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THEORY OF ELASTICITY
K. F. CHERNYKH

ON CONJUGATE PROBLEMS IN THE THE-
ORY OF THIN SHELLS

(Presented by Academician V. I. Smirnov on 23 V 1957)

Recently, in connection with the appearance of Hill' s work (1), interest has
increased in G. V. Kolosov’ s idea (?) concerning conjugate problems of the
plane theory of elasticity. In the present note it is shown that the property of
conjugacy can also be used in the theory of thin shells.

1. Suppose, for brevity of exposition, that the middle surface of the shell is
bounded by a closed line of curvature a; = const (we adhere to the nota-
tion adopted in (?)). In addition, we regard the problem as homogeneous
and the Poisson coefficient p as equal to zero. Then the generalized Hooke
law and the relations introducing the stress functions @, v, w (the Lur’ e—
Goldenveizer functions) have the form

T, = Ehey(u,v,w), Ty = Ehe,, S =FEh-/w,

M, = Ehc? M., = Ehc? = 2 (1)
1= X1 5 = c5 X2 H = Ehcg;

T, = Ehcyxy(u, v, w), T, = Ehcyxq, S = —Fhc,yT,
Ml = _EhCO<§27 M2 = _EhC()gl, H = Eh/CO . 1/2[1}7

where ¢, = h/V/12.

We introduce complex displacements and stresses by the relations

U = u + iu, U =0+ 10, W = w + 1w,
~ ) ~ ) ~ )
T =T ——M, T,=T,——M, S=8S+—H. (3)
€ Co Co

Forming complex combinations of the corresponding equations of systems (1)
and (2), we obtain for the complex stresses the expressions

T=1 — CiM2 =T, — iEhcyXy = —iEhegXo (i, 5, @),
0
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Ty =T, — CiM1 =T, — iBheyXy = —iEhcy¥y, (4)
0

S=8+ LH=S5+iEheyr = iBhe,7.
Co

(Here and below the components of deformation marked with a bar depend on
u, v, w; those marked with a tilde—on @, 9, @.)

Usually on the contour one prescribes either the generalized Kirchhoff forces—
moments

M
Ty, T1’2:T12—|—R—12, N{=N; —
2

LMy
A2 8a2 ’ 1

or the generalized components of deformation

_ 1oy 1 94
2 X2T U ha, T AA, Bay

;109 1 04y wy ’ _i%_Fi (5)
X T U Bay, A A, 00, 0 Ry T A 00, R,
where
1 1 1 A
—y ow v 9, —ty = ou 0A,

T 00, Ry Ay 00y " A Ay Doy

are the components of the rotation vector of the boundary element. The four
quantities (5) completely determine the deformation of the boundary element.

In particular, the conditions of a clamped edge may be written in the form

€2 = X2 = X12 = Xan = 0- (6)
In addition to the already introduced Tl =T —iEhcyX,, define on the contour
the following complex quantities:
Ty, = Ty +iEhcyxhy,  N| = N| —iEhcoxs,, M, = M, +iEhcye,.

Each of the written complex relations connects a pair of quantities—a static one
and a geometric one. These quantities may appropriately be called conjugate.
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Using relations (2), it is not difficult to obtain

Tl =Ty —iEBhcoxe = —iEhcyXa, TfQ =Ty +iEhcyxs = iEhcyXs,

N = N{ — iEhcyx, = —iEhcoXh,, M, = M, + iEhcyey = iEhcyéy. (7)

2. Consider, along with the basic deformed state, characterized by the complex
displacements @, 0, w, the state (conjugate) for which

~y ~

* = u* + u* = i, 7% = v* + v* = 19, w* = w* +iw* = iw

(v*=—-u, u'=u v=-0 v=v, w=-w w=uw). (8)
Substituting these expressions into (4) and separating the real and imaginary

parts, we obtain, according to (1) and (2):

1 1 1
T = Ehcyx, = %MQ, T5 = Eheyx, = aMl, S* = —Fheyt = —%H7

M; = —Ehcgy2 = —c1}, M = —Ehcgyl = —cy1y, 9)

H* = —EhcT = ¢, S.

On the contour, according to (7) and (2):

Ty = Fhcyxo, T3 = —Ehcyxa N{* = Ehcyxs,,, M7} = —FEhcye,,

* — /% —/ 1 ’
X2 = —Xg = —mTu X21 = —Xo1 — me (10)

1 _ 1

4 *

X/an = —y;n = _ﬁco 15 52 = —52 = EhCOMl.

Consider two types of boundary conditions.
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1) On the contour, four statico-geometric quantities are prescribed (one from
each pair of conjugates). In this case, for the conjugate problem the bound-
ary conditions pass into conjugate ones. Thus, if in the basic problem on
the contour only geometric quantities are prescribed,

— -0 _ 0 /.0 ;7 _ .0
€9 = &g, X2 = X2 X21 = Xo1» Xon = X2n>

then in the adjoint problem the boundary conditions will be purely static:

T} = Ehcyxs, T7; = —Ehcoxy, N{* = EhegXa,, M = —Ehcyeh

and conversely.

In particular, the conditions of a clamped edge (6) pass into the conditions of a
free edge

Ty =T} = Nj* = M} = 0.

2) In the fundamental problem, the displacements u = u", v = %, w =

w®, ¥ = 9, are prescribed on the contour. According to (5), these com-
pletely determine the quantities €5, X9, X517, Xan- Thus, for the adjoint
problem we shall again have purely static boundary conditions. In partic-
ular, the clamping conditions ©u = v = w = ¥ = 0 pass into the conditions
of a free edge.

The noted property, closely connected with the static-geometric analogy, makes
it possible, from the solution found for the fundamental problem, immediately
to write down the solution of the adjoint problem.

If the boundary conditions are formulated in complex form, then the boundary
conditions of the adjoint problem will be of the same type. In this sense such
a problem may be called self-adjoint. It is not very difficult to remove the
simplifying restrictions stated at the beginning of the article.
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