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MATHEMATICAL PHYSICS
L. I. RUBINSTEIN

ON THE QUESTION OF THE UNIQUE-
NESS OF THE SOLUTION OF THE ONE-
DIMENSIONAL STEFAN PROBLEM IN THE
CASE OF A ONE-PHASE INITIAL STATE OF
A HEAT-CONDUCTING MEDIUM

(Presented by Academician S. L. Sobolev, 31 V 1957)

The following problem is considered:

0*U ou 0%U. oU.
89521 = a—tl; 0 <z <y(t); a? 83:22 = 87752; y(t) <z <1; (1)

Ui (0,t) = f1(t) <0; Us(,0) = ¢(x) > 0; Us(1,t) = fo(t) > 0; (1)

Uryl1),1) = Un(y(1), 1) = 0 (1)
W DUy, 1) — Uyl 0 () =0, (1)

Tt is assumed that f;(t), ¢(z) are such that, for 0 <t < T,

0

Ju >0

or "~
(i = 1,2) everywhere in the domain of their existence and, moreover, that | f;(¢)|
are nondecreasing functions of t (0 <t < T).
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Under these assumptions it was proved in (1) that there do not exist two systems
U,j(w,t); y;(t) (4,5 = 1,2) of solutions of problem (1;)—(1,) for which ¢ = 0
would not be a point of accumulation of zeros of the difference y, (t) — yo(¢)*.

Below, while retaining the assumptions made in (1), we prove the uniqueness of
the solution of problem (1;)—(1,).

§ 1. Let € > 0 be arbitrarily small. Put

S =yt)—et/T;  ml) =yt)+et/T  (0<t<T),  (2)

where U, (z,t), Uy(z,t), y(t) is some solution of the problem, and 7' > 0 is
defined above. Next put:

T=t gma—y+al WlED =l (=12 )
We find
*W, W 0
= paeiEn: o <E<al);
O*W,  OW. 0
HE = o raEaEn am<e<i-Tn @

—0 (i=1,2). (4%)

* The existence of a solution of problem (1,)—(1,) was proved under somewhat
more general assumptions in (?). The restrictions that must be imposed on f;
and ¢ in order that the nonnegativity condition OU;/dz be satisfied are readily
determined from the system of functional equations constructed in (%).

The problem (1,)—(1,) was also considered by A. Datsev (%), who, in proving
the existence of a solution, allowed a number of substantial inaccuracies, and
stated the uniqueness assertion without any justification.

By virtue of the assumption OU; /0z = OW, /0¢ > 0 for 0 < ¢t < T. Consequently,
W, (&, ) are superparabolic. Hence, and from the assumed monotonicity of f;(t),
it follows, by the known maximum principle for subparabolic functions (°), that

Wi (0,7) = fi(7). ()
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Let now V;;(§,7) (i = 1,2) be the solution of the problem obtained from (1;)
—(13) by replacing = by &, t by 7, and y(t) by z;(7) (4,7 = 1,2). By virtue of
the maximum principle, the parabolicity of V4, (&, 7), and the monotonicity of
fo(7), it is evident that

R AC) (5%)
Comparing W, (€, 7) with V};(£,7) in the region 0 < £ < z,(7) and W,(&,7)
with V5;(¢,7) in the region 2 (1) < £ < 1 —er/T, we find, by virtue of the
maximum principle, the boundary conditions (1,) and (13), (5) and (5%), the
superparabolicity of W, and the parabolicity of V;;, that

0> W& 1) = V(€ 7); 0 < Vo (6 7) S Wy(E,7). (6)

Hence, and from the fact that W, and V,; vanish for £ = z,(7), it follows that,
for & = z,(1),

oW, v, oW, _ oV
< ; > .
g S e TR @)

Now replacing, in the expression V;;, £ by « and 7 by ¢, and taking into account
the equalities OW,/0¢ = 0U,/0x, we find, by virtue of (1,), that

da _dy_c [0V, _OUy) [0V OV ®
dt n dt T or ox z=y(t) = Ox ox z=z, (t) ’
In exactly the same way we show that
% — @ £ [3V12 _ 8‘/22] (8%)
dt dt T Ox Ox =2, (t) ’

Let now Uj(z,t), Us(x,t), y*(t) be a second solution of problem (1,)—(1,). In
(5) we proved that, if f{(t) and ¢’ (x) can be represented in the form

J1(t) = —cot™o + e t™ (1 + f*(1)); ¢’ (x) = by + byz™ (1 + p*(x)),

where lim,_,, f* = lim__,; ™ = 0; ¢y > 0; by > 0; my > —1; ng > —1; my > my;
n, > ng, then for any solution of the problem

y'(t) = ot + 7t (1 +y* (1)),
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where v, and v, are determined uniquely; lim,_,, y* = 0, v; > v;. This assertion
can be generalized. Namely, if

fit) =W (B)tmo; @' (x) = Wy(x)am, (9)

where my > —1, ng > —1, and for any n > 0

1 . m=0: 1 . —
li @, (0 = 0; Lm0, = o,

then

y'(t) = ~(@)te, (10)

where 7, is determined uniquely, and

li mo=0;, i qu——
limy(f)" =0; limy(t) 00

Moreover, v, > 0, if f;(0) = 0, which is assumed below.

Thus, without restricting generality by additional assumptions, one may assert
that y(¢) and y*(t) are tangent at ¢ = 0. Hence from (8) and (8*) it follows that
there exists ¢, > 0, depending, generally speaking, on €, such that

21 (1) < y*(t) < zy(t) for 0 <t <t (11)

Suppose now that the set £ of those ¢ from the interval (0,7") for which y*(¢) <
z,(t) is nonempty. Let T; = inf&. Obviously, by continuity, y*(T7) = z1(T}),
and, however small 6 > 0 may be, in the interval (77,7} + ) there is a ¢t such
that z;(¢) > y*(t). On the other hand, Uy is defined for 0 < t < T in the
region 0 < z < z(t), and V,(z,t) in the region y*(¢) < z < 1. Comparing the
boundary conditions determining U; and V;;, we find, by virtue of the maximum
principle, that

0> Vi(z,t) > Us(x,t) >0 for0 <z <z(t), 0<t<Ty;
0 <Uj(x,t) < Vy(x,t) fory*(t) <ax <1, 0<t<T;.
Hence, and from the equalities

Vii(z1(Th), Th) = Uy (2, (1), Ty) = 05
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Vor(y*(T7), Ty) = Us(y*(T1), T;) = 0; y(Th) = 2 (T7),

it follows that

OViy < oU; for t =17;
0 lpezyry) = 0% ey
Wy > Uz for t = T.
O z=21(T}) O z=y*(T})

But this, by virtue of (8) and (14), means that

az
dt

dy*
=1, At

t=T

Hence, and from y*(T}) = z,(1}), there follows the existence of a § > 0 such
that for all t € (T}, T} +9) z,(t) < y*(t). But this contradicts the definition of
T,. Consequently, for all ¢t € (0,7,

21 () <y (). (12)

In exactly the same way we prove that for all ¢t € (0,7

2(t) =y (b). (12%)

But this means that for 0 <t < T

ly(t) —y ()] <et/T <e,
whence, by virtue of the arbitrariness of € > 0, it follows that y(t) = y*(¢), as
was required to be proved.

§ 2. Let now, instead of the first of conditions (1,), the condition

(0/0x —h)U,(0,t) = =hfi(t) =2 0;  f1(0) = 0. (13)

The existence of a solution of the problem obtained is established with the help
of lemmas formulated in (7), analogously to how this was done in the case of
problem (1,)—(1,) in (2)*.

The uniqueness of the solution is established analogously to the preceding one.
Indeed, let U;(x,t),y(t) (i = 1,2) be a solution of problem (1,), (15). Define
again z,(t) by the equalities (2), and V;; by the conditions
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O*Vy; ovy;

ox2 Ot

282V2j — 8V2j_
Ox2 ot '’

0 <z < z(t) zi(t) <z <1

Vij(oat) =U,(0,1); sz(a:,O) = ¢(); sz(lat) = fo(t); (13)

It can be shown that, if f;(¢) and ¢(x) satisfy the matching conditions, then
U,(0,t) is monotone near ¢ = 0. Using this and arguing in the same way as in
§ 1, we show that there exists a T' > 0 such that, for 0 <t < T,

0 dz 0
2 — =V, . (14)

dz, 0 0
T A A N kg L At N

At the same time, the inequalities

Vvll(m?t) < Ul(xﬂt); V12 = Ul(xvt)

hold everywhere in the region of their common definition. Using the fact that,
by definition, V;;(0,t) = U;(0,t), we find

0
72/

0
- V1o

0
> —U
=0 ’ a:C 1

< =
=0 Ox

0
=0 N %Ul

But this means that

(0/0x — h)Viy|,_o < —hfi(t); (0/0x — h)Vio|,_o = —hfi(t). (15)

Comparing (2), (13), (14), and (15) with the conditions of lemma (2) from (7),
and taking into account that any solution y*(t) different from y(t) touches y(t)
at t = 0, we find that, for 0 <t < T,

z1(t) <yr(t) < z(1). (16)

But this again means that y(¢) = y*(t), which was required to be proved.

Let us note in conclusion that the restrictions under which we have proved the
uniqueness theorems for solutions of problems (1;)—(1,) and (1,)—(1%) are very
stringent and, apparently, are connected only with the method of proof adopted,
and not with the essence of the matter. This is evident, for example, from the
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fact that for the case of a two-phase initial state, when the uniqueness of the
solution of the problem is established simultaneously with the convergence of
Picard’s iterative process (8:3), there is no need for similar restrictions. However,
we do not yet have a proof of the uniqueness theorems free of these restrictions.
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* The existence of a solution is guaranteed under the condition

x—0

Ft)=—ct™ A+ fi0)  mg=0; hmfi=0  mg< 2
—

1\ 1
hegy > (2a)”01"(n02+ ) N when my = %.

If these conditions are not satisfied, then for some time the medium remains
one-phase.

Note: Figure translations are in progress. See original paper for figures.
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