expressions for 65(y, p),
d% In6,(y, p), valid for p > 1 (4), we easily find in this case™

£ 2
Me _ . o g g _ 1 _lyFm)
=Y 2pe™ P sin 27y, N Vo exp [ 952 ) (4)
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where the remainder —2pe~"? sin 27y is always small for p > 1.

* Written by means of infinite series,

=)
2 i _
03 — E qn 627rnyz7 g=e 'n'p7

this formula coincides with that found in (2).

** The formula n,/n = o?In(K/n,) + 1/2 was first found by A. E. Einbinder
(1). The correct condition for its applicability, 2ro? > 1, was indicated in (2).

We note that, according to (4), for p > 1 the concentration of particles with
charge m is characterized by the Gaussian distribution (?), while y has the
meaning of the positive charge corresponding to the greatest concentration.

For ¢ = e7™ « 1 (sufficiently low T" and r), using the asymptotic expression
for d1n6,(y, p)/dy, valid for e=™* <« 1 (*), from which it follows that

b 2Ty
Y dlnf, -yt i(_l)n—ls P o
2 dy —~ sh
p
~ oy YDt Y (1 (e R
n=1 n=1
we obtain in this case the Saha formula
n, K/n, n, 1 1 n
< =—""° 10 < =—— -+ = 5
n it Em OV o et it g 5)

with a correction O(p) of order n,_/Ke'/?7* for K /n, < 1.

Finally, note that, independently of the magnitude of o2, as n — oo, n, is
determined from the condition y — 0. Indeed, as n — oo, n, must remain
finite, and therefore y as n — oo is determined by the equation

p
Y+ gdlnﬁg/dy: 0,

which, as is easy to show, has the unique solution y = 0. Thus, as n — oo,
n, — nd = Ke'/27” ie., for 62 > 1, n0 = K, where K is nothing other than
the equilibrium ionization above the surface of a substance characterized by the
work function .

Using tables of f-functions (°), one can find the values of n,/n also for interme-
diate values of the parameters, for which formulas (4), (5) are not valid. In Fig.
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1 are given graphs found in this way of the dependence of lgn,_ /K on lgn/K
for various values of the parameter o2, covering the entire range of variation of
r and T of interest. From these graphs it is seen that the Eyring formula

E:thl&ﬁ-}
n 2

is satisfied with good accuracy throughout the whole range of variation of n/K
already for o2 = 0.2.

In conclusion, let us note that the formulas found are easily generalized to the
case in which dust particles of different sorts (having different r and ¢,) are
present in the system. If we introduce the quantities n%, ([ ngi>, and n(¥,
where nf, is the number of particles of the i-th sort with charge £m;; né” is the
number of neutral particles; n(%) is the total number of particles of the i-th sort;
n is the total number of particles, then, using the expressions for the constants

K, and the relations
] B S ) BRRECER R S e
m;=1 m;=1

we easily find the formula for n,, which is a simple generalization of (3):

&dlne?,(yiapi)
(yi + o dyz ’ (6

=

)
n

ne
where the quantities y,, p; refer to particles of the i-th sort,

B 5 o T;KT o, K
p; =270, Ui—ze—%, yi—alnn—:+§.

Formula (6) makes it possible to find n,/n easily also in the case when dust
particles of several sorts with strongly differing-

properties. Suppose, in particular, that the dust grains differ only in their radii,
and that their density as a function of the radius varies continuously according
to a Gaussian law, i.e.

dn/n =n"/n =

1 (r— R)? J
\/WXGXP —T T

(it is assumed that R%/2z? > 1). If
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Fig. 1
Figure 1: Fig. 1
KTR

po =21—5— > 1,
€o

Fig. 1
it is natural to use the formula derived earlier

d
y+ i@ Ind3(y, p) == y — 2pe” " sin 2y,

and then the electron concentration is

_ P2
Tl (7’]2%)} (y — 2pe~ P sin 2my) dr ~

1 /°° {
= —— exp | —
n RV 27(3;2 0 2x

(r— R)?

1 2 <
psin2ryexp |—mp — ———— | dr,
A 2z

K
~o2ln— + = —
n, 2 \/2rz2

03 = REkT/e?, po = 2m0d, p = 2mo>.

Since in the integral written above the exponent has a minimum equal to

7T2 21‘2
“\TPoT 5 PRz )

then, for

2 2
9L

T
TPy — ?poﬁ > 1,

it can be evaluated by the saddle-point method. Thus we find:

n K 1 . T x?
f = o} lnn— + R 2p,,, sin 2y, exp |:—7Tp0 <1 — ZPORQ)] ,
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It follows from (7) that Einbinder’ s formula also holds in the case when the
radii of the dust grains are not constant but are distributed according to a
Gaussian law, provided that the dispersion = of this distribution is sufficiently
small, namely that it satisfies the condition

2 2
™ X
Py — 7p§ﬁ > 1, 22%/R? < 1.

I express my gratitude to Prof. A. S. Kompaneets for discussion of the work.
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