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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1956, Volume 117, No. 4

MATHEMATICS
V. M. BOROK

EQUIVALENT SYSTEMS OF LINEAR PAR-
TIAL DIFFERENTIAL EQUATIONS WITH
CONSTANT COEFFICIENTS
(Presented by Academician I. G. Petrovskii on June 8, 1957)

Consider a system of linear differential equations in partial derivatives of the
form

𝜕𝑛𝑖𝑢𝑖(𝑥, 𝑡)
𝜕𝑡𝑛𝑖

=
𝑁1

∑
𝑗=1

∑
(𝑚𝑠)

𝐴𝑖𝑗
(𝑚𝑠)

𝜕𝑚0+⋯+𝑚𝑛𝑢𝑗(𝑥, 𝑡)
𝜕𝑡𝑚0𝜕𝑥𝑚1

1 … 𝜕𝑥𝑚𝑛𝑛
, (1)

(𝑖 = 1, … , 𝑁1; 𝑥 = (𝑥1, … , 𝑥𝑛)),

where ∑(𝑚𝑠) denotes summation over all possible sets of indices

(𝑚0, … , 𝑚𝑛), with 𝑚0 < 𝑛𝑗, 𝑚𝑘 < 𝑀 ⎛⎜
⎝

𝑘 = 1, … , 𝑛,
𝑁1

∑
𝑖=1

𝑛𝑖 = 𝑁⎞⎟
⎠

.

By introducing additional unknown functions

𝑢𝑁1+1(𝑥, 𝑡) = 𝜕𝑢1
𝜕𝑡 , … , 𝑢𝑁1+𝑛1−1 = 𝜕𝑛1−1𝑢1

𝜕𝑡𝑛1−1 , … , 𝑢𝑁 =
𝜕𝑛𝑁1 −1𝑢𝑁1

𝜕𝑡𝑛𝑁1 −1 ,

the system (1) can be reduced to the form

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡 = 𝑃 (𝑖 𝜕

𝜕𝑥) 𝑢(𝑥, 𝑡), (1’)

where 𝑢(𝑥, 𝑡) = {𝑢1(𝑥, 𝑡), … , 𝑢𝑁(𝑥, 𝑡)}, 𝑥 = (𝑥1, … , 𝑥𝑛); 𝑃 (𝑖 𝜕
𝜕𝑥 ) is a square

matrix of order 𝑁 , whose elements are polynomials in
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𝑖 𝜕
𝜕𝑥1

, … , 𝑖 𝜕
𝜕𝑥𝑛

.

Definition 1. System (1′) is called equivalent to the system

𝜕𝑣(𝑥, 𝑡)
𝜕𝑡 = 𝑄 (𝑖 𝜕

𝜕𝑥) 𝑣(𝑥, 𝑡), (1”)

if both systems contain the same number of unknown functions and if there
exists a nonsingular operator 𝑇 (𝑖 𝜕

𝜕𝑥 ) (where 𝑇 (𝑖 𝜕
𝜕𝑥 ) is a matrix of order 𝑁 ,

det𝑇 (𝑠) ≢ 0) such that, if 𝑢(𝑥, 𝑡) is a solution of system (1′), then

𝑣(𝑥, 𝑡) = 𝑇 (𝑖 𝜕
𝜕𝑥) 𝑢(𝑥, 𝑡)

is a solution of system (1″).

Theorem 1. If system (1′) is equivalent to system (1″), then the matrix 𝑄(𝑠)
is similar to the matrix 𝑃(𝑠).
Proof. Applying the operator 𝑇 (𝑖 𝜕

𝜕𝑥 ) to both sides of (1′) and taking into
account that the function

𝑣(𝑥, 𝑡) = 𝑇 (𝑖 𝜕
𝜕𝑥) 𝑢(𝑥, 𝑡)

is a sol—

by the solution of system (1″), we obtain

𝑇 (𝑖 𝜕
𝜕𝑥) 𝑃 (𝑖 𝜕

𝜕𝑥) 𝑢(𝑥, 𝑡) = 𝑄 (𝑖 𝜕
𝜕𝑥) 𝑇 (𝑖 𝜕

𝜕𝑥) 𝑢(𝑥, 𝑡),

where 𝑢(𝑥, 𝑡) is any solution of system (1′). Passing to Fourier transforms, we
obtain

𝑇 (𝑠)𝑃 (𝑠)𝑢̃(𝑠, 𝑡) = 𝑄(𝑠)𝑇 (𝑠)𝑢̃(𝑠, 𝑡),

where 𝑢̃(𝑠, 𝑡) is any solution of the system

𝑑𝑢̃(𝑠, 𝑡)
𝑑𝑡 = 𝑃(𝑠)𝑢̃(𝑠, 𝑡).

Choosing those solutions of the latter system which for 𝑡 = 0 coincide with the
functions 𝑢̃(𝑠, 0) = {0, … , 0, 1, 0, … , 0} and putting 𝑡 = 0, we obtain 𝑇 (𝑠)𝑃 (𝑠) =
𝑄(𝑠)𝑇 (𝑠), as was required.
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Theorem 2. If the matrix 𝑄(𝑠) is similar to the matrix 𝑃(𝑠), then system (1′)
is equivalent to system (1″).
Proof. Let

𝑄(𝑠) = 𝑇 (𝑠)𝑃 (𝑠)𝑇 −1(𝑠), (2)

where det𝑇 (𝑠) ≠ 0, and the elements of the matrix 𝑇 (𝑠) are polynomials in
𝑠1, … , 𝑠𝑛 (otherwise, instead of 𝑇 (𝑠) one may consider the matrix 𝑇1(𝑠) =
𝜏(𝑠)𝑇 (𝑠), where 𝜏(𝑠) is the common denominator of the elements of the ma-
trix 𝑇 (𝑠)).
Applying to both sides of (1′) the operator 𝑇 (𝑖 𝜕

𝜕𝑥 ), denoting

𝑣(𝑥, 𝑡) = 𝑇 (𝑖 𝜕
𝜕𝑥) 𝑢(𝑥, 𝑡),

and taking (2) into account, we obtain that, if 𝑢(𝑥, 𝑡) is a solution of system
(1′), then 𝑣(𝑥, 𝑡) is a solution of system (1″), as was required.
Corollary 1. If system (1′) is equivalent to system (1″), then system (1″) is
equivalent to system (1′).
Corollary 2. A necessary and sufficient condition for the equivalence of systems
(1′) and (1″) is the similarity of the matrices 𝑃(𝑠) and 𝑄(𝑠).
Remark 1. The solutions 𝑢(𝑥, 𝑡) and 𝑣(𝑥, 𝑡) of systems (1′) and (1″) should be
considered as generalized functions over some space of test functions, since, for
example, the function 𝑢(𝑥, 𝑡) may fail to have a sufficient number of ordinary
derivatives for the operator 𝑇 (𝑖 𝜕

𝜕𝑥 ) to be applicable to it.

Remark 2. Suppose that systems (1′) and (1″) are equivalent and that the
equality 𝑄(𝑠) = 𝑇 (𝑠)𝑃 (𝑠)𝑇 −1(𝑠) holds, where det𝑇 (𝑠) ≠ 0, and the elements of
the matrix 𝑇 (𝑠) are polynomials in 𝑠1, … , 𝑠𝑛. Then, as an operator transforming
solutions of system (1′) into solutions of system (1″), one may take the operator
𝑇 (𝑖 𝜕

𝜕𝑥 ). As an operator transforming solutions of system (1″) into solutions of
system (1′), one may take the operator 𝑅 (𝑖 𝜕

𝜕𝑥 ), where

𝑅(𝑠) = 𝜏(𝑠)𝑇 −1(𝑠),

and 𝜏(𝑠) is the common denominator of the elements of the matrix 𝑇 −1(𝑠).
Theorem 3. If system (1′) is equivalent to system (1″), then every solution
𝑣(𝑥, 𝑡) of system (1″) is obtained as the result of applying a nonsingular operator
𝑇 (𝑖 𝜕

𝜕𝑥 ) to some solution 𝑢(𝑥, 𝑡) of system (1′).
Proof. Suppose that the nonsingular operator 𝑇 (𝑖 𝜕

𝜕𝑥 ) takes every solution
𝑢(𝑥, 𝑡) of system (1′) into a solution 𝑣(𝑥, 𝑡) of system (1″), and let 𝑣0(𝑥, 𝑡) be
some solution of system (1″).
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Consider the system

𝑇 (𝑖 𝜕
𝜕𝑥) 𝑢(𝑥, 𝑡) = 𝑣0(𝑥, 𝑡). (3)

A solution 𝑢(𝑥, 𝑡) of this system exists by the Ehrenpreis theorem (1). We shall
show that it satisfies system (1′). Applying the Fourier transform to both sides
of (3), we obtain

𝑇 (𝑠)𝑢̃(𝑠, 𝑡) = ̃𝑣0(𝑠, 𝑡),

where ̃𝑣0(𝑠, 𝑡) is a solution of the system

𝑑 ̃𝑣0(𝑠, 𝑡)
𝑑𝑡 = 𝑄(𝑠) ̃𝑣0(𝑠, 𝑡),

since 𝑣0(𝑠, 𝑡) is a solution of system (1″). Then

𝑑𝑢̃(𝑠, 𝑡)
𝑑𝑡 = 𝑇 −1(𝑠)𝑇 (𝑠)𝑑𝑢̃

𝑑𝑡 = 𝑇 −1(𝑠)𝑑 ̃𝑣0(𝑠, 𝑡)
𝑑𝑡 = 𝑇 −1(𝑠)𝑄(𝑠) ̃𝑣0(𝑠, 𝑡) =

= 𝑇 −1(𝑠)𝑇 (𝑠)𝑃 (𝑠)𝑇 −1(𝑠)𝑇 (𝑠)𝑢̃(𝑠, 𝑡) = 𝑃(𝑠)𝑢̃(𝑠, 𝑡).

Performing the inverse Fourier transform, we obtain that 𝑢(𝑥, 𝑡) is a solution of
system (1′), as was required.
The equivalence of systems (1′) and (1″) does not in general guarantee a one-
to-one correspondence between the solutions of systems (1′) and (1″). Such
a correspondence exists, for example, when det𝑇 (𝑠) = const. Then, if the
operator 𝑇 (𝑖 𝜕

𝜕𝑥 ) maps a solution 𝑢(𝑥, 𝑡) of system (1′) to a solution 𝑣(𝑥, 𝑡) of
system (1″), then the operator

𝑅 (𝑖 𝜕
𝜕𝑥) = 𝑇 −1 (𝑖 𝜕

𝜕𝑥)

maps the solution 𝑣(𝑥, 𝑡) of system (1″) to the solution 𝑢(𝑥, 𝑡) of system (1′).
In the general case, the totalities of solutions of system (1′) and of system (1″)
may be divided into disjoint classes of equivalent solutions, between which a
one-to-one correspondence is already established. This division into classes is
carried out as follows.

Let 𝑇 (𝑖 𝜕
𝜕𝑥 ) be an operator that maps every solution of system (1′) to a solution

of system (1″), and let the operator 𝑅 (𝑖 𝜕
𝜕𝑥 ) map every solution of system (1″)

to a solution of system (1′), and let

𝜏(𝑠)𝐸 = 𝑇 (𝑠)𝑅(𝑠).
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Definition 2. Two solutions 𝑢1(𝑥, 𝑡) and 𝑢2(𝑥, 𝑡) of system (1′) (or of system
(1″)) are called equivalent if, for some integers 𝑚1 ≥ 0 and 𝑚2 ≥ 0, the
equality

𝜏𝑚1 (𝑖 𝜕
𝜕𝑥) 𝐸 ⋅ 𝑢1(𝑥, 𝑡) = 𝜏𝑚2 (𝑖 𝜕

𝜕𝑥) 𝐸 ⋅ 𝑢2(𝑥, 𝑡)

holds.

If 𝑈 is a class of equivalent solutions of system (1′), then, as is not hard to
establish,

𝑇 (𝑖 𝜕
𝜕𝑥) 𝑈 = 𝑉 ,

where 𝑉 is a class of equivalent solutions of system (1″). Then

𝑅 (𝑖 𝜕
𝜕𝑥) 𝑉 = 𝜏 (𝑖 𝜕

𝜕𝑥) 𝑈 = 𝑈.

Thus, between the classes of equivalent solutions of systems (1′) and (1″) a
one-to-one correspondence is established.

Definition 3. Two systems of the form (1) are called equivalent if the corre-
sponding systems of the form (1′) are equivalent.

It was established in (2) that any system of the form (1) is equivalent to one
partial differential equation with constant coefficients of the form

𝜕𝑁𝑢(𝑥, 𝑡)
𝜕𝑡𝑁 =

𝑁
∑
𝑚=1

𝑃𝑚 (𝑖 𝜕
𝜕𝑥) 𝜕𝑁−𝑚𝑢(𝑥, 𝑡)

𝜕𝑡𝑁−𝑚

or to a system of several equations of the form

𝜕𝑁𝑘𝑢𝑘(𝑥, 𝑡)
𝜕𝑡𝑁𝑘

=
𝑁𝑘

∑
𝑚=1

𝑃𝑚𝑘 (𝑖 𝜕
𝜕𝑥) 𝜕𝑁𝑘−𝑚𝑢𝑘(𝑥, 𝑡)

𝜕𝑡𝑁𝑘−𝑚 (4)

(𝑘 = 1, … , 𝑝,
𝑝

∑
𝑘=1

𝑁𝑘 = 𝑁) ,

each of which is integrated independently of the others.

Remark. In reducing system (1) to system (1′), the characteristic roots do not
change. Therefore, by virtue of Corollary 2, for equivalent systems of the form
(1) the characteristic roots (with their multiplicities) coincide and, consequently,
properties of systems based only on properties of the characteristic roots coincide
for equivalent systems (for example, the belonging of a system to the hyperbolic,
parabolic, Petrovskii-correct, and analytically correct types; for definitions see
(3)).
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Theorem 4. If system (1) is elliptic*, then each of the equations of system (4),
to which it is equivalent, is also elliptic.

Example. The system**

𝜕2𝑢1
𝜕𝑥2 − 𝜕2𝑢1

𝜕𝑦2 − 2 𝜕2𝑢2
𝜕𝑥 𝜕𝑦 = 0,

2 𝜕2𝑢1
𝜕𝑥 𝜕𝑦 + 𝜕2𝑢2

𝜕𝑥2 − 𝜕2𝑢2
𝜕𝑥2 = 0

(5)

is equivalent to the biharmonic equation ΔΔ𝑣 = 0, where

𝑇 (𝑠) =
∥
∥
∥
∥

0 2𝑖𝑠 −1 0
𝑠2 0 0 0
0 0 𝑠2 0

−𝑠4 0 0 2𝑖𝑠3

∥
∥
∥
∥

, 𝑅(𝑠) =
∥
∥
∥
∥

0 2𝑖𝑠 0 0
𝑠2 0 1 0
0 0 2𝑖𝑠 0
0 𝑠2 0 1

∥
∥
∥
∥

,

and 𝜏 (𝑖 𝜕
𝜕𝑦 ) = −2 𝜕3

𝜕𝑦3 . A solution 𝑢(𝑥, 𝑦) of system (5) is equivalent to a solution
𝑣(𝑥, 𝑦) of this system if, for some 𝑚 ≥ 0,

𝑢𝑖 = (−2)3𝑚 𝜕3𝑚𝑣𝑖
𝜕𝑦3𝑚 +

3𝑚
∑
𝑘=0

𝐶𝑘𝑖(𝑥)𝑦𝑘 (𝑖 = 1, 2, 3, 4)

(here 𝑢(𝑥, 𝑦) = {𝑢1, 𝑢2, 𝑢3, 𝑢4}, 𝑣(𝑥, 𝑦) = {𝑣1, 𝑣2, 𝑣3, 𝑣4}, 𝑢1 = 𝑢1(𝑥, 𝑦), 𝑢2 =
𝜕𝑢1
𝜕𝑥 , 𝑢3 = 𝑢2(𝑥, 𝑦), 𝑢4 = 𝜕𝑢2(𝑥, 𝑦)

𝜕𝑥 ; the components of the solution 𝑣(𝑥, 𝑦) are
defined analogously).

Moscow State University
named after M. V. Lomonosov
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* For the definition see (4).
** This system is given in (5) as an example of an elliptic system for which the
Dirichlet problem is not well posed.
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Note: Figure translations are in progress. See original paper for figures.
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