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Abstract
Full Text
MATHEMATICAL PHYSICS
B. G. KORENEV

SOME PLANE PROBLEMS IN THE THEORY
OF THERMAL WAVES
(Presented by Academician S. L. Sobolev on 13 VII 1956)

In this note we examine problems on thermal waves in plates whose thickness
ℎ is sufficiently small; the temperature is assumed constant through the thick-
ness; the specific heat 𝑐, density 𝜌, and thermal-conductivity coefficient 𝜆 are
constants; the coordinate axes 𝑥, 𝑦 are placed in the middle plane. Here two
types of boundary conditions on the planes 𝑧 = ±ℎ/2, which we shall call respec-
tively the upper and lower planes, are considered: 1) both planes are adiabatic
boundaries; this case coincides with the plane problem on thermal waves in an
unbounded cylinder; 2) on both planes heat exchange with the medium occurs,
described by boundary conditions of the third kind. For both cases the problem
on thermal waves has much in common with problems on the bending of plates
on an elastic foundation.

1. The plane problem of the theory of thermal waves under conditions of the
first type is described by the differential equation

𝜕2𝑇
𝜕𝑥2 + 𝜕2𝑇

𝜕𝑦2 = 1
𝑎

𝜕𝑇
𝜕𝑡 + 𝐹(𝑥, 𝑦) sin 𝜔𝑡, (1)

where 𝑇 (𝑥, 𝑦, 𝑡) is the temperature measured from some mean temperature 𝑇0;
𝐹(𝑥, 𝑦) is the law of distribution of heat sources, which, to shorten the notation
and without loss of generality, we shall assume to be only in the phase sin 𝜔𝑡
(𝜔 is the circular frequency, 𝑎 = 𝜆/𝑐𝜌); moreover, we shall assume that in the
boundary conditions along the contour of the plate (or respectively along the
lateral surface of the cylinder) the right-hand side represents some function of
the contour arc multiplied by sin 𝜔𝑡.
If in (1) we put 𝐹(𝑥, 𝑦) = 0, then

𝑇 (𝑥, 𝑦, 𝑡) = 𝜑(𝑥, 𝑦) cos 𝜔𝑡 + 𝜑1(𝑥, 𝑦) sin 𝜔𝑡, (2)

where 𝜑(𝑥, 𝑦) and 𝜑1(𝑥, 𝑦) satisfy the differential equation

∇2∇2𝜑 + (𝜔
𝑎 )

2
𝜑 = 0 (3)
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and, moreover,

𝜑1 = 𝑎
𝜔∇2𝜑. (4)

Let us pass to dimensionless coordinates; in what follows we adopt the polar
coordinate system (𝜉, 𝜃), where 𝜉 = 𝑟/𝑙, 𝑟 = √𝑥2 + 𝑦2, 𝑙 = √𝑎/𝜔.

It is sufficient for us to find 𝜑(𝑥, 𝑦); after that (2) and (4) give the complete
solution of the problem. Since 𝜑 satisfies equation (3), the solution of which
has been rather well studied in the theory of bending of plates on an elastic
foundation, the presentation in many cases is, as already noted, simplified.

Consider the problem of a point source of intensity 𝑄 sin 𝜔𝑡, applied to an un-
bounded plate; we take the point of application of the source as the origin of
coordinates; from what was said above it follows that 𝜑 will be ⋯

differ only by a constant factor from Hertz’s solution for a force applied to a
floating plate; it is easy to show that

𝜑(𝜉) = 𝑄
4𝜆ℎ 𝑓0(𝜉), (5)

𝑇 (𝜉, 𝑡) = 𝑄
4𝜆ℎ [𝑓0(𝜉) cos 𝜔𝑡 − 𝑔0(𝜉) sin 𝜔𝑡], (6)

where 𝑓𝑛(𝜉)+𝑖𝑔𝑛(𝜉) = 𝐻(1)(𝜉
√

𝑖); moreover, we denote 𝑢𝑛(𝜉)+𝑖𝑣𝑛(𝜉) = 𝐼𝑛(𝜉
√

𝑖).
Integrating (5), we easily find 𝜑(𝜉, 𝜃), and then 𝑇 , for cases when the sources
are distributed over circular regions. Thus, for example, if sources 𝑞 sin 𝜔𝑡 are
uniformly distributed over a circle of radius 𝑟𝑎 = 𝛼𝑙, then for 𝜉 ⩽ 𝛼

𝑇 = 𝜋𝑞𝑙𝛼
2𝜆ℎ {[𝑓0(𝛼)𝑢0(𝜉) − 𝑔0(𝛼)𝑣0(𝜉)] cos 𝜔𝑡−

−[𝑓0(𝛼)𝑣0(𝜉) + 𝑔0(𝛼)𝑢0(𝜉)] sin 𝜔𝑡},

for 𝜉 ⩾ 𝛼

𝑇 = 𝜋𝑞𝑙𝛼
2𝜆ℎ {[𝑢0(𝛼)𝑓0(𝜉) − 𝑣0(𝛼)𝑔0(𝜉)] cos 𝜔𝑡− (7)

−[𝑣0(𝛼)𝑓0(𝜉) + 𝑢0(𝛼)𝑔0(𝜉)] sin 𝜔𝑡}.

The functions 𝜑(𝜉, 𝜃) for the problem of sources 𝑞𝜉𝑛 cos 𝑛𝜃, distributed over a
circular ring or a circle, can be obtained from the solutions given in (1), taking

sovietrxiv.org/items/ru-195701.97839 Machine Translation

https://sovietrxiv.org/items/ru-195701.97839


𝑞 to be the intensity of the sources and introducing an additional factor 𝐷/𝜆ℎ𝑙21,
where 𝐷 is the cylindrical stiffness and 𝑙1 is the characteristic of flexibility.

Applying the usual techniques (set forth, for example, in (1)), we find, by adding
to the obtained solutions integrals of the homogeneous equation of the form

𝑇𝑘 = [𝑏1𝑢𝑛(𝜉) + 𝑏2𝑣𝑛(𝜉)] cos 𝜔𝑡 + [𝑏1𝑣𝑛(𝜉) − 𝑏2𝑢𝑛(𝜉)] sin 𝜔𝑡+

+[𝑏3𝑓𝑛(𝜉) + 𝑏4𝑔𝑛(𝜉)] cos 𝜔𝑡 + [𝑏3𝑔𝑛(𝜉) − 𝑏4𝑓𝑛(𝜉)] sin 𝜔𝑡, (8)

the temperature in a circular plate or an infinite plate with a hole.

In order to simplify the calculations in determining the coefficients 𝑏1, 𝑏2, 𝑏3, 𝑏4,
in some cases it is convenient to use the method of initial parameters. We
shall denote functions possessing the unit-matrix property by 𝑌 ∗

1 (𝛼, 𝜉), 𝑌 ∗
2 (𝛼, 𝜉),

𝑌 ∗
3 (𝛼, 𝜉), 𝑌 ∗

4 (𝛼, 𝜉). These functions can be obtained by means of formula (2)
from (1); thus, for example:

𝑌 ∗
1 (𝛼, 𝜉) = −𝑌3(𝛼1, 𝜉) cos 𝜔𝑡 + 𝑌1(𝛼, 𝜉) sin 𝜔𝑡, (9)

where 𝑌1, 𝑌3 are the corresponding functions for a circular plate on an elastic
foundation, which are given in (1). Hence

𝑌1(𝛼, 𝜉) = 𝜋𝛼
2 [𝑔′

0(𝛼)𝑢0(𝜉) + 𝑓 ′
0(𝛼)𝑣0(𝜉) − 𝑣′

0(𝛼)𝑓0(𝜉) − 𝑢′
0(𝛼)𝑔0(𝜉)],

𝑌3(𝛼, 𝜉) = 𝜋𝛼
2 [−𝑓 ′

0(𝛼)𝑢0(𝜉) + 𝑔′
0(𝛼)𝑣0(𝜉) + 𝑢′

0(𝛼)𝑓0(𝜉) − 𝑣′
0(𝛼)𝑔0(𝜉)].

Let us consider the plane problem of heat waves for a plate with adiabatic bases
or a cylinder, assuming that the cross-section is bounded by a simple contour 𝐶
having continuous curvature. Suppose that the temperature on the contour is

𝑇 (𝜎) = 𝐹1(𝜎) sin 𝜔𝑡 + 𝐹2(𝜎) cos 𝜔𝑡. (10)

Here and below, 𝜎 is the 𝑠-arc coordinate of a point of the contour. Let 𝜂 = 𝑟/𝑙
denote the reduced distance between a point of the contour and a point of the
domain. We shall seek the solution in the form

𝑇 (𝑥, 𝑦; 𝑡) = ∫
𝐶

𝜇1(𝑠)𝐾∗
1 𝑑𝑠 + ∫

𝐶
𝜇2(𝑠)𝐾∗

2 𝑑𝑠, (11)

where
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𝐾∗
1 = [𝑓 ′

0(𝜂) sin 𝜔𝑡 − 𝑔′
0(𝜂) cos 𝜔𝑡] cos(𝑛𝑠, 𝑟1),

𝐾∗
2 = [𝑔′

0(𝜂) sin 𝜔𝑡 + 𝑓 ′
0(𝜂) cos 𝜔𝑡] cos(𝑛𝑠, 𝑟1), (12)

𝜇1, 𝜇2 are some as yet unknown singularity densities.

Since 𝐾∗
1, 𝐾∗

2 satisfy the differential equation of plane heat waves, the solution
represented by formula (11) satisfies the differential equation of heat conduc-
tion. It is necessary to find the functions 𝜇1, 𝜇2 so as to satisfy the boundary
conditions. We note that as 𝜂 → 0 the function 𝑓 ′

0 remains bounded, while the
function 𝑔′

0 → 2/𝜋𝜂; therefore, using the known results of the theory of loga-
rithmic potential, as the point of the domain tends to a point of the contour we
obtain the following two integral equations:

2𝜇1(𝜎) + ∫
𝐶

𝜇1(𝑠)𝐾∗
11(𝜎, 𝑠) 𝑑𝑠 + ∫

𝐶
𝜇2(𝑠)𝐾∗

21(𝜎, 𝑠) 𝑑𝑠 = 𝐹2(𝜎),

−2𝜇2(𝜎) + ∫
𝐶

𝜇1(𝑠)𝐾∗
12(𝜎, 𝑠) 𝑑𝑠 + ∫

𝐶
𝜇2(𝑠)𝐾∗

22(𝜎, 𝑠) 𝑑𝑠 = 𝐹1(𝜎), (13)

where

𝐾∗
11 = −𝐾∗

22 = 𝑔0(𝜂𝜎,𝑠) cos(𝑛𝑠, 𝑟1),
𝐾∗

12 = 𝐾∗
21 = 𝑓0(𝜂𝜎,𝑠) cos(𝑛𝑠, 𝑟1). (14)

This is a system of Fredholm integral equations of the second kind, which is
solved and investigated in the usual way. All the calculations remain valid; the
uniqueness theorem applies here just as in the ordinary Dirichlet problem.

Let us construct the integral equations for boundary conditions of the second
kind. Suppose that the heat flux passing through the boundary of the plate is
a prescribed function, namely 𝑞𝜎 = 𝐹1(𝜎) cos 𝜔𝑡 + 𝐹2(𝜎) sin 𝜔𝑡. As before, we
represent the solution of the problem posed in the form

𝑇 = ∫
𝐶

𝜇1(𝑠)𝐾∗
3 𝑑𝑠 + ∫

𝐶
𝜇2(𝑠)𝐾∗

4 𝑑𝑠. (15)

Set

𝐾∗
3 = 𝑓0(𝜂) sin 𝜔𝑡 − 𝑔0(𝜂) cos 𝜔𝑡,

𝐾∗
4 = 𝑔0(𝜂) sin 𝜔𝑡 + 𝑓0(𝜂) cos 𝜔𝑡. (16)

Since 𝑞(𝜎) = −𝜆ℎ 𝜕𝑇
𝜕𝑛𝜎

, we have
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𝜕𝑇
𝜕𝑛𝜎

= −2𝜇1(𝜎) cos 𝜔𝑡 + 2𝜇2(𝜎) sin 𝜔𝑡 + ∫
𝐶

𝜇1(𝑠)𝐾∗
5(𝑠, 𝜎) 𝑑𝑠+

+ ∫
𝐶

𝜇2(𝑠)𝐾∗
6(𝑠, 𝜎) 𝑑𝑠, (17)

where 𝐾∗
5 = 𝑑𝐾∗

3/𝑑𝑛𝜎, 𝐾∗
6 = 𝑑𝐾∗

4/𝑑𝑛𝜎 for 𝜂 = 𝜂𝜎,𝑠. Hence we obtain two
integral equations.

In an analogous manner one can obtain Fredholm equations for boundary con-
ditions of the third kind.

2. Let us consider thermal waves in an infinite plate with boundary conditions
of the third kind on the upper and lower surfaces. In this case, the heat-
conduction equation in the absence of sources has the form

𝜆ℎ∇2𝑇 = 2𝛿𝑇 + 𝑐𝜌ℎ𝜕𝑇
𝜕𝑡 ,

where 𝛿 is the heat-transfer coefficient. As before, we shall seek the solution in
the form (2); moreover, after passing to dimensionless coordinates, 𝜑 satisfies
the equation

∇2∇2𝜑 − 2𝑏0∇2𝜑 + 𝜑 = 0, (18)

where

𝑏0 = 2𝛿𝜆ℎ
4𝛿2 + 𝑐2𝜌2ℎ2𝜔2 , 𝜉 = 𝑟

𝑙2
, 𝑙2 = 𝜆ℎ

√4𝛿2 + 𝑐2𝜌2ℎ2𝜔
.

Here one may make use of the analogy with the problem of a plate on an elastic
foundation, stretched by forces in the middle plane.

Under the action of a point source we obtain

𝜑(𝜉, 𝜃) = ̃𝑓0(𝜉), (19)

where

̃𝑓𝑛(𝜉) + 𝑖 ̃𝑔𝑛(𝜉) = 𝐻(1)
𝑛 (𝜉𝑒𝑖𝜓), 𝜓 = 1

2 arctg −𝑏0
√1 − 𝑏2

0
.

In the case under consideration,
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𝜑1 = 1
sin 2𝜓 [∇2𝜑 + 𝜑 cos 2𝜓]

and, after simple transformations, we obtain

𝑇 = 𝑄
4𝜆ℎ [ ̃𝑓0(𝜉) cos 𝜔𝑡 − ̃𝑔0(𝜉) sin 𝜔𝑡].

Integrating this expression and carrying out the same calculations as those given
above, we shall find the corresponding solutions; in doing so, many of the for-
mulas given in (1) can be used almost without modification.

Received
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