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AN EXAMPLE OF A ONE-DIMENSIONAL*
NORMAL SPACE NOT CONTAINED IN ANY
ONE-DIMENSIONAL BICOMPACTUM

(Presented by Academician P. S. Aleksandrov on 21 VI 1957)

V. Hurewicz proved that every space with a countable base has a bicompact
extension (with a countable base) of the same dimension (!). This result was
generalized by W. H. Dowker to arbitrary normal spaces for the dimension
dim, defined by means of coverings (?). N. B. Vedenisov obtained an analo-
gous result for the large inductive dimension Ind (*). For the small inductive
dimension ind an analogous proposition was obtained by N. B. Vedenisov only
for zero-dimensional spaces (%). The example given here shows that already for
one-dimensional normal spaces there need not exist one-dimensional bicompact
extensions.

§ 1. The auxiliary space S**.

A. Let ¢ be the cardinality of the continuum, and let w(c) be the least ordinal
number of cardinality c. Let I" be the ordered set of all possible pairs ax, where
« is any ordinal number less than w(c), and x is some number of the half-interval
[0;1). The order in T is given as follows: we take ax < o'z’ if a« < o/, or if
a =o' but x < x’. Each pair a0 will be identified with the number «.

Fig. 1

B. Let the compactum ® consist of all points of the plane XOY of the form
(2,0), where 0 < z < 1, and of the form

k

277 yl,
where, for any n = 0,1,2, ... and any integer k, 0 < k < 2", the quantity y takes
all values from
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to

inclusive (see Fig. 1).

C. The required space S is a subset of the topological product I' x Y of the
set T', taken in the natural “interval” topology, and the interval Y = [0,1]. For
this, the points (z,y) of the plane XOY, for which 0 <z < land 0 <y <1,
are numbered by all ordinal numbers « less than w(c). The point numbered by
the number « will be denoted by (x,,¥,). Further, in each square @, of the
product I x Y, consisting of points of the form (ax,y) and (a + 1,y), where «
is fixed and 0 < 2 < 1 and 0 < y < 1, we take the compactum @, consisting of
all such points that

(‘r7y_ya)€(p

and at the same time, for 0 < x < 1, necessarily

* In the expressions “one-dimensional,” “zero-dimensional,” dimension is un-
derstood only in the sense of the small inductive dimension ind, and by the
small inductive dimension we mean the inductive dimension in the sense of
Urysohn (induction is carried out over points); the inductive dimension Ind in
the sense of Cech (induction is carried out over closed sets) we call large. Always
ind R < Ind R.

** Tt is a modification of the well-known space of Lunc (°).

The sum of all the compacta @, is the desired space S. It consists of the
compacta @, shifted into the squares @, of the product I' X Y, in such a way
that on each “horizontal line” I' Xy, 0 < y < 1, there is a continuum of intervals,
and they are cut so that they intersect the “lines” I' x 0 and I' x 1 only at the
integer points («, 0) and, respectively, («, 1).

D. The space S is normal.

Indeed, the product ' x Y is normal (see (%), p. 166, Lemma 1), and the space
S is closed in it, since it contains all the “vertical” intervals a x Y, o < w(c).
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E. No continuum-sized subset A’ of the set A = {(«,0)} can be separated by any
zero-dimensional set from the set B = {(a,1)}.

Proof. It is enough to prove that the boundary |U| of any canonical** neigh-
borhood U of the set A’, whose closure [U] intersects B in a set of cardinality
< ¢, contains at least one interval. We shall prove this. Let, for each point
(o,0) € A’ C U, the number b, be the greatest of all such numbers y that
ax[0;y) CU. Then 0 <b, <1and (a,b,) € |U|; moreover, since the intersec-
tion [U] N B has cardinality < ¢, beginning with some «y, all b, < 1. The set

Y’ of all numbers b,,, a > «, is either a continuum or is not a continuum.

In the first case there exist two numbers b” and b”, b < b”, which are points
of complete accumulation of the set Y’. Hence both the set of all numbers a”,

o” > «a, for which
b/ V4
b " > + b )
2

(o3

and the set of all numbers o', o’ > «, for which

b/+b//
b,/
[} < 2 b

are continua, and therefore cofinal with the number w(c¢). In this case necessarily
(o/,b,) € V], where V = S\ [U]. Therefore, for every o, a < w(c), there exist
such a 8, a < f < w(c), such a dyadic-rational number z, 0 < z < 1, a < fz,
and such rational numbers 7" and r”, v’ < r”, of the interval Y, that

Bx x [r';r"] C V.

The set of all rational intervals [r’;r”] is countable; therefore there exists a con-
tinuum set of numbers « to which one and the same interval [r’;r”] is assigned.
Hence there is such a sequence of numbers

ap < By < ay < Parg <y

that
b > b/ + b//
(7} 2
and
Biw; x [r'sr"] CV,
where
, < y < b/ Jr b//
< .
2
Then for the limiting number v = lim «; we have
b/ b//
x {o; + ] C U]
and

v x 5" C V]
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Therefore the interval v x [r/;r”] is contained in the boundary |U|, as was
required to prove.

In the second case, when the set Y’ is not a continuum, there will be a number
aq, oy < o < w(c), such that b, = b for all & > «a;. Analogously to the
preceding case one can show that (ax,y) € U as soon as a; < az < w(c) and
0 <y < b. By construction, the set of all such numbers « that y, = b, and
hence [a; a+1]xb C S, is a continuum. Hence all these intervals [a; a+1] x b are
contained in [U]. If [a; a4+ 1] x b C |U] for at least one number «, o < w(c), then
everything is proved. In the contrary case, by the construction of the compacta
®,, for every such number « that y, = b, there are such rational numbers x
and r of the interval [0;1] that » > b and

ar X [b;r] CU.

But then again there will be a continuum set of such numbers « for which the
numbers r coincide with one another. Hence, analogously to the preceding case,
one can choose such rational numbers r’ and r” of the interval [b;r] and such a
sequence
oy < Pryr < gy < Poyy <

that

a;x; X [byr] CU,
but

By x [r'sr"] €V,

* The sets A and B of the space R are, by definition, separable by a set C, if the
difference R \ C is the sum of such open sets H and G that A C H and G D B.

** That is, such a neighborhood U that S\ U = [S\ [U]].

where b < 1" < r” < r. Hence, for the limit number v = lim o;; we obtain that
v x [r';r”] C[U]N[V] = |U|, which was required to be proved.

§ 2. The basic space X.

F. By linearly compressing, by means of the mapping

_y__¥ 1
the interval Y = [0;1] onto the interval [%H, 11 n = 1,2,..., we obtain a

“compression along the OY-axis” of the product I' x Y, which thereby passes

into the product
=
I'x |[——;—|.
n+1'n

Under this, the space S is mapped homeomorphically onto closed sets

1

S Sngrx{—;i}ngY,
n+1l'n

n?
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glued pairwise along the “bases”

and

Adjoining to the set

one closed point &, with neighborhoods

U, =¢U <E\USZ->, n=1,2,..,

i<n
we obtain the desired space X..
G. The space X is normal.

Indeed, the set Z, being of type F, in the normal space I' x Y, is normal. Hence
the space ¥ = X U ¢ is also normal, since

[U’n+1£] - Unga n = 1,2, vee s

H. The space ¥ is one-dimensional: ind ¥ = 1.

Proof. Since the space ¥ contains the interval 0 x (0;1), we have ind ¥ > 1. To
prove the reverse inequality, we shall prove the inequality ind, ¥ < 1 for every
T € X.

1°. Since |U,,§| = A,, and ind A,, = 0 for every n, it follows that ind, ¥ < 1.

2°. Let a point z, x # &, have the form (a,y), where « is a limit number.
Then, since the cardinality of the order type a + 1 is less than the cardinality
of the continuum, there exist numbers vy’ € (y —&;y) and y” € (y;y + £) not
coinciding with any of the numbers f,(y,), A < a, n = 1,2,..., whatever ¢,
0 < e < y, we take. Hence there exists an “arbitrarily small” neighborhood
(Bt;at) x (y';y”) of the point (a,y) in the product I' X Y| where £ < «, and
t is a dyadic-irrational number. Therefore the boundary of this neighborhood
intersects X in a zero-dimensional set. Hence ind > < 1.

3°. For each of the remaining points z’ of the space X, 2’ # £, in the product
' XY there is a neighborhood of the form (a, a + 2) x (0; 1], homeomorphic to
an incomplete square. The intersection

YN0 (oo +2] x (0;1])

is one-dimensional, since it is the sum of a countable number of compacta of
the form ®,. Hence also ind,, ¥ < 1. Thus ind ¥ = 1, which was required to
be proved.
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J. The space ¥ is not contained in any one-dimensional bicompactum.
Proof. Suppose that there exists a bicompactum 3 such that
CS
and -
ind¥ =1.
Then, by Vedenisov’ s theorem XV, (%), also

mds = 1.

Hence, for every point z of the bicompactum ¥ and every neighborhood ’(\fz of

~

it, there exist neighborhoods O,,, such that

~ ~

[Onr] g On+1,m g ﬁx

and _
ind |0,,,| <0, n=12...

But then in the space X there would be such neighborhoods O,,§ of the point &
that
[0,8] € 011§ CULE

and
ind|0,,&| <0.

We shall bring this assertion to a contradiction.

Choose such a number N that

[Un&] C O4€.
Then

Av={(a )} = nel c o

Since, by virtue of E, no continuum subset of the set Ay _; is separable from
the set Ay by any zero-dimensional set, the intersection

[0 N ANy
is a continuum; for otherwise the continuum set
Ay = An_ 1\ [0

would be separable from Ay by a zero-dimensional set—the boundary of the
neighborhood O;¢. Consequently, again by virtue of E, the set

[O0:&] N Ay

is not separable from Ay _, by any
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zero-dimensional set. However, [01£] N Ay_; C O5¢€ and ind |O5¢] = 0. Hence
the intersection [O5€] N Ay _5 is continual and therefore is not separated from
Apn_3 by a zero-dimensional set. Continuing this process, we arrive at the fact
that [On_1&]NA; # A, and this contradicts the condition [Oy_&] C U, &, since
{U,&} = A,, as was required to prove.
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