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Abstract
Full Text
THEORY OF ELASTICITY
K. F. CHERNYKH

ON CONJUGATE PROBLEMS IN THE THE-
ORY OF THIN SHELLS
(Presented by Academician V. I. Smirnov on 23 V 1957)

Recently, in connection with the appearance of Hill’s work (1), interest has
increased in G. V. Kolosov’s idea (2) concerning conjugate problems of the
plane theory of elasticity. In the present note it is shown that the property of
conjugacy can also be used in the theory of thin shells.

1. Suppose, for brevity of exposition, that the middle surface of the shell is
bounded by a closed line of curvature 𝛼1 = const (we adhere to the nota-
tion adopted in (3)). In addition, we regard the problem as homogeneous
and the Poisson coefficient 𝜇 as equal to zero. Then the generalized Hooke
law and the relations introducing the stress functions 𝑢̄, ̄𝑣, 𝑤̄ (the Lur’e—
Goldenveizer functions) have the form

𝑇1 = 𝐸ℎ𝜀1(𝑢, 𝑣, 𝑤), 𝑇2 = 𝐸ℎ𝜀2, 𝑆 = 𝐸ℎ ⋅ 1/2𝜔,
𝑀1 = 𝐸ℎ𝑐2

0𝜒1, 𝑀2 = 𝐸ℎ𝑐2
0𝜒2, 𝐻 = 𝐸ℎ𝑐2

0𝜏; (1)

𝑇1 = 𝐸ℎ𝑐0𝜒̄2(𝑢̄, ̄𝑣, 𝑤̄), 𝑇2 = 𝐸ℎ𝑐0𝜒̄1, 𝑆 = −𝐸ℎ𝑐0 ̄𝜏 ,
𝑀1 = −𝐸ℎ𝑐0 ̄𝜀2, 𝑀2 = −𝐸ℎ𝑐0 ̄𝜀1, 𝐻 = 𝐸ℎ𝑐0 ⋅ 1/2𝜔̄, (2)

where 𝑐0 = ℎ/
√

12.

We introduce complex displacements and stresses by the relations

𝑢̃ = 𝑢 + 𝑖𝑢̄, ̃𝑣 = 𝑣 + 𝑖 ̄𝑣, 𝑤̃ = 𝑤 + 𝑖𝑤̄,

̃𝑇1 = 𝑇1 − 𝑖
𝑐0

𝑀2, ̃𝑇2 = 𝑇2 − 𝑖
𝑐0

𝑀1, ̃𝑆 = 𝑆 + 𝑖
𝑐0

𝐻. (3)

Forming complex combinations of the corresponding equations of systems (1)
and (2), we obtain for the complex stresses the expressions

̃𝑇1 = 𝑇1 − 𝑖
𝑐0

𝑀2 = 𝑇1 − 𝑖𝐸ℎ𝑐0𝜒̄2 = −𝑖𝐸ℎ𝑐0𝜒̃2(𝑢̃, ̃𝑣, 𝑤̃),
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̃𝑇2 = 𝑇2 − 𝑖
𝑐0

𝑀1 = 𝑇2 − 𝑖𝐸ℎ𝑐0𝜒̄1 = −𝑖𝐸ℎ𝑐0𝜒̃1, (4)

̃𝑆 = 𝑆 + 𝑖
𝑐0

𝐻 = 𝑆 + 𝑖𝐸ℎ𝑐0𝜏 = 𝑖𝐸ℎ𝑐0 ̃𝜏 .

(Here and below the components of deformation marked with a bar depend on
𝑢̄, ̄𝑣, 𝑤̄; those marked with a tilde—on 𝑢̃, ̃𝑣, 𝑤̃.)

Usually on the contour one prescribes either the generalized Kirchhoff forces—
moments

𝑇1, 𝑇 ′
12 = 𝑇12 + 𝑀12

𝑅2
, 𝑁 ′

1 = 𝑁1 − 1
𝐴2

𝜕𝑀12
𝜕𝛼2

, 𝑀1;

or the generalized components of deformation

𝜀2, 𝜒2 = 1
𝐴2

𝜕𝜓
𝜕𝛼2

+ 1
𝐴1𝐴2

𝜕𝐴2
𝜕𝛼1

𝜗,

𝜒′
21 = 1

𝐴2

𝜕𝜗
𝜕𝛼2

− 1
𝐴1𝐴2

𝜕𝐴2
𝜕𝛼1

𝜓 − 𝜔2
𝑅2

, 𝜒′
2𝑛 = 1

𝐴2

𝜕𝜔2
𝜕𝛼2

+ 𝜗
𝑅2

, (5)

where

−𝜓 = 1
𝐴2

𝜕𝑤
𝜕𝛼2

− 𝑣
𝑅2

, 𝜗, −𝜔2 = − 1
𝐴2

𝜕𝑢
𝜕𝛼2

+ 1
𝐴1𝐴2

𝜕𝐴2
𝜕𝛼1

𝑣

are the components of the rotation vector of the boundary element. The four
quantities (5) completely determine the deformation of the boundary element.

In particular, the conditions of a clamped edge may be written in the form

𝜀2 = 𝜒2 = 𝜒′
12 = 𝜒′

2𝑛 = 0. (6)

In addition to the already introduced 𝑇1 = 𝑇1 − 𝑖𝐸ℎ𝑐0𝜒2, define on the contour
the following complex quantities:

𝑇 ′
21 = 𝑇 ′

21 + 𝑖𝐸ℎ𝑐0𝜒′
21, 𝑁 ′

1 = 𝑁 ′
1 − 𝑖𝐸ℎ𝑐0𝜒′

2𝑛, 𝑀1 = 𝑀1 + 𝑖𝐸ℎ𝑐0𝜀2.

Each of the written complex relations connects a pair of quantities—a static one
and a geometric one. These quantities may appropriately be called conjugate.

sovietrxiv.org/items/ru-195701.94057 Machine Translation

https://sovietrxiv.org/items/ru-195701.94057


Using relations (2), it is not difficult to obtain

𝑇1 = 𝑇1 − 𝑖𝐸ℎ𝑐0𝜒2 = −𝑖𝐸ℎ𝑐0𝜒̃2, 𝑇 ′
12 = 𝑇 ′

12 + 𝑖𝐸ℎ𝑐0𝜒′
21 = 𝑖𝐸ℎ𝑐0𝜒̃′

21,

𝑁 ′
1 = 𝑁 ′

1 − 𝑖𝐸ℎ𝑐0𝜒′
2𝑛 = −𝑖𝐸ℎ𝑐0𝜒̃′

2𝑛, 𝑀1 = 𝑀1 + 𝑖𝐸ℎ𝑐0𝜀2 = 𝑖𝐸ℎ𝑐0 ̃𝜀2. (7)

2. Consider, along with the basic deformed state, characterized by the complex
displacements 𝑢̃, ̃𝑣, 𝑤, the state (conjugate) for which

𝑢̃∗ = 𝑢∗ + 𝑖𝑢∗ = 𝑖𝑢̃, ̃𝑣∗ = 𝑣∗ + 𝑖𝑣∗ = 𝑖 ̃𝑣, 𝑤∗ = 𝑤∗ + 𝑖𝑤∗ = 𝑖𝑤

(𝑢∗ = −𝑢, 𝑢∗ = 𝑢, 𝑣∗ = −𝑣, 𝑣∗ = 𝑣, 𝑤∗ = −𝑤, 𝑤∗ = 𝑤). (8)

Substituting these expressions into (4) and separating the real and imaginary
parts, we obtain, according to (1) and (2):

𝑇 ∗
1 = 𝐸ℎ𝑐0𝜒2 = 1

𝑐0
𝑀2, 𝑇 ∗

2 = 𝐸ℎ𝑐0𝜒1 = 1
𝑐0

𝑀1, 𝑆∗ = −𝐸ℎ𝑐0𝜏 = − 1
𝑐0

𝐻,

𝑀∗
2 = −𝐸ℎ𝑐2

0𝜒2 = −𝑐0𝑇1, 𝑀∗
1 = −𝐸ℎ𝑐2

0𝜒1 = −𝑐0𝑇2, (9)

𝐻∗ = −𝐸ℎ𝑐2
0𝜏 = 𝑐0𝑆.

On the contour, according to (7) and (2):

𝑇 ∗
1 = 𝐸ℎ𝑐0𝜒2, 𝑇 ′∗

12 = −𝐸ℎ𝑐0𝜒′
21, 𝑁 ′∗

1 = 𝐸ℎ𝑐0𝜒′
2𝑛, 𝑀∗

1 = −𝐸ℎ𝑐0𝜀2,

𝜒∗
2 = −𝜒2 = − 1

𝐸ℎ𝑐0
𝑇1, 𝜒′∗

21 = −𝜒′
21 = 1

𝐸ℎ𝑐0
𝑇 ′

12, (10)

𝜒′∗
2𝑛 = −𝜒′

2𝑛 = − 1
𝐸ℎ𝑐0

𝑁 ′
1, 𝜀∗

2 = −𝜀2 = 1
𝐸ℎ𝑐0

𝑀1.

Consider two types of boundary conditions.
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1) On the contour, four statico-geometric quantities are prescribed (one from
each pair of conjugates). In this case, for the conjugate problem the bound-
ary conditions pass into conjugate ones. Thus, if in the basic problem on
the contour only geometric quantities are prescribed,

𝜀2 = 𝜀0
2, 𝜒2 = 𝜒0

2, 𝜒′
21 = 𝜒′0

21, 𝜒′
2𝑛 = 𝜒′0

2𝑛,

then in the adjoint problem the boundary conditions will be purely static:

𝑇 ∗
1 = 𝐸ℎ𝑐0𝜒0

2, 𝑇 ′∗
12 = −𝐸ℎ𝑐0𝜒′0

21, 𝑁 ′∗
1 = 𝐸ℎ𝑐0𝜒′0

2𝑛, 𝑀∗
1 = −𝐸ℎ𝑐0𝜀0

2

and conversely.

In particular, the conditions of a clamped edge (6) pass into the conditions of a
free edge

𝑇 ∗
1 = 𝑇 ′∗

12 = 𝑁 ′∗
1 = 𝑀∗

1 = 0.
2) In the fundamental problem, the displacements 𝑢 = 𝑢0, 𝑣 = 𝑣0, 𝑤 =

𝑤0, 𝜗 = 𝜗0 are prescribed on the contour. According to (5), these com-
pletely determine the quantities 𝜀2, 𝜒2, 𝜒′

21, 𝜒′
2𝑛. Thus, for the adjoint

problem we shall again have purely static boundary conditions. In partic-
ular, the clamping conditions 𝑢 = 𝑣 = 𝑤 = 𝜗 = 0 pass into the conditions
of a free edge.

The noted property, closely connected with the static-geometric analogy, makes
it possible, from the solution found for the fundamental problem, immediately
to write down the solution of the adjoint problem.

If the boundary conditions are formulated in complex form, then the boundary
conditions of the adjoint problem will be of the same type. In this sense such
a problem may be called self-adjoint. It is not very difficult to remove the
simplifying restrictions stated at the beginning of the article.

Received
17 V 1957
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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