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This paper investigates the error of the simplest multidimensional integration
formula (1). The computation of integrals by the Monte Carlo method can be
reduced to this same formula with random integration nodes (1, 3).

In § 4 an error estimate is obtained for arbitrary integration nodes (formula (8)).
This formula makes it possible to explain why uniform grids in multidimensional
spaces give low accuracy—lower than the accuracy of the Monte Carlo method.

§ 1. Integration formula.

1,1. Suppose that the function f(P), where P = (x4,...,x,), is holomorphic
in a ball containing the unit cube K of d-dimensional real space: 0 < z, < 1
(s =1,2,...,d). We shall compute the integral I = fK f(P)dV by the simplest
formula of arithmetic means:

1 X
=N Z f(P,) + Ay, (1)
p=1
where P;, P,, ..., Py are the integration nodes; A 5 is the error*.

1,2. Let {P,} be an arbitrary sequence of points in K. Denote by Sy (II)
the number of points of the sequence with indices 1 < p < N that lie in the
parallelepiped II.

Definition. The sequence {P,} is called uniformly distributed in K if for
every I C K

lim
N—o0

S(In) _
v =
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(here |TI| is the volume of II).
Theorem (!). For all Riemann-integrable functions

lim Ay =0 (2)

N—oo

if and only if {P,} is uniformly distributed in K.
This theorem resolves the question of convergence of formula (1).

1,3. Suppose that Z is a random point uniformly distributed in K (i.e. the dis-
tribution density p(Z) = 1if Z € K, and p(Z) = 0if Z ¢ K). The mathematical
expectation is

E{f(2)} = / f(P)p(P)dV = / f(PYaV =1. (3)

K

* Formula (1), despite its crudeness, has a number of advantages from the stand-
point of computation on high-speed computing machines: all points are com-
puted identically; there are no “weights” loading the internal memory; conver-
gence is guaranteed for a very broad class of functions (see 1, 2).

Therefore, to compute I we can apply the Monte Carlo method: if P;, P, ... are
values of Z, then for large N the arithmetic mean

1 N
— P)~1.
N;ﬂ )

Thus, the Monte Carlo method also leads to formula (1), but with random
nodes*.

§ 2. Uniform grids and the Monte Carlo method.

2.1. Let us take a uniform grid of N = n? points P, with coordinates

m,, +1
T, = “T (s=1,2,...,d).
Here m,,, are natural numbers 0,1,2,....,n —1; 0 <[, < 1.

Theorem. If [, #+ 1/2, then

Ay =A N4 O(N—2/4); (4)

whereas if [ =1, = -+ =1; =1/2, then
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Ay = AyN72/d 4 O(N—44). (5)

The constants A; and A, depend on f(zq,...,z,) and on I.

It is easy to verify that for f = 2, in formula (4) Ay = (1/2 —1,)N~Y¢ and
for f = 22 in formula (5) Ay = 1/12N~2/4. Thus, the estimates (4) and (5) are
sharp.

2.2. For the Monte Carlo method 1.3 one can obtain a probabilistic estimate
of the error from the classical limit theorem (2): with probability greater than
0.99,

|Ay| <3VDN2 (6)
(Here D = D{f(Z)} is the variance.) By increasing the constant in (6), one can
increase the probability of the estimate.

2.3. Comparing (6) with (4) or (5), we arrive at the well-known paradoxical
conclusion: for d > 1, N random integration nodes with uniform distribution
laws give a better result than a uniform grid with the same number of nodes.

Attempts to explain this paradox can be found in the survey (*). A new expla-
nation will be given in 6.1.

§ 3. Definition of the function ¢ (N).

For simplicity, in this section we assume d = 3.

3.1. We construct a sequence of dyadic-rational intervals {A,}. They are
defined by groups. The zero group (m = 0) consists of one interval A; = (0, 1].
In group number m (m = 1,2,...) there are altogether 2™~! intervals A
(j=1,2,...,2m~ 1) which are obtained by dividing (0,1] into 2™~ equal parts.
Thus,

J—1 J 7.
Amj = (mel’ 2m71] ’

1
mil = 5t

|A

The intervals are numbered so that for m > 0, k = 2™~ 4 j.

3.2. Consider the parallelepiped

Hk1k2k3 = Akl X Akz X Aks.

Transfer
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* From theorem 1.2 it follows that, when computing integrals by the Monte Carlo
method, one may, instead of random points P,, take any nonrandom uniformly
distributed sequence.

The use of “true” random numbers in high-speed computing machines entails
great technical difficulties. In practice, “pseudorandom” numbers are always
used (see, for example, (?)).

the origin of coordinates to the center C of the parallelepiped: ¢, = z, —

Zgs. The new coordinate planes £ = 0 divide IIj ; ;. - into 23 = 8 equal
parallelepipeds.

If all k;, > 1, then by V,jl kgky WE denote the sum of those parallelepipeds of the
subdivision in which &;&,&; > 0. If one of the k,, for example k; = 1, then
Vf;l J, 18 the sum of the parallelepipeds in which ¢ > 0. Similarly, Vi, is the
parallelepiped &; > 0.

Let Vi kowy = Wiy kgky — Vil gyx, - Obviously, [V = [V,
3.3. Fix an arbitrary natural number g > 2. Let ¢ = 1/¢. A triple of numbers

(mq, my, mg) determines a subdivision K into equal parallelepipeds Hk1 Kok
with all possible j;, jy, Js-

Definition.

1/q
f(N)= s {z \sN<vktk2k3>—sN<vklk2k3>V} R

(mymams) ;75,43

(The sum is over all parallelepipeds of the given subdivision; the least upper
bound is over all subdivisions. The case m; = my = mg = 0 is excluded. For
the definition of Sy (V), see 1.2.)

Obviously, the value ¢, (N) depends on the arrangement of the points
Py, P,,..., Py (see also 4.2).

§ 4. Estimate of Ay for arbitrary nodes of integration.

4.1. With the aid of the expansion of f(zy,...,7,) into a Haar series (%), the
following theorem is proved.

Theorem. Whatever the points Py,..., Py, for the error of formula (1) the
estimate

N
Ayl < 4,500, ®

is valid, where the constant A, depends only on f(zy,...,74).
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4.2. In fact, the least upper bound in formula (7) is taken over a finite number
of subdivisions, since for a sufficiently fine subdivision each cell will contain no
more than one point; all still finer subdivisions will give one and the same result:

Do ISn(VH) =Sy (V)T = N.
If k, = 1, then the subdivision is continued until the points lying in one plane
x, = const become isolated.

Hence the stability of estimate (8) follows at once: if the nodes P, are changed
slightly (so that they do not leave the cells of the smallest essential subdivision),
then the value of ¢, (N) will not change and estimate (8) will be preserved.

4.3. Tt was not possible to pass in (8) to the simpler function

Poo(IN) = lim ¢ (N) :

q—0o0

for ¢ = oo the series majorizing A, became divergent.

4.4. The requirement that f(zq,...,2,) be holomorphic is probably too strong.
In the one-dimensional case estimate (8) is valid for all continuous functions
satisfying a Lipschitz condition. For this class of functions it has been proved (°)
that the best one-dimensional quadrature formula gives the error Ay = O(N™1).

§ 5. Some properties of ¢ (N).
These properties are proved directly from Definition 3.3.

5.1. Theorem. For any P, P,, ..., Py

N¢ < g (N) < N. (9)

The upper bound (9) is sharp; the lower one is attained for d = 1 (see 6.2).

One may expect that, if d > 1, then in the exact lower bound for N¢ there

should be the coefficient 2(?~P)1=¢) (cf. 6.3).
5.2. Theorem. If M nodes lie in the plane z, = const, then ¢ (N) > M.

For example, for the uniform grid (2.1) it is easy to compute

P (N) =N, (10)

Comparison of (10) with (9) shows that, for d > 1, uniform grids are bad grids.

5.3. Theorem. An infinite sequence {P,} is uniformly distributed in K (see
1.2) if and only if
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¢ (N)=0(N) as N — ooc.

This result establishes a connection between Theorems 1.2 and 4.1.
§ 6. Consequences and examples.

6.1. From the standpoint of what has been set forth, it is easy to understand
the paradox 2.3: the orders of the estimates (4) and (5) are low because uniform
grids are bad. If the nodes are shifted, these grids can be improved, and random
grids are always “shifted.”

The order N~/2 of estimate (6) is not the best: it is average. Greater accuracy
can be achieved by using nonrandom and at the same time nonuniform grids.

6.2. Example. d = 1; N arbitrary. A sequence {p,} for which ¢ (N) = N*®
can be constructed from dyadic-rational points:

19 5 13 3 11

1 3or 195 133 1
’ "8 8 16" 16" 16° 16" 16” 16"

15
' 88

= w

1 1
2 4’
6.3. Example. d = 2; N = n?, where n = 2"1. Let a; = np,; (p; from 6.2).
We define the coordinates of the node P;; in the z, y-plane by the formulas

1—1 17,. 1
Tij = — +ﬁ (z+aj)modn+§ ,

j—1 1 1
yijzjnf—l—ﬁ[(j—i—ai)modn—i—ﬂ. (i,j=1,...,n)

For this system of points ¢, (N) = 2! "¢ N*.
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