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Abstract

Full Text
MATHEMATICS
A. M. POLOSUEV

ON A PROBLEM OF UNIFORM DISTRIBU-
TION OF A SYSTEM OF FUNCTIONS

(Presented by Academician I. M. Vinogradov, 22 V 1958)

In the present article, by the method of N. M. Korobov, we generalize multidi-
mensional problems on the uniform distribution of systems of functions that are
products of an exponential function in many variables, which were considered
by him in the paper (!). The proof of the theorem formulated below is based
on a lemma that is an analogue of the main lemma of paper ().

Let s finite-difference equations be given:

¢1/ T) = a’(l’)wy z—1 ++a55)¢u r—mn,), V= 1a2a"'585 (1)
1 v

with integer coefficients; G;VV) # 0, n, > 1 for each v. Choose s prime numbers
P < py < -+ < pg such that

(v)
> max ’a .
P1 1<v<s v

We assign initial values of the function v, (x) by putting ¢, (j) = 5;1'), where
(5;”) is an integer and 0 < 5;” <p,—1, 5=12..,n, v=12 .5, and at

v

least one of the numbers (551'), ey (555') is different from zero for each v. Denote
by A1, .., Ay, the roots of the characteristic equation

A = a(l'/))\nyfl R aﬁ{’y)

of the finite-difference equation (1).

We shall assume that for each v the roots A, A 5, ..., A,,, are distinct and that,

for the quantities A\, = \,; and 0, = max,_;,, |\,;l, the inequalities

A, >1, 0,<1 forv=1,2,..,s.

v

hold. Thus, for n,, =1, A, is an integer; for n, > 2, A, is a Pisot number.

Introduce the following notation:
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1) 7, is any integer satisfying the conditions

Y, (x+71,)=v,(r) (modp,), 7,=0 (modp,), v=12..,s.

(Such a 7, can always be found according to Lemma 1 of paper (1).)

2) f,(x) = bg/) + bgy)x + -+ b;cl')avkv is an integer polynomial of degree k,,,
not identically equal to zero modulo mod p,,, v =1,2,...,s.

According to Lemma 2 of [1], choose the initial values of the functions v, (x),
v=12,...,s, so that the congruence

wl/(Z)EO (mOdpl/)7 Z:1727"'7T

124

has no more than 7, /p, solutions.
Under these conventions and notations the following lemma is valid.

Lemma. For any integers a > 0, r > 1, the estimate holds

D1 DTy Ty

NG flat@)
Z exp2m;m =

r=1

=O0(rpy .. Ps_ 171 - Ty + 7Py .. P In(a + 17y ... T4))
where the constant occurring in the symbol O depends on the quantities
(1) (s)  p) p's)

ay’,...,an 0 > g

s

s Mp,e,Ng, 8.

s)

Let now an infinite sequence of prime numbers be given,

P <py<p3<..,

whose growth is restricted by the requirement

py+1 = O<pu)

Denote by 7;; < 7;, < ... positive integers satisfying the conditions:

¢]u($ + le/) = w_]l/(x) (mOd pl/)’ le/ =0 (mOd pu)a
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where v, () is a solution of the finite-difference equation

b)) = al P —1) + o+ (@ —ny), n;=1, p > 1H<1Ja<XS|CL£f)|,

having the property that the number of solutions of the congruence

Y5, (2) =0 (mod p,), z=1,2,...,7

2
does not exceed 7, /p,, .

We require, in addition, that the estimate

ln(Tl(yJ,-l)a ?Ts(y-&-s)) = O(Tlu 7_S(l/+s—1)>
hold.

Let, further, ¢t; < t, < ... be arbitrary integers such that

tV > Tl(l/+1) Ts(u+s)7 In tV = O(ID(TI(V+1) TS<V+S>));

the integers nq,n,, ... are defined by the relation

Nyp1 =1y + thV o Pogs—1T1w - Ts(v+s—1)> n = 0;

p(v) = o(p,) is any integer-valued function, different from zero for sufficiently
large values of the argument.

We assume that A, ..., A;, are the roots of the characteristic equation

jn;
A" :a(lj))\”f1+,,,+ag> 1=12..,s,

j?
that they are all distinct and
A=A > 1 0; = max [\, [<1.

T 1<k<n,

As in paper (1), it is easy to see that

Viw+i—1)(@) = Vi) A + O (Poaja07) s Viwsjr) = O (Pugjor) »
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Define the numbers «; by the series

0o .
() Vj(wrj-1) 1 1 ,
Q@ = o (it Tl ol B i=1,2,....s.
J Z ) ()\]T.” s(i+s—1) 1) )\j )\j,,+1

Theorem. Let f;(z),..., f,(x) be integer polynomials, not identically equal to
zero. Then the system of functions

alAffl(x)a ,(XS)\?fs(.’[)

is uniformly distributed in s-dimensional space.
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