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Abstract
Full Text
MATHEMATICS
CHOU YU-LIN

BOUNDARY VALUE PROBLEMS FOR NON-
LINEAR PARABOLIC EQUATIONS
(Presented by Academician I. G. Petrovskii on 25 V 1957)

This note considers boundary value problems with nonlinear boundary condi-
tions for a quasilinear parabolic equation with two independent variables, and
the second boundary value problem for a nonlinear parabolic equation in the
case of many independent variables. The solution of these problems is obtained
in the large, i.e., for any prescribed interval of variation of the time 𝑡. The first
boundary value problem for a quasilinear parabolic equation was considered in
papers (1−5). To solve the boundary value problems considered in the present
paper, we use Rothe’s method (6). To prove the convergence of the sequence of
functions constructed by Rothe’s method to the solution of the boundary value
problem, we use the method of auxiliary functions, analogously to how this was
done in papers (1,4). In addition, in the present note a priori estimates are
given for derivatives of solutions of quasilinear elliptic and parabolic equations,
analogous to the estimates of S. N. Bernstein (7).
We shall use the following notation: by 𝐶(𝑛,𝜆)(𝐷) we shall denote the class
of functions having, in the closed domain 𝐷, derivatives of order 𝑛 satisfying
a Hölder condition with exponent 𝜆. We shall say that the closed domain 𝐷
belongs to the class 𝐴(𝑛,𝜆) if the boundary 𝔉𝐷 of the domain 𝐷 admits a local
parametric representation by means of functions belonging to the class 𝐶(𝑛,𝜆).

Theorem 1. In the rectangle 𝑅{0 ≤ 𝑡 ≤ 𝑇 ; 0 ≤ 𝑥 ≤ 𝑋} there exists a unique
solution of the equation

𝜕2𝑢
𝜕𝑥2 = 𝐴(𝑥, 𝑡, 𝑢)𝜕𝑢

𝜕𝑡 + 𝐹 (𝑥, 𝑡, 𝑢, 𝜕𝑢
𝜕𝑥) , (1)

continuous together with the first derivative with respect to 𝑥 in 𝑅, possessing
continuous derivatives of second order with respect to 𝑥 and first order with
respect to 𝑡 inside 𝑅, and satisfying the boundary conditions

𝑢(𝑥, 0) = 𝜑(𝑥), 𝑢′
𝑥(0, 𝑡) = 𝜓0(𝑡, 𝑢(0, 𝑡)), 𝑢′

𝑥(𝑋, 𝑡) = 𝜓1(𝑡, 𝑢(𝑋, 𝑡)),

provided the following assumptions are fulfilled:
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1) In the rectangle 𝑅, for all values of 𝑢,

𝐴(𝑥, 𝑡, 𝑢) ≥ 𝑎 > 0, 𝐹 ′
𝑢(𝑥, 𝑡, 𝑢, 0) ≥ 𝑐,

where 𝑎 and 𝑐 are certain constants.

2) In the domain

𝐺{0 ≤ 𝑥 ≤ 𝑋; 0 ≤ 𝑡 ≤ 𝑇 ; |𝑢| ≤ 𝑀1; |𝑝| < ∞},

where

𝑀1 = 𝑒𝑎𝑇 {max |𝜑(𝑥)| + 2𝑇
𝑎 max |𝐹 (𝑥, 𝑡, 0, 0)|}

and 𝑎 is such that 1
2 𝑎𝑎+𝑐 > 0, there exist continuous derivatives of second order

with respect to 𝑥, 𝑢, 𝑝 of the functions 𝐴(𝑥, 𝑡, 𝑢) and 𝐹(𝑥, 𝑡, 𝑢, 𝑝), satisfying a
Lipschitz condition with respect to 𝑡, 𝑢, 𝑝.

3) The function 𝐹(𝑥, 𝑡, 𝑢, 𝑝) and its derivatives with respect to 𝑥, 𝑢 in the
domain 𝐺 have order of growth in 𝑝 less than two, while the function
𝐹 ′

𝑝(𝑥, 𝑡, 𝑢, 𝑝) has order of growth less than one.

4) The function 𝜑(𝑥) on the interval [0, 𝑋] has a continuous derivative of
third order. The functions 𝜓0(𝑡, 𝑢) and 𝜓1(𝑡, 𝑢) satisfy the conditions
𝜓′

0𝑢(𝑡, 𝑢) ⩾ 0, 𝜓′
1𝑢(𝑡, 𝑢) ⩽ 0, 𝜓0(𝑡, 0) ≡ 𝜓1(𝑡, 0) ≡ 0. In the domain

{0 ⩽ 𝑡 ⩽ 𝑇 ; |𝑢| ⩽ 𝑀1} the functions 𝜓0(𝑡, 𝑢), 𝜓1(𝑡, 𝑢) have continuous
derivatives with respect to 𝑢 of second order and with respect to 𝑡 of first
order.

5) The compatibility conditions are fulfilled

𝜑′(0) = 𝜓0(0, 𝜑(0)), 𝜑′(𝑋) = 𝜓1(0, 𝜑(𝑋)). (3)

Theorem 2. In the rectangle 𝑅 there exists a unique solution of equation
(1), continuous in 𝑅 together with the derivatives entering the equation, and
satisfying the boundary conditions

𝑢(𝑥, 0) = 𝜑(𝑥), 𝑢′
𝑡(0, 𝑡) = 𝜓0(𝑡, 𝑢(0, 𝑡), 𝑢′

𝑥(0, 𝑡)),

𝑢′
𝑡(𝑋, 𝑡) = 𝜓1(𝑡, 𝑢(𝑋, 𝑡), 𝑢′

𝑥(𝑋, 𝑡)), (6)

if the following assumptions are fulfilled:

1) In the rectangle 𝑅, for all values of 𝑢, 𝑝, 𝐴(𝑥, 𝑡, 𝑢) ⩾ 𝑎 > 0, 𝐹 ′
𝑢(𝑥, 𝑡, 𝑢, 𝑝) ⩾

𝑐,

𝜓′
0𝑝(𝑡, 𝑢, 𝑝) ⩾ 𝛼0 > 0, 𝜓′

0𝑢(𝑡, 𝑢, 0) ⩽ 𝛽0, 𝜓0(𝑡, 0, 0) ≡ 0,
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𝜓′
1𝑝(𝑡, 𝑢, 𝑝) ⩽ −𝛼1 < 0, 𝜓′

1𝑢(𝑡, 𝑢, 0) ⩽ 𝛽1, 𝜓1(𝑡, 0, 0) ≡ 0, (7)
where 𝑎, 𝑐, 𝛼0, 𝛼1, 𝛽0, 𝛽1 are certain constants.

2) In the domain 𝐺{0 ⩽ 𝑥 ⩽ 𝑋; 0 ⩽ 𝑡 ⩽ 𝑇 ; |𝑢| ⩽ 𝑀1; |𝑝| < ∞}, where

𝑀1 = max {𝑒𝑎𝑇 max |𝐹 (𝑥, 𝑡, 0, 0)|
1/2𝑎𝑎 + 𝑐 ; 𝑒𝑎𝑇 max |𝜑(𝑥)|}

and 𝑎 is such that 1/2𝑎𝑎+𝑐 > 0, there exist continuous derivatives of third
order with respect to 𝑥, 𝑢, 𝑝 of the functions 𝐴(𝑥, 𝑡, 𝑢), 𝐹(𝑥, 𝑡, 𝑢, 𝑝); more-
over the functions 𝐴(𝑥, 𝑡, 𝑢), 𝐹(𝑥, 𝑡, 𝑢, 𝑝), together with their derivatives
up to second order with respect to 𝑥, 𝑢, 𝑝, satisfy a Lipschitz condition
with respect to 𝑡.

3) The functions 𝐹, 𝐹 ′
𝑥, 𝐹 ′

𝑢 in the domain 𝐺 have order of growth in 𝑝 less
than two, while the function 𝐹 ′

𝑝 has order of growth less than one.

4) The function 𝜑(𝑥) on the interval [0, 𝑋] has a continuous derivative of
fourth order, and the functions 𝜓0(𝑡, 𝑢, 𝑝), 𝜓1(𝑡, 𝑢, 𝑝) have, with respect to
𝑢, 𝑝, continuous derivatives of second order and, with respect to 𝑡, of first
order; moreover the functions 𝜓0(𝑡, 𝑢, 𝑝), 𝜓1(𝑡, 𝑢, 𝑝) have order of growth
in 𝑝 less than two.

5) The compatibility conditions are fulfilled

𝜑″(0) = 𝐴(0, 0, 𝜑(0))𝜓0(0, 𝜑(0), 𝜑′(0)) + 𝐹(0, 0, 𝜑(0), 𝜑′(0)),
𝜑″(𝑋) = 𝐴(𝑋, 0, 𝜑(𝑋))𝜓1(0, 𝜑(𝑋), 𝜑′(𝑋)) + 𝐹(𝑋, 0, 𝜑(𝑋), 𝜑′(𝑋)).

Theorem 3. In the cylinder 𝑄{0 ⩽ 𝑡 ⩽ 𝑇 ; 𝑥 ∈ 𝐷} there exists a unique
solution 𝑢(𝑥, 𝑡) of the equation

𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑁

∑
𝑖=1

𝑏𝑖(𝑥, 𝑡, 𝑢) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑓(𝑥, 𝑡, 𝑢) = 𝜕𝑢
𝜕𝑡 , (2)

continuous in 𝑄 together with its first derivatives with respect to 𝑥𝑘,

possessing continuous derivatives of first order with respect to 𝑡 and of second
order with respect to 𝑥𝑘 inside the cylinder 𝑄 and satisfying the boundary
conditions

𝑢(𝑥, 0) = 𝑢0(𝑥) for 𝑥 ∈ 𝐷,

𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡) cos(𝛾, 𝑥𝑖)
𝜕𝑢
𝜕𝑥𝑗

+ 𝜓(𝑥, 𝑡)𝑢 = 0 for 𝑥 ∈ 𝔉𝐷, 0 ≤ 𝑡 ≤ 𝑇 , (3)

where 𝛾 is the inner normal to the boundary 𝔉𝐷, if the following assumptions
are fulfilled:
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1) In the cylinder 𝑄 the inequality

𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝜂𝑖𝜂𝑗 ≥ 𝑎
𝑁

∑
𝑖=1

𝜂2
𝑖 (𝑎 > 0)

holds for (𝑥, 𝑡) ∈ 𝑄 and all values, and 𝑓 ′
𝑢(𝑥, 𝑡, 𝑢) ≤ 𝑐, where 𝑎, 𝑐 are

constants.

2) The functions 𝑎𝑖𝑗(𝑥, 𝑡), as functions of 𝑥𝑘, belong to the class 𝐶(5,𝜆)(𝐷),
and the functions 𝑏𝑖(𝑥, 𝑡, 𝑢), 𝑓 ′

𝑢(𝑥, 𝑡, 𝑢), 𝑓(𝑥, 𝑡, 0) in the region

𝐻{0 ≤ 𝑡 ≤ 𝑇 ; 𝑥 ∈ 𝐷; |𝑢| ≤ 𝑀1},

where
𝑀1 = 𝑒𝑎𝑇 {max

𝐷
|𝑢0(𝑥)| + 2𝑇 max

𝑄
|𝑓(𝑥, 𝑡, 0)|} ,

1
2 𝑎 − 𝑐 > 0, 𝛼 > 0, belong to the class 𝐶(4,𝜆) as functions of 𝑥𝑘, 𝑢. In
addition, the functions 𝑎𝑖𝑗(𝑥, 𝑡), together with their derivatives up to third
order with respect to 𝑥𝑘, have derivatives with respect to 𝑡 satisfying
a Lipschitz condition in 𝑡 in 𝑄, and the functions 𝑏𝑖(𝑥, 𝑡, 𝑢), 𝑓 ′

𝑢(𝑥, 𝑡, 𝑢),
𝑓(𝑥, 𝑡, 0), together with the second derivatives with respect to 𝑥𝑘, 𝑢, satisfy
a Lipschitz condition in 𝑡 in 𝐻.

3) The region 𝐷 belongs to the class 𝐴(6,𝜆).

4) The function 𝑢0(𝑥) belongs to the class 𝐶(6,𝜆)(𝐷). The function 𝜓(𝑥, 𝑡) ≥ 0
belongs to the class 𝐶(5,𝜆)𝔉(𝐷) and, together with the third derivatives
with respect to the local coordinates of the boundary of the region, has a
derivative with respect to 𝑡 satisfying a Lipschitz condition in 𝑡.

5) The compatibility condition is satisfied:

𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 0) cos(𝛾, 𝑥𝑖)
𝜕𝑢0(𝑥)

𝜕𝑥𝑗
+ 𝜓(𝑥, 0)𝑢0(𝑥) = 0 for 𝑥 ∈ 𝔉𝐷.

It is proved that the solution of problem (2), (3) can be obtained as the limit,
as Δ𝑡 → 0, of the solutions of the following system of elliptic equations:

𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑛Δ𝑡)𝜕2𝑢(𝑥, 𝑛Δ𝑡)
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑁

∑
𝑖=1

𝑏𝑖(𝑥, 𝑛Δ𝑡, 𝑢(𝑥, (𝑛 − 1)Δ𝑡))𝜕𝑢(𝑥, 𝑛Δ𝑡)
𝜕𝑥𝑖

+ 𝑐(𝑥, 𝑛Δ𝑡, 𝑢(𝑥, (𝑛−1)Δ𝑡))𝑢(𝑥, 𝑛Δ𝑡)+𝑓(𝑥, 𝑛Δ𝑡) = 𝑢(𝑥, 𝑛Δ𝑡) − 𝑢(𝑥, (𝑛 − 1)Δ𝑡)
Δ𝑡 ;

𝑢(𝑥, 0) = 𝑢0(𝑥) for 𝑥 ∈ 𝐷,
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𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑛Δ𝑡) cos(𝛾, 𝑥𝑖)
𝜕𝑢(𝑥, 𝑛Δ𝑡)

𝜕𝑥𝑗
+ 𝜓(𝑥, 𝑛Δ𝑡)𝑢(𝑥, 𝑛Δ𝑡) = 0 for 𝑥 ∈ 𝔉𝐷,

where
𝑐(𝑥, 𝑡, 𝑢) = ∫

1

0
𝑓 ′

𝑢(𝑥, 𝑡, 𝜏𝑢) 𝑑𝜏.

The proof of the existence of a solution of this system belonging to the class
𝐶(6,𝜆)(𝐷) is based on the following theorem, analogous to Schauder’s theorem
(8).
Theorem 4. Let the domain 𝐷 belong to the class 𝐴(𝑛+1,𝜆), 𝑛 ⩾ 3, 0 < 𝜆 < 1.
Then the second boundary-value problem for the equation

𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑁

∑
𝑖=1

𝑏𝑖(𝑥) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑐(𝑥)𝑢 = 𝑓(𝑥)

with boundary condition

𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥) cos(𝛾, 𝑥𝑖)
𝜕𝑢
𝜕𝑥𝑗

+ 𝜓(𝑥)𝑢 = 𝜑(𝑥)

in the domain 𝐷 has a unique solution 𝑢(𝑥) belonging to the class 𝐶(𝑛,𝜆)(𝐷),
if the coefficients 𝑎𝑖𝑗(𝑥) ∈ 𝐶(𝑛,𝜆)(𝐷), 𝑏𝑖(𝑥), 𝑐(𝑥), 𝑓(𝑥) ∈ 𝐶(𝑛−2,𝜆)(𝐷), 𝜓(𝑥),
𝜑(𝑥) ∈ 𝐶(𝑛−1,𝜆)(𝔖𝐷), the functions 𝜓(𝑥), 𝑐(𝑥) are nonnegative, and at least
one of them is not identically equal to zero.

Theorem 5. Let 𝑢(𝑥, 𝑡) ∈ 𝐶(𝑛+2)(𝑄) and be a bounded solution in the cylinder
𝑄 of the quasilinear parabolic equation

𝐿(𝑢) ≡
𝑁

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+ 𝑓(𝑥, 𝑡, 𝑢, 𝜕𝑢
𝜕𝑥1

, … , 𝜕𝑢
𝜕𝑥𝑁

) ≡ 𝜕𝑢
𝜕𝑡

(𝑎𝑖𝑗, 𝑓 ∈ 𝐶(𝑛)), and let the functions

|𝑓(𝑥, 𝑡, 𝑢, 𝑝1, … , 𝑝𝑁)|, |𝑓 ′
𝑥𝑘

(𝑥, 𝑡, 𝑢, 𝑝1, … , 𝑝𝑁)|,

|𝑓 ′
𝑢(𝑥, 𝑡, 𝑢, 𝑝1, … , 𝑝𝑁)|

not exceed 𝑝2𝜀(𝑝), and

|𝑓 ′
𝑝𝑖

(𝑥, 𝑡, 𝑢, 𝑝1, … , 𝑝𝑁)| ⩽ 𝑝𝜀(𝑝) (𝑖, 𝑘 = 1, 2, … , 𝑁),
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where

𝑝 = [
𝑁

∑
𝑘=1

𝑝2
𝑘]

1/2

,

and 𝜀(𝑝) is some monotonically decreasing function tending to zero as 𝑝 → ∞.
Then the inequality

∣ 𝜕𝑛𝑢(𝑥, 𝑡)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑛

∣ ⩽ 𝐶

holds in any closed domain strictly interior with respect to 𝑄,

{𝑥 ∈ 𝐷1 ⊂ 𝐷, 0 < 𝛿 ≤ 𝑡 ≤ 𝑇 },

where 𝐶 depends on max𝑄 |𝑢(𝑥, 𝑡)|, 𝑛, 𝛿, and the distance between the bound-
aries of the domains 𝐷1 and 𝐷.

In the case of two independent variables this theorem is valid for an equation of
the form

𝜕2𝑢
𝜕𝑥2 = 𝐴(𝑥, 𝑡, 𝑢)𝜕𝑢

𝜕𝑡 + 𝐹(𝑥, 𝑡, 𝑢, 𝜕𝑢
𝜕𝑥) .

An analogous theorem has also been proved for a quasilinear elliptic equation
of the form 𝐿(𝑢) = 0.

In conclusion I express my deep gratitude to my scientific adviser O. A. Oleinik.

Moscow State University
named after M. V. Lomonosov

Received
25 V 1957
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