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Abstract
Full Text
MATHEMATICS

M. K. FAGE

INTEGRAL REPRESENTATIONS OF OPERATOR-
ANALYTIC FUNCTIONS OF ONE INDEPEN-
DENT VARIABLE
(Presented by Academician V. I. Smirnov, 18 III 1957)

Let

𝐿 = 𝑑𝑛

𝑑𝑥𝑛 + 𝑝𝑛−1(𝑥) 𝑑 𝑛−1

𝑑𝑥𝑛−1 + ⋯ + 𝑝0(𝑥) (1)

be an ordinary linear differential operator with continuous complex (in partic-
ular, real) coefficients, given on an interval (𝑎, 𝑏) (−∞ ≤ 𝑎 < 𝑏 ≤ +∞) of the
real number line;

𝑀 = 𝑑𝑛

𝑑𝑤𝑛 + 𝑞𝑛−1(𝑤) 𝑑 𝑛−1

𝑑𝑤𝑛−1 + ⋯ + 𝑞0(𝑤) (2)

an operator with coefficients analytic in a domain 𝐺 of the complex 𝑤-plane.

In the note (1) a topological ring 𝐴𝐿,𝑥0
of functions was constructed, each of

which is operator-analytic with respect to 𝑧 in a (its own) neighborhood of a
certain (arbitrary but fixed) point 𝑥0 ∈ (𝑎, 𝑏), and it was also indicated that
the corresponding ring 𝐴𝑀,𝑤0

for the operator 𝑀 is, as a set, simply the set
𝐴𝑤 of functions analytic in a neighborhood of the point 𝑤0. On this basis the
equivalence of all ordinary operators of equal order (both of the form (1) and
of the form (2)) was proved: a transformation of one operator 𝐿 into another
was constructed, i.e., such a transformation 𝑇 which: 1) maps one ring 𝐴𝐿,𝑥0
isomorphically onto another; 2) carries 𝐿 into the corresponding other operator.

In the present note an integral form is constructed for the transformation 𝑇 =
𝑇𝑀,𝑤0;𝐿,𝑥0

(in this sense) of the operator 𝑀 into the operator 𝐿—according to
the scheme originating in the works of J. Delsarte (2) and A. Ya. Povzner (3),
devoted to second-order operators. Thus every function 𝑔(𝑥) ∈ 𝐴𝐿,𝑥0

, i.e. 𝐿-
analytic in a neighborhood of 𝑥0, receives an integral representation 𝑔(𝑥) =
𝑇 𝑓(𝑤) through a function 𝑓(𝑤), analytic in a neighborhood of 𝑤0. This scheme
is based on the theory of the Cauchy problem for the partial differential equation
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𝑀𝐹(𝑤, 𝑥) = 𝐿𝐹(𝑤, 𝑥), (3)

which must be solved with the initial values

𝐹(𝑤, 𝑥0) = 𝑓0(𝑤), … , 𝜕 𝑛−1𝐹(𝑤, 𝑥)
𝜕𝑥𝑛−1 ∣

𝑥=𝑥0

= 𝑓𝑛−1(𝑤), (4)

analytic in the domain 𝐺.

§ 1. Local integral representation. Using the results of the note (1), one
can obtain the following theorem:

Theorem 1. For each 𝑤0 ∈ 𝐺, the solution 𝐹(𝑤, 𝑥) of problem (3), (4) exists in
the complex-real cylinder 𝐶(|𝑤 − 𝑤0| < 𝛼, |𝑥 − 𝑥0| < 𝛽) and can be represented
in the form of the sum of the double series

𝐹(𝑤, 𝑥) =
∞

∑
𝜇=0

∞
∑
𝑚=0

𝑎𝜇,𝑚𝑔𝜇(𝑤, 𝑤0)𝑓𝑚(𝑥, 𝑥0), (5)

where {𝑔𝜇(𝑤, 𝑤0)}∞
0 is an 𝑀 -basis at the point 𝑤0; {𝑓𝑚(𝑥, 𝑥0)}∞

0 is an 𝐿-basis
at the point 𝑥0, and the coefficients satisfy the inequalities

|𝑎𝜇,𝑚| ≤ 𝐶𝜇
1 𝐶𝑚

2 𝜇!𝑚! (6)

for all 𝜇, 𝑚 = 0, 1, 2, ….*
The series (5) converges absolutely and uniformly inside 𝐶 and per-
mits termwise application of the operators (𝜕𝜌/𝜕𝑤𝜌)𝑀𝜒, (𝜕𝑟/𝜕𝑥𝑟)𝐿𝑞

(𝜌, 𝑟 = 0, 1, … , 𝑛 − 1; 𝜒, 𝑞 = 0, 1, 2, …) in any order. Hence, from (6)
one may obtain the following result:

Theorem 2. The function 𝐹(𝑤, 𝑥) of the preceding theorem and its
(𝜕𝜌/𝜕𝑤𝜌)𝑀𝜒-images (𝜌 ≤ 𝑛 − 1), for fixed 𝑤, are 𝐿-analytic with respect to 𝑥
(in the neighborhood |𝑥 − 𝑥0| < 𝛽).
Fix 𝑤0 ∈ 𝐺, consider some function 𝑓(𝑤) ∈ 𝐴𝑤, and find the solution 𝐹(𝑤, 𝑥) =
𝐹𝑘(𝑤, 𝑥) of problem (3), (4) for 𝑓𝑘(𝑤) = 𝑓(𝑤), 𝑓𝑠(𝑤) = 0 (𝑠 = 0, 1, … , 𝑛−1; 𝑠 ≠
𝑘). The functions

𝑐𝜇,𝑘(𝑥) ≡ 𝑐𝜒𝑛+𝜌,𝑘(𝑥) = 𝜕𝜌

𝜕𝑤𝜌 𝑀𝜒𝐹𝑘(𝑤, 𝑥)∣
𝑤=𝑤0

(𝜇 = 𝜒𝑛 + 𝜌) will then be 𝐿-analytic in a neighborhood of 𝑥0, i.e., will be-
long to the ring 𝐴𝐿,𝑥0

. This defines the operators 𝑇𝜇,𝑘𝑓(𝑤) = 𝑐𝜇,𝑘(𝑥) (𝜇 =
0, 1, 2, … ; 𝑘 = 0, 1, … , 𝑛 − 1), transforming 𝐴𝑀,𝑤0

into 𝐴𝐿,𝑥0
and constituting
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a matrix 𝑇 with infinitely many rows and 𝑛 columns, the elements of which,
under the action of the operator 𝑀 on the right or 𝐿 on the left, are shifted
downward by 𝑛 rows; that is, in general:

𝑇𝜌,𝑘𝑀𝜒 = 𝐿𝜒𝑇𝜌,𝑘 = 𝑇𝜒𝑛+𝜌,𝑘
∗∗. (7)

By virtue of (7), the matrix 𝑇 naturally decomposes into square cells 𝑇0, 𝑇1, …
(from top to bottom) of 𝑛 × 𝑛 operators in each cell.

Comparing the properties of the operators 𝑇𝜌,𝑘 (𝜌, 𝑘 = 0, 1, … , 𝑛 − 1) of the
upper cell 𝑇0 with the properties of the operator 𝑇 = 𝑇𝑀,𝑤0; 𝐿,𝑥0

, constructed
in (1), we arrive at the following basic result:

Theorem 3. The trace 𝑇0,0 + ⋯ + 𝑇𝑛−1,𝑛−1 of the cell 𝑇0 coincides with the
transformation 𝑇 , which isomorphically maps the ring 𝐴𝑀,𝑤0

onto the ring
𝐴𝐿,𝑥0

and carries the operator 𝑀 into the operator 𝐿.
Thus, a local “integral”representation 𝑔(𝑥) = 𝑇 𝑓(𝑤) has been obtained for
𝐿-analytic functions 𝑔(𝑥), which is integral only in the sense that it is composed
of solutions (“integrals”) of the Cauchy problem (3), (4).

§ 2. The domain of dependence of the integral representation. Ap-
plying the method of increasing the number of independent variables (5) to the
solution of problem (3), (4), in particular, in constructing each function

* With the possible exception of 𝜇 = 𝑚 = 0; here 𝐶1 and 𝐶2 are some constants;
one may take 𝐶1 = 𝐶2.

** In these relations, apparently, the foundations are laid for extending to the op-
erators (1) the theory of the generalized shift operators of Delsarte (2)—Levitan
(4).
𝐹𝑘(𝑤, 𝑥), we obtain an 𝐿-analytic continuation of these functions (in 𝑥) and
thereby an 𝐿-analytic continuation of the representation 𝑔(𝑥) = 𝑇 𝑓(𝑤):
Theorem 4. If 𝑓(𝑤) is regular in the disk |𝑤 − 𝑤0| < 𝑅, then the function
𝑔(𝑥) = 𝑇 𝑓(𝑤) admits an 𝐿-analytic continuation* to the interval
(𝑥0 − 𝑅, 𝑥0 + 𝑅) ∩ (𝑎, 𝑏).
In the case of sufficiently smooth coefficients of the operator 𝐿, applying to each
function 𝐹𝑘(𝑤, 𝑥) the generalized Riemann formula (see (5), § 3), we obtain the
following integral (in the ordinary sense) form of the representation 𝑔(𝑥) =
𝑇 𝑓(𝑤):
Theorem 5. If each coefficient 𝑝𝑘(𝑥) of the operator 𝐿 is continuously differ-
entiable 𝑘 times (𝑘 = 0, 1, … , 𝑛 − 1), then
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𝑔(𝑥) = 𝑇 𝑓(𝑤) = ∑
𝐼

∫
Ω𝐼

⋯ ∫ 𝐾𝐼(𝑤0, 𝑥; 𝑡𝐼)𝑓(𝑤0,𝐼) 𝑑𝑡𝐼𝛼
. (8)

Here, for brevity, by 𝐼 is denoted an arbitrary nonempty combination (subset)
of numbers 𝑖0 < 𝑖1 < ⋯ < 𝑖𝑚 from the set 1, 2, … , 𝑛; ∑𝐼 extends over all these
combinations; 𝐾𝐼(𝑤, 𝑥; 𝑡) is a linear combination of derivatives

𝜕𝑘

𝜕𝑤𝑘
𝜕𝑠

𝜕𝑡𝜎1
⋯ 𝜕𝑡𝜎𝑠

𝑣(𝑤, 𝑥; 𝑡)

of the Riemann function 𝑣(𝑤, 𝑥; 𝑡) = 𝑣(𝑤, 𝑥; 𝑡1, … , 𝑡𝑛), where the set of indices
𝜎1 < 𝜎2 < ⋯ < 𝜎𝑠 runs through 𝐼 and 𝑘 + 𝑠 ≤ 𝑚; the introduction of 𝑡𝐼 instead
of 𝑡 as an argument means that the variables 𝑡𝑖 with numbers 𝑖 ∉ 𝐼 are set
equal to zero; the coefficients of these linear combinations 𝐾𝐼(⋯) are regular
functions of 𝑤; 𝑤0,𝐼 = 𝑤0 ± ∑𝑖∈𝐼 𝑡𝑖𝜀𝑖**, where 𝜀1 = 1, … , 𝜀𝑛 are all roots of the
𝑛-th degree of 1; finally, the domain of integration Ω𝐼 is the 𝑚-dimensional face
(𝑡𝑖 = 0 for 𝑖 ∉ 𝐼), corresponding to 𝐼 , of the simplex
(𝑡1 ≥ 0, … , 𝑡𝑛 ≥ 0, 𝑡1 + ⋯ + 𝑡𝑛 = |𝑥 − 𝑥0|) in the 𝑛-dimensional space of
characteristic variables 𝑡1, … , 𝑡𝑛; in integration one of the variables, for example
𝑡𝑖𝛼

, is excluded, and then 𝑑𝑡𝐼𝛼
is an abbreviated notation for the product of all

differentials 𝑑𝑡𝑖0
, … , 𝑑𝑡𝑖𝑚

, except 𝑑𝑡𝑖𝛼
.

The nonintegral term of formula (8), corresponding to 𝑚 = 0***, is equal to

exp{ 1
𝑛 ∫

𝑤0+𝑥−𝑥0

𝑤0

𝑞𝑛−1(𝑤) 𝑑𝑤 + 1
𝑛 ∫

𝑥0

𝑥
𝑝𝑛−1(𝑡) 𝑑𝑡} 𝑓(𝑤0 + 𝑥 − 𝑥0). (9)

For the simplest operator 𝑀 = 𝑑𝑛/𝑑𝑤𝑛, the coefficients of the linear combina-
tions 𝐾𝐼(⋯) can be computed explicitly in the form of functions of the roots
𝜀1, … , 𝜀𝑛 and of the values 𝑝(𝜈)

𝑘 (𝑥0) (𝜈 = 0, 1, … , 𝑘; 𝑘 = 1, 2, … , 𝑛 − 1). The
resulting general formula, which we do not write out for lack of space, for
𝑛 = 2, 𝑤0 = 0, 𝑥0 = 0, 𝐿 = 𝑑2/𝑑𝑥2 + 𝑞(𝑥), after a change of variable of
integration, coincides with formula (4) in the note by A. Sh. Blokh (6). For
𝑛 = 3, 𝑤0 = 0, 𝑥0 = 0, 𝐿 = 𝑑3/𝑑𝑥3 + 𝑝(𝑥)𝑑/𝑑𝑥 + 𝑞(𝑥), we obtain

* Unique by Theorem 6 (1).

** Plus for 𝑥 ≥ 𝑥0, minus for 𝑥 < 𝑥0.

*** It would seem that there should be 𝑛 such terms, corresponding to the values 𝑖0 = 1, 2, … , 𝑛; but they are all equal to zero, except one, corresponding to 𝑖0 = 1 and equal to (9); this is connected with the fact that 𝜀1 = 1.
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𝑔(𝑥) = 𝑓(𝑥) + ∫
|𝑥|

0
𝐾2(𝑥; 𝑡) 𝑓(±[𝜀1𝑡 + 𝜀2(|𝑥| − 𝑡)]) 𝑑𝑡

+ ∫
|𝑥|

0
𝐾3(𝑥; 𝑡) 𝑓(±[𝜀1𝑡 + 𝜀3(|𝑥| − 𝑡)]) 𝑑𝑡

+ ∫
|𝑥|

0
𝑑𝑠 ∫

|𝑥|−𝑠

0
𝐾23(𝑥; 𝑠, 𝑡) 𝑓(±[𝜀1𝑠 + 𝜀2𝑡 + 𝜀3(|𝑥| − 𝑠 − 𝑡)]) 𝑑𝑡.

(10)

where 𝜀1 = 1, 𝜀2 = − 1
2 + 𝑖

√
3

2 , 𝜀3 = ̄𝜀2; 𝐾2(𝑥; 𝑡) = 𝜕𝑣(𝑥; 𝑡1, 𝑡2, 0)/𝜕𝑡2 for
𝑡1 = 𝑡, 𝑡2 = |𝑥| − 𝑡; 𝐾3(𝑥; 𝑡) = 𝜕𝑣(𝑥; 𝑡1, 0, 𝑡3)/𝜕𝑡3 for 𝑡1 = 𝑡, 𝑡3 = |𝑥| − 𝑡;
𝐾23(𝑥; 𝑠, 𝑡) = 𝜕2𝑣(𝑥; 𝑡1, 𝑡2, 𝑡3)/𝜕𝑡2𝜕𝑡3 + 𝑝(0)𝑣 for 𝑡1 = 𝑠, 𝑡2 = 𝑡, 𝑡3 = |𝑥| − 𝑠 − 𝑡.
Here the Riemann function 𝑣 = 𝑣(𝑥; 𝑡1, 𝑡2, 𝑡3) does not depend on 𝑤, and, by
virtue of its symmetry in 𝑡1, 𝑡2, 𝑡3, the functions 𝐾2(𝑥; 𝑡) and 𝐾3(𝑥; 𝑡) are equal
to each other. Thus, in the case 𝑛 = 3 one may say that the integrals in the
integral representation of 𝐿-analytic functions are taken over the triangle with
vertices 𝑥𝜀1 = 𝑥, 𝑥𝜀2, 𝑥𝜀3 in the complex 𝑤-plane, along two of its sides with
common vertex 𝑥, and “over the vertex”𝑥.
Chernivtsi
State University

Received
15 III 1957

REFERENCES
1 M. K. Fage, DAN, 112, No. 6 (1956).
2 J. Delsarte, Acta Math., 69, 259 (1938).
3 A. Ya. Povzner, Matem. sborn., 23 (65), No. 1 (1948).
4 B. M. Levitan, Uspekhi matem. nauk, 4, issue 1 (29) (1949).
5 M. K. Fage, DAN, 108, No. 6 (1955).
6 A. Sh. Blokh, DAN, 92, No. 2 (1953).

Note: Figure translations are in progress. See original paper for figures.
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