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Abstract
Full Text
MATHEMATICS
Wolfgang RICHTER

LIMITING BEHAVIOR OF THE 𝜒2 DISTRIBU-
TION IN THE CASE OF LARGE DEVIATIONS
(Presented by Academician I. M. Vinogradov, 22 XI 1957)

1. In the present note an application is given of a certain multidimensional
local theorem for large deviations (1) to derive a simple case of the mul-
tidimensional integral theorem for large deviations, namely, a theorem
is given on the limiting behavior of the distribution P{𝜒2 > 𝜏2} as 𝜏 ,
together with the number of observations 𝑛, tends to infinity.

The problem of the limiting distribution of the quantity 𝜒2 in the following form
was first posed and solved by Pearson (2). Consider a sequence of independent
trials on one and the same random variable. There are 𝑠 + 1 different incom-
patible outcomes possible, which occur with positive probabilities 𝑝1, … , 𝑝𝑠+1,
∑𝑠+1

𝑗=1 𝑝𝑗 = 1. Let 𝜈𝑗 be the number of appearances of the 𝑗-th outcome among
the first 𝑛 results of the trials,

𝑠+1
∑
𝑗=1

𝜈𝑗 = 𝑛, E𝜈𝑗 = 𝑛𝑝𝑗.

Following Pearson, form the sum

𝜒2 =
𝑠+1
∑
𝑗=1

(𝜈𝑗 − 𝑛𝑝𝑗)2

𝑛𝑝𝑗
.

2. Theorem. A. If 𝜏 = 𝑜(𝑛1/6) as 𝑛 → ∞, then

P{𝜒2 > 𝜏2} = 1
2𝑠/2Γ(𝑠/2) ∫

∞

𝜏2
𝑥𝑠/2−1𝑒−𝑥/2 𝑑𝑥 [1 + 𝑜(1)].

B. Let 𝜏 = 𝑜(√𝑛) as 𝑛 → ∞, 𝜏 > 1; let 𝐷 be a fixed sufficiently large number
(𝐷 > 4𝑠). Then

P{𝜒2 > 𝜏2} =
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= 1
[2𝜋]𝑠/2 ∫

𝜏2≤‖𝜉‖2≤𝐷𝜏2
⋯ ∫ exp {−‖𝜉‖2

2 + 𝑛
∞

∑
𝑘=3

𝑄𝑘 ( 𝜉√𝑛)} 𝑑𝜉 [1 + 𝑂 ( 𝜏√𝑛)]+𝑅,

where

𝑅 = P{𝜒2 > 𝐷𝜏2} < 2𝑠 exp {−𝐷𝜏2

4𝑠 }

for 𝜏 < 𝛼√𝑛 for some 𝛼 > 0 and all 𝑛.

Here 𝜉 denotes a row vector of 𝑠-dimensional space, ‖𝜉‖ is its length, 𝑑𝜉 is the
volume element in the same space; 𝑄𝑘(𝑡) (𝑘 = 3, 4, …) is a polylinear form of
order 𝑘, whose coefficients depend

of the probabilities 𝑝𝑗 (𝑗 = 1, 2, … , 𝑠 + 1) (see (2)). The series ∑∞
𝑘=3 𝑄𝑘(𝑡)

converges absolutely in a neighborhood of the origin

‖𝑡‖2 < min
1≤𝑗≤𝑠+1

{𝑝𝑗}.

The theorem shows that the classical 𝜒2 method for testing hypotheses is fully
applicable for not-too-large deviations; the limit of applicability turns out to be
𝜏 = 𝑜(𝑛1/6) as 𝑛 → ∞. For large deviations, the limiting expression necessarily
involves the probabilities 𝑝𝑗 of the distribution of the quantity 𝜉 under special
consideration.

3. Let us outline the proof for the general case B. It is easy to translate the
problem into the language of vectors in (𝑠+1)-dimensional space. Consider
a sequence of (𝑠 + 1)-dimensional random vectors ⃗𝜇(𝑘), 𝑘 = 1, 2, …, which
may take 𝑠 + 1 different values

e(𝑗) = (0, 0, … , 0, 𝑝−1/2
𝑗 , 0, … , 0)

(only the 𝑗-th coordinate is different from zero and is equal to 𝑝−1/2
𝑗 ) with

probabilities, respectively, 𝑝𝑗, 𝑗 = 1, 2, … , 𝑠 + 1. The vector of mathemat-
ical expectations of the coordinates ⃗𝜇(𝑘) will be

𝐸 ⃗𝜇(𝑘) = p = (√𝑝1, … , √𝑝𝑠+1),

and for the mixed second moments 𝜎𝑗𝑙 we obtain

𝜎𝑗𝑙 = 𝐸(𝜇(𝑘)
𝑗 − 𝐸𝜇(𝑘)

𝑗 )(𝜇(𝑘)
𝑙 − 𝐸𝜇(𝑘)

𝑙 ) = 𝛿𝑗𝑙 − √𝑝𝑗𝑝𝑙, 𝑗, 𝑙 = 1, 2, … , 𝑠 + 1,

Δ = det ‖𝜎𝑗𝑙‖ = 0.
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Put

𝔫̄ = ∑𝑛
𝑘=1( ⃗𝜇(𝑘) − 𝐸 ⃗𝜇(𝑘))√𝑛 .

It is easy to see that
𝜒2 = ‖𝔫̄‖2.

Applying some orthogonal transformation 𝔘, one can arrange that the last (𝑠+1)-
st coordinate of all points 𝔤(𝑗) = (e(𝑗) − p)𝔘 is equal to zero. Denote

⃗𝜌(𝑘) = ( ⃗𝜇(𝑘) − p)𝔘 and 𝔴 = 𝔫̄𝔘.

Then we have 𝐸𝔴 = 0, 𝐸𝔴′𝔴 = 𝔈𝑠, and 𝜒2 = ‖𝔴‖2. We shall omit, here and in
what follows, the unnecessary (𝑠+1)-st coordinate in all occurring vectors. Now
the vectors ⃗𝜌(𝑘), 𝑘 = 1, 2, …, are independent, identically distributed, and lattice
𝑠-dimensional random vectors. The lattice is defined by the linearly independent
vectors

𝔥(𝑗) = 𝔤(𝑗+1) − 𝔤(1), 𝑗 = 1, 2, … , 𝑠.
All lattice points are covered by the points

𝔤(1) +
𝑠

∑
𝑗=1

𝑙𝑗𝔥(𝑗),

where the 𝑙𝑗 are arbitrary integers. The main characteristic of the lattice is the
volume ℎ of the parallelepiped formed by the vectors 𝔥(𝑗), i.e. of the set of points

𝑠
∑
𝑗=1

𝜆𝑗𝔥(𝑗), 0 ≤ 𝜆𝑗 ≤ 1, 𝑖 = 1, … , 𝑠.

Therefore the multidimensional local theorem for large deviations is applicable
(1). Denote

𝒫𝑛(l) = P {
𝑛

∑
𝑘=1

⃗𝜌(𝑘) =
𝑠

∑
𝑗=1

𝑙𝑗𝔥(𝑗) + 𝑛𝔤(1)} ,

𝔵 = 1√𝑛 [
𝑠

∑
𝑗=1

𝑙𝑗𝔥(𝑗) + 𝑛𝔤(1)] , l = (𝑙1, … , 𝑙𝑠),

where the 𝑙𝑗 are integers.

In our particular case this theorem gives the following:

If ‖𝔷‖ = 𝑜(√𝑛) as 𝑛 → ∞, ‖𝔷‖ > 1, then

𝑛𝑠/2

ℎ 𝒫𝑛(𝔩)
1

[2𝜋]𝑠/2 exp {− ‖𝔷‖2

2 }
= exp {𝑛

∞
∑
𝑘=3

𝑄𝑘 ( 𝔷√𝑛)} [1 + 𝑂 ( ‖𝔷‖√𝑛)] . (1)
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Here 𝑄𝑘(𝑡) is a certain multilinear form of order 𝑘; 𝑘 = 3, 4, ….

This limiting formula can also be derived directly from the expression 𝒫𝑛(𝔩) by
means of Stirling’s formula. Thus, we obtain the explicit form of the multilinear
forms 𝑄𝑘(𝑡). Denote

𝑧𝑗√𝑛𝑝𝑗 = 𝑙𝑗 − 𝑛𝑝𝑗

(𝑗 = 1, … , 𝑠 + 1). If ∑𝑠+1
𝑗=1 |𝑧𝑗| = 𝑜(√𝑛) as 𝑛 → ∞, then

𝒫𝑛(𝔩) = ℎ
[2𝜋𝑛]𝑠/2 exp

⎧{
⎨{⎩

−𝜒2

2 + 𝑛
∞

∑
𝑘=3

(−1)𝑘−1

𝑘(𝑘 − 1)
𝑠+1
∑
𝑗=1

𝑝𝑗 ( 𝑧𝑗√𝑛𝑝𝑗
)

𝑘⎫}
⎬}⎭

[1 + 𝑂 (
𝑠+1
∑
𝑗=1

|𝑧𝑗|/
√𝑛)] .

Applying the transformation 𝔘, we obtain for 𝑄𝑘(𝑡):

𝑄𝑘(𝑡) = (−1)𝑘−1

𝑘(𝑘 − 1)
𝑠+1
∑
𝑗=1

𝑝𝑗 (𝑡𝑗√
𝜋𝑗

𝑝𝑗𝜋𝑗−1
−

𝑗−1
∑
𝑖=1

𝑡𝑖√
𝑝𝑖

𝜋𝑖𝜋𝑖−1
)

𝑗

(2)

(𝑡𝑠+1 = 0, 𝜋𝑗 = 1 −
𝑗

∑
𝑙=1

𝑝𝑙, 𝜋0 = 1, 𝜋𝑠 = 𝑝𝑠+1) .

It is easy to see that the series ∑∞
𝑘=𝑠 𝑄𝑘(𝑡) converges absolutely inside the sphere

‖𝑡‖2 < min
1≤𝑗≤𝑠+1

{𝑝𝑗}.

4. In order to compute P{𝜒2 > 𝜏2} under the condition 𝜏 = 𝑜(√𝑛) as
P → ∞, one must choose a sufficiently large number 𝐷 (𝐷 > 4𝑠) and
decompose 𝑛{𝜒2 > 𝜏2} into the sum

P{𝜒2 > 𝜏2} = P{𝜏2 < 𝜒2 ≤ 𝐷𝜏2} + P{𝜒2 > 𝐷𝜏2}.

The second term is easily estimated with the aid of an inequality of S. N. Bern-
stein ((3), p. 162). We have

P{𝜒2 > 𝐷𝜏2} ≤
𝑠

∑
𝑗=1

P {|𝑤𝑗| > 𝜏√𝐷
𝑠 } < 2𝑠 exp {−𝐷𝜏2

4𝑠 }

for all 𝑛 and for all 𝜏 in the range 0 < 𝜏 < 𝛼√𝑛, for some constant 𝛼 > 0.

In computing the first term, the application of the limiting formula (1) is per-
mitted. It can be shown that the sum thereby arising over all points of the
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lattice 𝜂 = √𝑛 𝑟 for which 𝑛𝜏2 < ‖𝜂‖2 ≤ 𝐷𝜏2𝑛 is replaced by the integral over
the same region. The error allowed in doing so is of order

𝑂 ( 𝜏√𝑛) ,

which completes the proof.

Leningrad State University
named after A. A. Zhdanov

Received
21 XI 1957
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Note: Figure translations are in progress. See original paper for figures.
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