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Abstract
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THEORY OF ELASTICITY

N. F. MOROZOV

ON A NONLINEAR THEORY OF THIN
PLATES

(Presented by Academician V. I. Smirnov, 17 XI 1956)

In the present work we consider the question of the existence of a solution to
the problem of the bending of a thin plate. D. Yu. Panov (}), and subsequently
Friedrichs and Stoker (?), proved the existence of a solution in the case of a
circular symmetrically loaded plate. I. I. Vorovich () considered this question
for a shallow shell. We shall solve the problem by methods different from those
in (3), and for other boundary conditions.

Consider the system of equations
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For A =1 the system (1) becomes the well-known system of Kdrman equations.
For small A\ the solution can be found by using various methods of functional
analysis, for example the contraction mapping method, Newton’ s method as
developed by L. V. Kantorovich (%), etc. In solving the problem for A = 1 we
apply the Schauder-Leray method ().

Transforming system (1), we obtain the integral equality

sovietrxiv.org/items/ru-195701.93318 Machine Translation


https://sovietrxiv.org/items/ru-195701.93318

%[/FA2FdQ+E//wA2wdQ: Eﬂqwd(}. (4)
D Q Q D Q

If F, and w, belong to W3 (%), satisfy (2) or (3) and equation (1), then from
(4) it is easy to obtain

lwollwz < [AlBy,

[Eollwz < IAIB,. ()

Here, as below, B’ are constants depending only on ¢, k, D, F, and the contour.

The system of differential equations (1) and boundary conditions (2) or (3) is
equivalent to the system of integro-differential equations
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where G is the biharmonic Green’ s function satisfying the corresponding bound-
ary conditions.

Differentiating (6) twice with respect to x and y, we obtain a functional equation
of the form

z=AD(2), (7)

where z is a sextuple of functions
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We consider (7) in the Banach vector space of continuous functions. The trans-
formation ® is completely continuous in the space C. In this case, in order to
prove the existence of a solution, we apply the aforementioned Schauder-Leray
principle, which consists in the following:

a) The concept of topological degree is introduced (°).
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b) The transformation F\, = z — A®(z), A € [0,1], F) = z, F} = z — ®(2), is
considered.

c) It is shown that F,, and F; are homotopic (") on some sphere |z]|, =
R in the space C' of continuous vector-functions, and, consequently, the
topological degrees of the transformations F(z) and F(z) at the point
zero are equal. Since the degree of Fj(z) at the point zero is known and
is equal to +1, it follows from homotopy that the degree of Fj(z) at the
point zero is also equal to 41, and, by the property of the topological
degree, there exists in the space C' an element Z satisfying (5) for A = 1.

To prove the homotopy of the transformations Fy and F; on some sphere |z||o =
R, it is necessary to show that on this sphere there is no point mapped by Fy(2)
into zero for any A € [0,1], or to establish the stronger result that all solutions
of the functional equation z—A®(z) = 0 for all A € [0, 1] are a priori bounded by
some constant B, depending on ¢, h, D, E and the contour, but not depending
on the solutions themselves.

Let us prove the latter assertion. We give some information concerning the
biharmonic Green’ s function G(P, Q). The function G(P, Q) is continuous and
has uniformly continuous first derivatives with respect to both variables in the
domain Q. For P # @, G is differentiable an arbitrary number of times, and as
P — @ the estimates

OGP, Q) 2
o | < CrpgIn” 1pg,
OP" P, PQ @
ny +ny =n+2, n=20,1,..., P=(PP,). (8)

hold.

Taking into account the estimates (8), it is easy to verify that if z, belongs
to the space C and satisfies (7), then the corresponding w,, F, belong to Wi,
satisfy the boundary conditions and equation (1). From (5) it follows:

l20ll, < IAIBs. 9)

But we need to obtain estimates of the form (9) in the space C. The following
results are known:

a) If
Py = [[1 do,
u(P) //Q nrpou(@Q) dog
where #(Q) € Ly(2) and [(Q)], < A, then

u(P) € L,, qis arbitrary in (0, 00), ||u||Lq < C1 4.

sovietrxiv.org/items/ru-195701.93318 Machine Translation


https://sovietrxiv.org/items/ru-195701.93318

b) If, moreover, u(Q) € L,, where p > 2, and ||,u(Q)||Lp < Ay, thenu(P) € C
and
lule < CyA,.

Applying both these results successively to the twice differentiated equations
(6), we obtain the inequality

[20llc < |AIBy- (10)

Remark. Since all possible solutions (7) are estimated a priori by inequality
(10) through the corresponding A, applying the contraction-mapping principle,
we obtain uniqueness of the solution of (7), and consequently also of (1), for
small \.

Above it was pointed out that estimates are needed for the biharmonic Green’ s
function and its derivatives. The existence of the Green’ s function was shown
in the works (%?). The Green’ s function is considered as the sum of two terms
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by 7, p, and r; here and below we denote distances between points.

Let z € Q, 25 € Q. Then the boundary conditions for g are sufficiently smooth,
and the apparatus of N. I. Muskhelishvili (}°) may be applied. We have Ag =
4Re{¢’(z,2y)}. For ¢ we obtain the integral equation
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Hence
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where p = p(t, 70), 11 = 4 (b 1),
Analogously, Im{A(t,, z,)} is written.

It is easy to see from (12) that, for a sufficiently smooth contour S and z, € €,
Re{¢(z, z5)} has n-th continuous derivatives in .

Recall the integral relation existing for the biharmonic Green’ s function

r2, Inr 1 OAG(C, zp) 1 [ortlar
T Mz L5 OAG(S 2) _7/ A _
G(z,2y) o +27T/ST<Z nre, Y ds o ), aw G(¢, 2y ds
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From the results of N. M. Giinter and Ch. L. Smolitskii (') one can derive a
lemma.

Lemma. Let

U= /ln To z, DT o dSg.
s
Then, for a sufficiently smooth contour, for z; # z4, 1 and z4 € Q,

o"u

< Br;™llnr n=12 ..,
0xy

T1T3 LT3

where 7, , is the distance between the points x; and z.
Using the lemma and equality (13), we obtain the theorem:

Theorem. For a sufficiently smooth contour, the biharmonic Green’ s function
G is uniformly continuous in € together with its first derivatives. For z # z it
is differentiable an arbitrary number of times, and as z — z, the estimates hold

"Gz, zy)
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RN <Cr2In"r,., ny+ng =n+2, 2z+izg=2, n=0,1,..
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