Soviet-era science, translated into English

Mathematics

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.02155

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195801.02155

Abstract
Full Text

Mathematics

I. Kh. Khairullin

On Certain Infinite Systems of Linear Algebraic
Equations Solvable in Closed Form

(Presented by Academician P. Ya. Kochina, 15 VII 1958)

In the present note systems of the following types are investigated:
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k=—o0

where m is a positive integer.

A certain analogy of these systems with convolution-type integral equations
(1=7) and singular integral equations whose kernels remain invariant under sub-
stitutions of a certain group of fractional-linear transformations (8) is used. As
the apparatus for investigating the indicated systems, Laurent transformations™®
(?) and the theory of boundary-value problems for analytic functions (1°)
applied.

are

One class of infinite systems of linear algebraic equations with difference indices
was considered in (?,11). J. N. Feld considers infinite systems connected with
problems on semi-infinite periodic structures. We shall use the terminology of

).
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For Laurent transformations the following theorem on convolutions holds.

Theorem. If the sequence {a,,p"} € l; for any p from the interval [ay, 5;], and
{z,p"} €1, for any p from the interval [ay, 5], and

max(aq, ay) < min(fy, f,),

then:

* Laurent transformations are the relations

A(z) = i a,z" (r<lz| <R)

n=—oo

and

1 A(z)

a, = -
" 2w 2=p 2+l

dz (r<p<R,n=0, £+1,...),

which connect the sequence {a,,} and the function A(z).
1) {p" 220:700 %y} € Iy for any p from the interval [max(ay, ), min(By, By)];
2) A(z)X(z) will be the image of {Z;iioo U T }-

We do not give the proofs.

§ 1. Consider the infinite system (1).

Case 1. Let
M
|Cln| < W, |Cn| < W (0 <A<1, M= COI?lSt)7 {dn} S 12, (3)

{ba}ely (i=01.,p—1; 14CH#0 (|| =1).

We shall seek the solution of the system in [,.

We write system (1) in the following form:

z, + Z a, T, —d, =w,n(n) (n=..,-1,0,1,...), (4)
k=—o00
z, + Z by kT —d, =0 (n=0,1,...,p—1), (5)
k=—o0
x, + Z CppZp —d, =w,n(p—1—n) (n=..,-1,0,1,...), (6)
k=—o00
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where n(n) =1 for n > 0 and n(n) = 0 for n < 0.

oo

Passing in relations (4) and (6) to images on the unit circle (A(t) =
we arrive at the following problem:

ar, for |t| = 1),

n=—oco Nt

Find the boundary values of the functions Q7 (z) and Q7 (z), analytic respec-
tively inside and outside the unit circle, belonging on the contour to the class
L, and satisfying the boundary condition

-1
1+ A(M) 1+ A(t) 4
Q)= —O0(t)+ —— | D(t n| — D(t
10=16m" O 1o <)+;W"t ®),
where
o0 -1
STURS SFTI SO s
n=0 n=——=no
W, W, -+ ; w,_1 must be such that equations (5) are satisfied for
1 QO () + P wi + D(1) dt
= omi w; =0,41,...).
kT om =1 14+ C(1) tht1 (k=0,+1,..) (7)

In solving this problem, the solution of the Riemann problem is used (9. In
view of the assumptions imposed on the coefficients of the infinite system, the

A(t)
1+C(1)

quired solution of system (1).

function will satisfy the Holder condition.* Formula (7) gives the re-

* The conditions imposed on the coefficients of the given system may be con-
siderably weakened if one uses the results of I. B. Simonenko on the solution of
the Riemann boundary-value problem with continuous coefficients (unpublished;
report at the Fourth All-Union Conference on Function Theory).

M
P |Cn|<m(o<)\£17a§,8,MZCOI’IST,),

Case IL. Let |a,| <
and let the sequences {b; ,p"} (i = 0,1,...,p — 1) and {d,p"} belong to I, for
every p in the interval [«, 8]. We shall seek the solution of the infinite system
(1) in the class of sequences satisfying the condition {z, p"} € I, for every p in
the interval [«, 5]. This class is the widest possible among the admissible ones.

In this case, in terms of transforms, we obtain a boundary-value problem on a
composite contour with the following conditions:

[1+AQIX() = D) =[O, (=0,
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14+ COIX(Q) ~ DO = () + S wnc™, | = 6.

n=0

where X(¢), Qf(¢), and Q7 (¢) must be boundary values of functions: X(z),
analytic in the annulus a < |z| < fB; Qf (2), analytic for |z| < a; and Q (2),
analytic for |z| > 3. As in the preceding case, wy,ws, ..., w, ; may be used in
satisfying (5).

The solution of the infinite system is obtained by passing to the original from
the function X (z).

§ 2. Consider the system (2), assuming that the conditions (3) are satisfied. We
shall seek the solution {z,,} in the class [,.

Introducing, analogously to the preceding, w, and passing to transforms, we
shall have

3
L

X(t)+A(t) ) Xlw, (t)] = D(t) = Q7 (1),

v=0
m—1
X)) +C() ) X[w, ()] = D(t) = Q (1), (8)
v=0
where w,(t), v = 0,1,...,m — 1, represent the rotation group (w, (t) = e27/™¢)
and [t| = 1.
By eliminating X[w, (t)] (v =0,1,...,m — 1) from relations (8), one can arrive

at a Riemann boundary-value problem for automorphic functions with respect
to

with the boundary condition

QO w, (0)]+

) LR Al 0 S (Al (0] = Clay (O T
[0, (1) D Dl (1)

- m—1 m—1
v=0 1+ ZV:O C Wy )] v=0 1+ ZV:O C[wu(t)] v=0

The quantities Q*(¢) are found by solving the jump problem

Speo (2 [, (0] + Dl (D]}

D) = () = AW - OO e
v=0 W
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The required function X(¢) is found from conditions (8). The solution of the
given system is obtained by the formula

n;—1

[A(6) + C(0)] Y {2 [w, ()] + Dlw, ()]}

x= % / D(t) — A +
t=1 2 {1 +y A[wy(t)}}
v=0
1 [A(T) — C(7)] ; {Q%w, (7)] + Dlw, (7]} 0 »
T m—1 T — n+2
e 1+ Alw,(7)] g
v=0
(n=0, £1,...).

The method proposed above also makes it possible to study infinite systems of
the following types:

co m—1

Ty, + Z Z e2ykﬂi/mau,nfkmk = dn (’ﬂ < p1)7
k=—oc0 v=0
0o
xn—’_ Z bn,kxk _dn (pl <n<p2_1)7
k=—o00
co m—1 ]
z, + Z ekmifme o xp=d, (py < n);

p—1 pa—1 00
z, + E Gy, Ty + E by kg, + E CppTp = d,, (n=..,—-1,0,1,...).
k=—c0 k=p, k=po

In conclusion I express my deep gratitude to the supervisor of this work, Prof. F.
D. Gakhov.
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