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V. A. BASKAKOV

AN EXAMPLE OF A SEQUENCE OF LINEAR
POSITIVE OPERATORS IN THE SPACE OF
CONTINUOUS FUNCTIONS

(Presented by Academician V. I. Smirnov, 8 X 1956)

Consider a sequence of functions

@n(y)7 n:1527"'7

each of which has the following properties:

a) it is analytic in the closed disk of radius R > 0 with center at the point
M(R;0);

b) ¢,(0) = 1;
¢) (1)) (2) 20, k=0,1,2,.., = € [0, R];
d)

o (@) = el V(@) (1 + ag(2),  k=1,2,..,

where z € [0, R] and ay,,(x) tends to zero uniformly with respect to k and z as
n tends to infinity;

e)

. n
lim — = 1.
n—oo 1,

Expand the function ¢,,(y) in a Taylor series in powers of (y —z) (z € [0, R]):

()
o) =Y Py

!
— k!

From conditions a) and b) it follows that
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T e R (1)

k=0

Consider the sequence of linear operators

L) = Do (M) s )

which will be positive on the basis of condition c).

We shall show that the sequence (2) converges uniformly on the interval [0, R]
for each of the three functions 1, z, and z2.

Uniform convergence to the function f(z) = 1 follows from identity (1). For the
function f(x) = x we have

0o (k)
on (z k
Loz = (-1 Dok
k=0 :

On the basis of condition d),

(k—1)

=Y T ) =

(k—=1)

e )
son <pn () 4
= Z yh- 2k 1+xz yh-1 — aF 1oy, (2).

Since

and the sum

) (k—1
Z kSOm ><w) k—1
=1

) €z akn(x)a

by virtue of the conditions imposed on ay,, (), tends uniformly to zero, it follows
that L, (y; z) converges uniformly to x.

For the function f(z) = 22 we have

sovietrxiv.org/items/ru-195701.96472 Machine Translation


https://sovietrxiv.org/items/ru-195701.96472

00 2

")
L0 =Y 1 (1)

k=0 n
(=] (k—1)
k
— -1 k—lgomn (QC) k—1 1 e
wk:1( ) (k*l)' 4 ( +akn(‘r))n

(@)

2 my - k—2 (pmn m™
— 2 (—1)k-2Emannl?)
n kZ::Z (k—2)!

(k— 1)( )

+%};< 1)k 17‘?]:_1; 2F (L + g, ().

P21+ o (2)) (L + gy, (@)

The uniform convergence of L,,(y%; z) to 2% follows from condition d), (3), from
the fact that

S e ()

k 2 Pmymn k-2 _ _
Sttt ey o)1,

and the sums

> 9055 2)n(x)
) L R @)+ 0, () + (@)1, (2))
> i

(k—1)
SDm () 4
k 1 1>! xk lalm(x)
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converge uniformly to zero.

On the basis of P. P. Korovkin’ s theorem (1), the sequence of operators (2)
converges uniformly on the interval [0, R] to the function f(x), continuous on
this interval, continuous at the point R from the right, and bounded on the set
xz > 0.

Let us consider some special cases.

A. Taking ¢, (y) = (1 — y)™, we obtain the Bernstein polynomials

0 =31 (3) otata-or g

and his theorem.
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B. Taking ¢,,(y) = e ™, we obtain the sequence of operators

o k
L= f (1) g ©

which converges uniformly on the interval [0, R] (R > 0) to the function f(x),
continuous on [0, R], continuous from the right at the point R, and bounded on
[0,00). These operators have been considered by many authors, for example G.
M. Mirakyan (2), Favard (%), Szasz (), Bicer (%), and others.

c. Taking ¢,, = —, we obtain the sequence of operators

1

(1+y)
1 X, /k\nn+1).(n+k—1) 7 z \*

Ln(f;y):(l—km)";f(n) ! (1+x>’ (©6)

converging uniformly on the interval [0, R] to the function f(z), continuous on
[0, R], continuous at the point R from the right, and bounded on [0, c0).

The following theorems describe the character of convergence of the operators
(2).

Theorem 1. If the following conditions are satisfied: 1) f(x) is continuous on
[0,R]; 2) f(x) = f(R), if v > R; 8) g, (2) = vy, then

1L (f;2) = f2)] <

< w(%) [\/ﬁ\/ﬁﬁ”(l +a,)(1+a, )+ %(1 +a,)—222(1+a,) +22+ 1],

where w(d) is the modulus of continuity of f(x).

Theorem 2. If the following conditions are satisfied: 1) the function f(x) is
continuous on [0, R], continuous at the point R from the right, bounded on the set
x > 0, and has a finite second derivative at the point x € [0, R]; 2) m,, =n+c,
where ¢ is an integer; 3) ay,(x) =0, then

L, (f;x) = f(z) +

7 (z) x + ca? +0(1).

2! n n

Corollary 1. For the polynomials of S. N. Bernstein (4), for which ¢ = —1, we
have

RIS IR

2! n

B, (f;x) = f(z)+
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This proves the theorem of E. V. Voronovskaya (3).

Corollary 2. For the operators (5), ¢ = 0 and, consequently,

Ly(fi0) = o)+ T 4 o( L),

n

Corollary 3. For the operators (6), ¢ = 1 and, consequently,

f'(@) a(x + 1) o1,

2! n n

L, (f;x) = f(x) +
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Note: Figure translations are in progress. See original paper for figures.
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