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Abstract
Full Text
THEORY OF ELASTICITY
I. I. VOROVICH

ON THE EXISTENCE OF SOLUTIONS IN
THE NONLINEAR THEORY OF SHELLS
(Presented by Academician S. L. Sobolev on 31 V 1957)

1. In the works (1,2) the existence of solutions was shown for the problem
of large deflections of a shell whose middle surface differs little from a
plane, and in the presence only of a transverse load. In the present note
the general case is considered. In addition, a new method of proving the
existence theorem will be applied here, making it possible at the same
time to establish certain general properties of the solutions.

2. Let the middle surface of the shell 𝑆 be given by the equation
r = r(𝛼, 𝛽), and suppose that the following conditions are satisfied:

1) 𝛼, 𝛽 ∈ Ω, where Ω is some bounded domain of the 𝛼, 𝛽-plane;
2) the boundary of Ω, ΓΩ, consists of a finite number of arcs, on each of

which the tangent rotates continuously;

3) 𝑆 has an isothermic net 𝛼1, 𝛽1, with 𝛼 = 𝛼(𝛼1, 𝛽1), 𝛽 = 𝛽(𝛼1, 𝛽1) such
that 𝜕(𝛼, 𝛽)/𝜕(𝛼1, 𝛽1) ≠ 0 if 𝛼1, 𝛽1 ∈ Ω1. Moreover*, 𝑚1 ≤ |𝐴| ≤ 𝑚2,
𝑚1 ≤ |𝐵| ≤ 𝑚2, 𝐶 = 0.

4) r, 𝛼1, 𝛽1 have continuous derivatives of the third order in Ω;

5) the external body forces 𝑋, 𝑌 , 𝑍 ∈ 𝐿𝑝, 𝑝 > 1.
Condition 3) is given in order to simplify the presentation of the results and can
be greatly weakened.

3. We take as the basis of the theory the relations

𝜀1 = 𝑢𝛼
𝐴 + 𝐴𝛽𝑣

𝐴𝐵 − 𝑤
𝑅1

+ 𝑤2
𝛼

2𝐴2 ; 𝜀2 = 𝑣𝛽
𝐵 + 𝐵𝛼𝑢

𝐴𝐵 − 𝑤
𝑅2

+
𝑤2

𝛽
2𝐵2 ; (1)

𝜔 = 𝐴
𝐵 ( 𝑢

𝐴)
𝛽

+ 𝐵
𝐴 ( 𝑣

𝐵 )
𝛼

+ 2𝑤
𝑅12

+ 𝑤𝛼𝑤𝛽
𝐴𝐵 ;

𝜒1 = 1
𝐴 (𝑤𝛼

𝐴 )
𝛼

+ 𝐴𝛽
𝐴𝐵2 𝑤𝛽; 𝜒2 = 1

𝐵 (𝑤𝛽
𝐵 )

𝛽
+ 𝐵𝛼

𝐴2𝐵 𝑤𝛼; (2)
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𝜏 = 𝑤𝛼𝛽
𝐴𝐵 − 𝐵𝛼𝑤𝛼

𝐴𝐵2 − 𝐴𝛽𝑤𝛽
𝐴2𝐵 .

We take the relation between the forces and the strain components in the form
proposed in (4) (p. 50). In accordance with this, we simplify the equilibrium
equations by Mushtari’s method. As a result, for 𝑢, 𝑣, 𝑤 we obtain a system

* The notation is taken from (3).

𝑅1(𝑢, 𝑣) = 𝐵 { 1
𝐴𝐵 [(𝐵𝑢)𝛼 + (𝐴𝑣)𝛽]}

𝛼
+

+1 − 𝜈
2 𝐴 { 1

𝐴𝐵 [(𝐴𝑢)𝛽 − (𝐵𝑣)𝛼]}
𝛽

+ 1 − 𝜈
𝑅1𝑅2

𝑢 = 𝑓1{𝑤}; (3)

𝑅2(𝑢, 𝑣) = 𝐴 { 1
𝐴𝐵 [(𝐴𝑣)𝛽 + (𝐵𝑢)𝛼]}

𝛽
+

+1 − 𝜈
2 𝐵 { 1

𝐴𝐵 [(𝐵𝑣)𝛼 − (𝐴𝑢)𝛽]}
𝛼

+ 1 − 𝜈
𝑅1𝑅2

𝑣 = 𝑓2{𝑤}; (4)

𝑅3𝑤 = ∇4𝑤 = 𝑓3{𝑢, 𝑣, 𝑤}. (5)

In (3), (4), (5), 𝑓1{𝑤}, 𝑓2{𝑤} are certain operators in 𝑤; 𝑓3{𝑢, 𝑣, 𝑤} is a certain
operator in 𝑢, 𝑣, 𝑤.

For example, let us consider the boundary conditions

𝑢∣ΓΩ
= 𝑣∣ΓΩ

= 0; (6)

𝑤∣ΓΩ
= 𝜕𝑤

𝜕𝑛 ∣
ΓΩ

= 0. (7)

4. Let 𝐶1 contain functions 𝑤 having continuous second derivatives in Ω and
satisfying conditions (7). On 𝐶1 define the scalar product

(𝑤1⋅𝑤2)𝐻1Ω
= ∫

Ω
[𝜒(1)

1 (𝜒(2)
1 + 𝜈𝜒(2)

2 ) + 𝜒(1)
2 (𝜒(2)

2 + 𝜈𝜒(2)
1 ) + 2(1 − 𝜈)𝜏 (1) ⋅ 𝜏 (2)] 𝐴𝐵 𝑑𝛼 𝑑𝛽.

(8)

In (8), 𝜒(𝑖)
1 , 𝜒(𝑖)

2 , 𝜏 (𝑖) are obtained from (2) by substituting 𝑤 = 𝑤𝑖, 𝑖 = 1, 2. The
closure of 𝐶1 in the norm (8) will be denoted by 𝐻1Ω.
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Let 𝐶2 be the set of vector-functions 𝜔⃗ ∗(𝑢, 𝑣) such that 𝑢, 𝑣 have continuous
first derivatives in Ω and satisfy conditions (6). On 𝐶2 define the scalar product

(𝜔⃗ ∗
1 ⋅𝜔⃗ ∗

2 )𝐻2Ω
= ∫

Ω
[ ⃗𝜀(1)

1 ( ⃗𝜀(2)
1 + 𝜈 ⃗𝜀(2)

2 ) + ⃗𝜀(1)
2 ( ⃗𝜀(2)

2 + 𝜈 ⃗𝜀(2)
1 ) + 1 − 𝜈

2 𝜔⃗(1) ⋅ 𝜔⃗(2)] 𝐴𝐵 𝑑𝛼 𝑑𝛽.
(9)

In (9), ⃗𝜀(𝑖)
1 , ⃗𝜀(𝑖)

2 , 𝜔⃗ are computed by formulas (1), into which 𝑢 = 𝑢𝑖, 𝑣 = 𝑣𝑖, 𝑤 ≡
0, 𝑖 = 1, 2, are substituted. The closure of 𝐶2 in the norm (9) will be denoted
by 𝐻2Ω.

By 𝐻3Ω we shall denote the space of vector-functions 𝜔⃗(𝑢, 𝑣, 𝑤) such that 𝑤 ∈
𝐻1Ω, 𝜔⃗ ∗(𝑢, 𝑣) ∈ 𝐻2Ω. It can be shown that 𝐻3Ω contains vector-functions
𝜔⃗(𝑢, 𝑣, 𝑤) for which 𝑢, 𝑣 have in Ω first generalized derivatives (5) ∈ 𝐿2; the
functions 𝑢, 𝑣 ∈ 𝐿𝑞, 𝑞 ≥ 1, with arbitrary 𝑞; 𝑤 has in Ω second generalized
derivatives ∈ 𝐿2; 𝑤𝛼, 𝑤𝛽 ∈ 𝐿𝑞, 𝑞 ≥ 1; 𝑤 is continuous.

Definition. A generalized solution of the system (3)—(5) will mean a vector-
function 𝜔⃗(𝑢, 𝑣, 𝑤) ∈ 𝐻3Ω satisfying the integral identities

(𝑤 ⋅ 𝜒)𝐻1Ω
= ∫

Ω
𝑓3 ⋅ 𝜒 𝑑𝛼 𝑑𝛽; (10)

(𝜔⃗ ∗ ⋅ a)𝐻2Ω
+ ∫

Ω
(𝑓1 ⋅ 𝜑 + 𝑓2 ⋅ 𝜓) 𝑑𝛼 𝑑𝛽 = 0, (11)

where a has components 𝜑, 𝜓, and the vector-function b(𝜑, 𝜓, 𝜒) ∈ 𝐻3Ω is arbi-
trary.

Relations (10), (11) write the equilibrium equations of the shell in the form
of Lagrange’s principle of virtual displacements. This also determines the
mechanical meaning of generalized solutions. We note that, in the general case,
our system may have several generalized solutions, and this is in full agreement
with the mechanical content of the problem. The system (10), (11) can be
reduced to a single operator equation in 𝐻1Ω. Namely, from (11), 𝑤⃗(𝑢, 𝑣) is
determined by the functional method in terms of 𝑤. After substituting 𝑢, 𝑣
into expression (10), it becomes an operator equation with respect to 𝑤. Using
the functional method, we replace (10) by the equation 𝑤 = 𝐺𝑤, where 𝐺𝑤 is
defined by the relation

(𝐺𝑤 ⋅ 𝜒)𝐻1Ω
= ∫

Ω

𝑓3𝜒 𝑑𝛼 𝑑𝛽, 𝜒 ∈ 𝐻1Ω

and is arbitrary.
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Lemma 1. The operator 𝐺𝑤 acts from 𝐻1Ω into 𝐻1Ω and is completely con-
tinuous.

Lemma 1 makes it possible, in order to prove the existence of generalized so-
lutions of the system (3)—(5), to apply the Schauder—Leray principle (6,7), for
which purpose we form in 𝐻1Ω the completely continuous vector field (7)

𝐾1𝑤 = (𝐼 − 𝐺)𝑤.

Lemma 2. The functional Φ(𝑤, 𝑡), defined by the relation

Φ(𝑤, 𝑡) = ‖𝑤‖2
𝐻1Ω

− 𝑡 ∫
Ω

𝑓3𝑤 𝑑𝛼 𝑑𝛽,

on spheres of sufficiently large radius 𝑅 in 𝐻1Ω, satisfies the inequality

Φ(𝑤, 𝑡) ⩾ 𝜎𝑅2, (12)

where 𝜎 > 0 and does not depend on 𝑡, if 0 ≤ 𝑡 ≤ 1.

To prove (12), the sphere 𝑆𝑅 of radius 𝑅 in 𝐻1Ω is divided in a definite way into
two parts 𝑆1𝑅, 𝑆2𝑅, the weak closure of 𝑆1𝑅 not containing zero. It then turns
out that inequality (12) is fulfilled on 𝑆1𝑅 owing to the growth of the stretching
energy of the shell as ‖𝑤‖𝐻1Ω

→ ∞, and on 𝑆2𝑅 owing to the growth of the
bending energy.

Lemma 3. The rotation (7,8) of the vector field 𝐾1𝑤 on spheres of sufficiently
large radius in 𝐻1Ω is equal to +1.

The proof is based on considering the vector field

𝐾𝑡 = (𝐼 − 𝑡𝐺)𝑤.

On spheres of sufficiently large radius in 𝐻1Ω, 𝐾𝑡𝑤 has no zero vectors if 0 ≤
𝑡 ≤ 1. Indeed, if for some 𝑡0 the relation 𝑤0 = 𝑡0𝐺𝑤0 were to hold, then from
(10) we would obtain Φ(𝑤0, 𝑡0) = 0, which is impossible in view of Lemma 2.
Thus the fields 𝐾1𝑤 = (𝐼 −𝐺)𝑤, 𝐾0𝑤 = 𝐼𝑤 are homotopic (7). But the rotation
of the field 𝐾0𝑤 = 𝐼𝑤 is +1. The lemma is proved. From Lemmas 1, 2 and 3
the following theorems follow.

Theorem 1. Suppose that all the conditions of item 2 are fulfilled. In this case
the system (3)—(7) has at least one generalized solution in the sense of (10)—
(11).

Theorem 2. If the conditions of item 2 are fulfilled, all generalized solutions
of the system (3)—(7) lie in some sphere of the space 𝐻1Ω.
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As has already been indicated, the system (10), (11) does not always have
a unique solution. In order for uniqueness to hold, additional conditions are
necessary.

Theorem 3. If, under the conditions of item 2, the external forces have the
form 𝑋 = 𝜆𝑋0, 𝑌 = 𝜆𝑌0, 𝑍 = 𝜆𝑍0, then the system (3)—(7) has only one
branch of generalized solutions 𝑤(𝜆), such that ‖𝑤(𝜆)‖𝐻1Ω

→ 0 as 𝜆 → 0.

Theorem 4. Suppose that all the conditions of § 2 are satisfied and, in addition,
the inequalities |1/𝑅1| ⩽ 𝛿, |1/𝑅2| ⩽ 𝛿, |2/𝑅12| ⩽ 𝛿 hold, where 𝛿 is determined
by 𝑆, the thickness, and the elastic characteristics of the shell. In this case,
if 𝑋, 𝑌 , 𝑍 are sufficiently small in the norm in 𝐿𝑝, then (6)—(7) has only one
generalized solution.

Let us note that Theorems 3 and 4, at least in broad outline, cover the essential
conditions for uniqueness. Indeed, if the shell has sufficiently large curvatures,
then even for 𝑋 = 𝑌 = 𝑍 = 0 several forms of equilibrium are possible. Further,
if the curvatures of the shell are small (a plate), then under sufficiently large
loads several forms of equilibrium are also possible.

5. Using the equation 𝔴 = 𝐺𝔴, one can study the differential properties of
the solutions.

6. The Schauder—Leray method makes it possible to consider other boundary
conditions for fixing the shell, including mixed ones, as well as the case of
an inhomogeneous and anisotropic shell.

Rostov-on-Don
State University

Received
21 XII 1956
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