Soviet-era science, translated into English

BOUNDARY VALUE
PROBLEMS FOR
NONLINEAR
PARABOLIC
EQUATIONS

1957

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195701.99338

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195701.99338

Abstract
Full Text

MATHEMATICS
CHOU YU-LIN

BOUNDARY VALUE PROBLEMS FOR NON-
LINEAR PARABOLIC EQUATIONS

(Presented by Academician I. G. Petrovskii on 25 V 1957)

This note considers boundary value problems with nonlinear boundary condi-
tions for a quasilinear parabolic equation with two independent variables, and
the second boundary value problem for a nonlinear parabolic equation in the
case of many independent variables. The solution of these problems is obtained
in the large, i.e., for any prescribed interval of variation of the time ¢. The first
boundary value problem for a quasilinear parabolic equation was considered in
papers (17°). To solve the boundary value problems considered in the present
paper, we use Rothe’ s method (%). To prove the convergence of the sequence of
functions constructed by Rothe’ s method to the solution of the boundary value
problem, we use the method of auxiliary functions, analogously to how this was
done in papers (1'*). In addition, in the present note a priori estimates are
given for derivatives of solutions of quasilinear elliptic and parabolic equations,
analogous to the estimates of S. N. Bernstein (7).

We shall use the following notation: by C™* (D) we shall denote the class
of functions having, in the closed domain D, derivatives of order n satisfying
a Holder condition with exponent \. We shall say that the closed domain D
belongs to the class A" if the boundary §D of the domain D admits a local
parametric representation by means of functions belonging to the class C("*).

Theorem 1. In the rectangle R{0 <t < T; 0 < a < X} there exists a unique
solution of the equation

0%u

@ = A(‘rvuu)% +F (SL’,t,U, @> ) (1)

ot Ox

continuous together with the first derivative with respect to x in R, possessing
continuous derivatives of second order with respect to x and first order with
respect to t inside R, and satisfying the boundary conditions

u<x70) = (p(l‘), u;(O,t) = wo(t,u(o,t)), u;(th) = ¢1(t»U(Xat))a

provided the following assumptions are fulfilled:
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1) In the rectangle R, for all values of u,

A(z,t,u) >a >0, F!(z,t,u,0) > c,

where a and ¢ are certain constants.

2) In the domain

G0<z<X; 0<t<T; |ul <M; |p| < oo},

where

o7
M, = e {max ()| + = max|F(z, 1,0, 0)|}

and a is such that %aa—i—c > 0, there exist continuous derivatives of second order
with respect to x,u,p of the functions A(x,t,u) and F(xz,t,u,p), satisfying a
Lipschitz condition with respect to t,u,p.

3) The function F(z,t,u,p) and its derivatives with respect to x,u in the
domain G have order of growth in p less than two, while the function
F)(x,t,u,p) has order of growth less than one.

4) The function ¢(z) on the interval [0, X] has a continuous derivative of
third order. The functions (¢, u) and v, (¢, u) satisfy the conditions
Yo (tw) = 0, Y1, uw) < 0, ¥y(t,0) = ¢,(¢,0) = 0. In the domain
{0 <t <T; |ul < M;} the functions (¢, w), 1 (¢,u) have continuous
derivatives with respect to u of second order and with respect to t of first
order.

5) The compatibility conditions are fulfilled
¢"(0) = 1o(0,0(0)),  ¢"(X) =1,(0,(X)). (3)

Theorem 2. In the rectangle R there exists a unique solution of equation
(1), continuous in R together with the derivatives entering the equation, and
satisfying the boundary conditions

u<$70) = Lp(.’L'), u2(07t) = w0<t7u(0’t)>u;<0>t>)’
u (X, t) = ¥y (b, u(X, 1), up, (X, 1), (6)
if the following assumptions are fulfilled:

1) In the rectangle R, for all values of u, p, A(z,t,u) > a >0, F,.(z,t,u,p) >
G

¢6p<t,u7p) > Qg > 07 d)(/)u(tauao) < ﬁo; w0<t7070> = Oa
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wip(t,%p) < _al < 07 1//1u(757 ’LL,O) < ﬁlu ¢1(t7070> = Ou (7)
where a, ¢, oy, oy, By, §; are certain constants.

2) In the domain G{0 <z < X; 0 <t < T; |u| < My; |p| < oo}, where

M, = max {eaT max w; e max |cp(x)|}
/o200 + ¢
and a is such that 1/,aa+c > 0, there exist continuous derivatives of third
order with respect to x, u, p of the functions A(z,t,u), F(x,t, u,p); more-
over the functions A(z,t,u), F(x,t,u,p), together with their derivatives
up to second order with respect to x,u,p, satisfy a Lipschitz condition
with respect to t.

3) The functions F, F),, F! in the domain G have order of growth in p less
than two, while the function F} has order of growth less than one.

4) The function ¢(z) on the interval [0, X] has a continuous derivative of
fourth order, and the functions 9, (¢, u, p), ¥, (¢, u, p) have, with respect to
u, p, continuous derivatives of second order and, with respect to ¢, of first
order; moreover the functions (¢, u,p), ¥ (t,u,p) have order of growth
in p less than two.

5) The compatibility conditions are fulfilled
90” (O> - A<07 0, @(0))%(0, @(0)3 Qpl (0)) + F(Ov 0, 90(0>’ 90/ (0))a
@"(X) = A(X,0,0(X))h1 (0, 0(X), ¢"(X)) + F(X,0,0(X), ¢ (X)).

Theorem 3. In the cylinder Q{0 < t < T; x € D} there exists a unique
solution u(z,t) of the equation

S @ =2 3 bt 2 4 fant ) = 2 @
A M Gy T P gy, TR T

continuous in ) together with its first derivatives with respect to xzy,

possessing continuous derivatives of first order with respect to ¢ and of second
order with respect to z; inside the cylinder @) and satisfying the boundary
conditions

u(z,0) = uy(x) for x € D,

N

0

Z a;;(w,t) cos(fy,aci)a% +Yx,t)u=0 forxzeFD, 0<t<T, (3)
i,5=1 J

where 7y is the inner normal to the boundary §D, if the following assumptions
are fulfilled:
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1) In the cylinder @ the inequality

N N
Z ;MM = GZW? (a>0)
=1 =1

holds for (x,t) € @ and all values, and f,(x,t,u) < ¢, where a,c are
constants.

2) The functions a,;(z,t), as functions of x, belong to the class cBN(D),
and the functions b,(x,t,u), f,(x,t,u), f(z,t,0) in the region

H{0 <t <T; x€D; |ul <M},

where
M, = T {max g (2] + 2 max | o>|} |
D

%a —¢ >0, a > 0, belong to the class C* as functions of z;,u. In
addition, the functions a,;(z,t), together with their derivatives up to third
order with respect to z;, have derivatives with respect to t satisfying
a Lipschitz condition in ¢ in @, and the functions b;(z,t,u), f,(z,t,u),
f(z,t,0), together with the second derivatives with respect to x,, u, satisfy

a Lipschitz condition in ¢ in H.
3) The region D belongs to the class AN

4) The function uy(z) belongs to the class C® (D). The function ¢(z,t) > 0
belongs to the class C>YF(D) and, together with the third derivatives
with respect to the local coordinates of the boundary of the region, has a
derivative with respect to ¢ satisfying a Lipschitz condition in ¢.

5) The compatibility condition is satisfied:

N

Z (z,0) cos(v,x 1)61(;(;(93) + ¢(z,0)ug(x) =0 for z € FD.

j=1 J

It is proved that the solution of problem (2), (3) can be obtained as the limit,
as At — 0, of the solutions of the following system of elliptic equations:

N 2 N
0%u(x,nAt) Ou(xz, nAt)
Z: (z nAt)W + Zzzl b;(z,nAt,u(z, (n 1)At))87xi

u(z,nAt) —u(z, (n — 1)At)

+ c(z, nAt, u(z, (n—1)At) )u(z, nAt)+f(z,nAt) = AL ;

u(z,0) = uy(x) for x € D,
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al ou(z, nAt)
Z a;;(z, nAt) 005(77%)6’7 + Y(x,nAt)u(z,nAt) =0 for x € FD,
x

Q=1 J

1
c(m,t,u):/ fo(x,t,Tu)dr.
0

The proof of the existence of a solution of this system belonging to the class
C%N (D) is based on the following theorem, analogous to Schauder’ s theorem

(®).
Theorem 4. Let the domain D belong to the class A™t1AN n >3, 0< X < 1.
Then the second boundary-value problem for the equation

N 2 N au

Z 696 (“)m + Zbi(z) or

— =1 Q

with boundary condition

N ou
3 aye)ensa) 7 v = ol

J

in the domain D has a unique solution u(z) belonging to the class C™" (D),
if the coefficients a,;(v) € CmN (D), b,(x), c(x), f(z) € C"2N(D), (),
p(x) € 1A (GD), the functions (z), c(x) are nonnegative, and at least
one of them is not identically equal to zero.

Theorem 5. Let u(z,t) € C"*2)/(Q) and be a bounded solution in the cylinder
@ of the quasilinear parabolic equation

2

r.0x

L;0Z;

:i —I—fxtuau ou ou
- : M B ] at

77...’7 =
Oxy Oz

(a;;, f € C™), and let the functions
|f(x,t,u,p1, 7pN)‘, |f;k(xat7u7p17 7pN)|,

|f;(x7t,u,p1,...,pN)|
not exceed p2e(p), and

|f1/)i(x7t7u7p17"‘7pN)‘ <pg(p> (l7k = 1’27"‘7N)7
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where
N 1/2
p= [Zpil ;
k=1

and e(p) is some monotonically decreasing function tending to zero as p — oo.
Then the inequality

O"u(x,t)

—— <
Oz, 0, ¢

holds in any closed domain strictly interior with respect to @,
{xreD, CcD, 0<§<t<T},

where C' depends on maxg, |u(z,t)], n, J, and the distance between the bound-
aries of the domains D; and D.

In the case of two independent variables this theorem is valid for an equation of

the form 52 5 5
u u u
@—A(l}t,'d)a"‘F(fE,t,u,%)

An analogous theorem has also been proved for a quasilinear elliptic equation
of the form L(u) = 0.

In conclusion I express my deep gratitude to my scientific adviser O. A. Oleinik.
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