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In this paper we consider integro-differential equations
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The kernels and the free term are taken from the classes*

kier(‘r)eiyw € L(—OO, OO) for Y > Aim»
kz’m—<x)67yx € L(*OO, OO) for Yy < bima i = 1a 25 (1)
g, (x)e ¥ € LP(—o0,00) y > a,

g_(z)e ¥ € LP(—o0,00) for y <b. (2)

The solution is sought in the class
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fim) (x)e ¥ € LP(—o0,00) fory > a,

™) (z)e¥* € LP(—o0,00) for y < f3 (3)

forall mand 1 < p < 2.

We shall denote such classes by the symbols

fe(w) €{a,00}y; fo(x) €{—o0, B}, or f(z)e{a,f},

The simplest integro-differential equations of the type under consideration were
solved for the first time by I. M. Rapoport (1).

Using the theory of Fourier transforms and the investigations of F. D. Gakhov

* Functions identically equal to zero for x < 0 or > 0 will be denoted, respec-
tively, by the signs + or —:

fi(x)=0 forz <0 f_(z)=0 forz>0.
and Yu. N. Cherskii (#?) in the field of integral equations of convolution type,
we have obtained the following results.
Equations (A)

Theorem 1. If k,,,(z) € L(—o0,0), i = 1,2, g(z) € LP(—00,00), and the
solution u is sought in the class f(x) € LP(—o00,00), m = 0,1,...,n, then
equation (A) is equivalent to the Riemann boundary-value problem

ot (z) = A(2)®,, (z) + B(z), —00 < x < 00, (4)

with the additional conditions

d™ ok (z2) N m!(—i)

m
(n—m—1) 0 :0, m:O,L...J’Z—L )
P ey )

where A(z), B(x) are functions expressed in a definite way in terms of
K,,,(z), G(x)—the Fourier transforms of the kernels and of the right-hand side
of equation (A); ®f(z) are the Fourier transforms of the functions fim(x);
O (z), P, (2) are functions analytic, respectively, in the upper and lower
half-planes.
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Theorem 2. Under assumptions (1), (2), (3), the widest admissible class for
the right-hand side is

,,,,,

T) € < max max (a min b max b 00
g+(x) { [m—o,l,..,n( m 01, k) k=0,1,.n 2F|’ p’

g,(a:)e{—oqmin[ min  (by,,, max ayy),  min blk}}, (6)

m=0,1,...,n m=0,1,..., k=0,1,....n »

and the widest class of functions admissible as solutions of equation (A) is

(m) in b =0,1,...,n.
poa e {, i b x| } =010 (7
Remark. The numbers ay;, and by, £ = 0,1,...,n, have no influence on the

choice of the solution class.

Definition 1. If the integro-differential equation (A) can be represented in
the form of a sum of terms ;(z) such that ¢,(z) € {v;,0,},, where [v;,4,] are
pairwise nonintersecting segments, then the number of such terms will be called
the rank of the equation.

Theorem 3. The rank of equation (A) is not higher than 4.

Depending on the choice of relations between the numbers a;;,b;,, ¢ = 1,2,
j=1,2, mand k =0,1,...,n, the rank of the equation changes, and after the
Fourier transform various boundary-value problems are obtained. The numbers
gy bjp, can be arranged in (4n + 4)! ways. Therefore, theoretically the same
number of different boundary-value problems is conceivable. All problems can
be subdivided into two essentially different types.

Definition 2. Integro-differential equations reducible to the solution only of
Riemann boundary-value problems will be called equations of the type of
Riemann boundary-value problems. The investigation shows that this
group of equations is characterized by the conditions

by = min by, > max ay, = a,. (8)
m=0,1,...,n k=0,...,n

Definition 3. Integro-differential equations reducible to “strip problems” (%)
will be called equations of strip type. For them the defining inequality is

by < aq. (9)

Theorem 4. If K f&(z) for all m and G*(z) are analytically continuable with
admissible poles at a finite number of points to the straight line:
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x +iby, and K, (z) for all m and G~ (z) are analytically continuable, with
admissible poles at a finite number of points, up to the straight line x +4a,, and
the functions

n—1 n—m-—1

\/1277Tm_0(_i2)m_nK1+m<z> qz:; (—iz)’lf(n—q—l)(0> —G+(Z) _ Pl(z), (10)

have in the continued strip poles only where the corresponding functions

Ki(2) = Y (i K (2) (12)
m=0

Ki(2) = 3 (cin)™ K (2), (13)
m=0

have them, and of no higher orders, then equation (A) of the Riemann boundary-
value-problem type is equivalent™ to the Riemann boundary-value problem itself
on the contour +, consisting of two parallel straight lines x + ia5 and x + ib;:

PO =AY () +B([), (€7, (14)

where

Ot (z), for Imz > by,
P(z) =4 Qz), foray <Imz<by, (15)
O (z), for Imz < ay;

Q(z) is a certain auxiliary function analytic in the strip ay < Imz < by; A(z2),
B(z) are functions expressible in a definite way through K,,,(2), Ky,,(2), G(2),
and the solution must satisfy the additional conditions:

1 A1} (2) B ﬂ P (z) . d'®; (2) _ il Py(2)
dod | _  did K[ (2) . ’ dz! . T d | K (2)
j=0,1,...,v,—1; [=0,1,...,y,— 1, (16)
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2, is a pole of K (z) of multiplicity v; 2, is a pole of K5 (2) of multiplicity v;;

o ’ 11
%) / @5 (2 4+ ig)l” dz,  m=0,1,....n (f + 1o 1) (17)
oo p p

are uniformly bounded for y > b; (y < a,);

/ 1Q(z + iy)|? dx

is uniformly bounded for a, < y < b;.

Consequence. Under the assumptions of Theorem 4, equations (A) of the type
of Riemann boundary-value problems are solved in closed form.

Remark 1. Conditions (16) and (17) ensure the representability of ®F (z) and
Q(2) in the form of Fourier integrals.

* Equivalence is meant in the usual sense.

Remark 2. In some cases the conditions of the theorem are satisfied auto-
matically. For example, for a; < by and b, > ay, G*(2), K;, ,(2) are analytic
functions up to the line = + ib;, while G~ (z) and K,,(#) are analytic functions
up to the line x + ia,.

Theorem 5. If K; (z), K5, (2), and G*(2) are analytically continuable with
poles to the line x + by, while K7,,(2), K;,,(%), and G~ (z) are analytically
continuable with poles to the line = + ia,, and the functions

n—1 n—m-—1
Py(2); ! S D A = K ()] Y (<) (o)
m:O q=0

— nml

\/%wamn[)\ - K7, (2 Z (—iz)fn=a-1)(0)

q=

Py(2); Py(2) +

(e}

have, in the continued strips, poles only where they are present, respectively, in
the functions
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and of no higher orders, then the equation (A) of “area” type is equivalent
(see the remark to Theorem 4) to the Riemann boundary-value problem on the
contour 7, consisting of two parallel lines x + ib; and x + iay:

PO =AY () + B(), (€7,

with the additional conditions (15), (16), (17) and the conditions ensuring ana-
lyticity of the functions ®F(z) in the strip b; < Imz < a, (the general form of
which would be difficult to write down).

Corollary. Under the assumptions of Theorem 5, the equations (A) of “area”
type are solved in finite form.

Analogous theorems hold for equations ( ).

In conclusion I express my sincere gratitude to Prof. F. D. Gakhov for the
valuable advice given to me in carrying out the present work.

Rostov-on-Don
State University

Received
27 VIII 1957
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