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Abstract
Full Text
MATHEMATICS
V. M. TSODYKS

ON SETS OF POINTS AT WHICH THE
DERIVATIVE IS EQUAL, RESPECTIVELY,
TO +∞ AND −∞
(Presented by Academician M. V. Keldysh on 28 IX 1956)

In papers (1–4) the descriptive and metric nature was clarified of each of the
sets on which the derivative of a function of a real variable is equal, respectively,
to +∞ and −∞. In the present note we briefly state a theorem which also
resolves the question of the mutual position of these sets.

Theorem. In order that the sets 𝐸1, 𝐸2 of points of the axis 𝑂𝑋 be the sets
of all points at which the derivative of some function of one real variable, finite
at every point, exists and is equal, respectively, to +∞, −∞, it is necessary and
sufficient that:

1) 𝐸1, 𝐸2 have measure zero and belong to the class 𝐹𝜎𝛿;

2) there exist two disjoint sets 𝐻1, 𝐻2, belonging to the class 𝐹𝜎, such that
𝐸1 ⊂ 𝐻1, 𝐸2 ⊂ 𝐻2.

Proof. The necessity of condition 1) is known. Let us construct sets 𝐻1 and
𝐻2 satisfying condition 2).

Let 𝑓(𝑥) be a function finite at every point of the axis 𝑂𝑋. For any natural
𝑛, denote by 𝑃 1

𝑛 the set of points 𝑥∗ for each of which there exists at least one
point 𝑧 = (𝑥∗, 𝑦) with abscissa 𝑥∗, where |𝑦| ≤ 𝑛, such that

𝑓(𝑥∗ + ℎ) − 𝑦
ℎ ≥ 1, if 0 < |ℎ| < 1

𝑛.

Denote by 𝑃 2
𝑚 the set of points 𝑥∗∗ for each of which there exists at least one

point 𝑧 = (𝑥∗∗, 𝑦) with abscissa 𝑥∗∗, where |𝑦| ≤ 𝑚, such that

𝑓(𝑥∗∗ + ℎ) − 𝑦
ℎ ≤ −1, if 0 < |ℎ| < 1

𝑚.

The sets 𝑃 1
𝑛 and 𝑃 2

𝑚 are closed sets and, for any 𝑚 and 𝑛, do not intersect.

Put
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𝐻1 = ∑
𝑛

𝑃 1
𝑛 , 𝐻2 = ∑

𝑚
𝑃 2

𝑚.

We shall now prove the sufficiency of the stated conditions.

1. Let sets 𝐸1, 𝐸2, 𝐻1, 𝐻2 be given, with mes 𝐸𝑖 = 0, 𝐻𝑖 ⊃ 𝐸𝑖, 𝐻1 ⋅ 𝐻2 = 0,
and

𝐸𝑖 =
∞
∏
𝑛=1

𝐸𝑖
𝑛, 𝐸𝑖

𝑛 =
∞

∑
𝑘=1

𝐸𝑖
𝑛,𝑘, 𝐻𝑖 =

∞
∑
𝑘=1

𝐹 𝑖
𝑘,

where 𝐸𝑖
𝑛,𝑘, 𝐹 𝑖

𝑘 are closed sets (𝑖 = 1, 2).
Let 𝐺𝑛 (𝑛 = 1, 2, …) be open sets containing 𝐸1 +𝐸2, with mes 𝐺𝑛 < 1/2𝑛. We
may assume that 𝐺𝑛+1 ⊂ 𝐺𝑛; 𝐸𝑖

𝑛 ⊂ 𝐺𝑛; 𝐹 𝑖
𝑘 ⊂ 𝐹 𝑖

𝑘+1; 𝐸𝑖
𝑛,𝑘 ⊂ 𝐸𝑖

𝑛,𝑘+1; 𝐸𝑖
𝑛+1,𝑘 ⊂

𝐸𝑖
𝑛,𝑘 ⊂ 𝐹 𝑖

𝑘. Let 𝐶1
𝑘 and 𝐶2

𝑘 be open disjoint sets, where 𝐶𝑖
𝑘 ⊃ 𝐹 𝑖

𝑘. Finally, let a
summ-

measurable function 𝑢(𝑥) = ∑∞
𝑛=1 𝑢𝑛(𝑥), where 𝑢𝑛(𝑥) = 1 for 𝑥 ∈ 𝐺𝑛; 𝑢𝑛(𝑥) =

0 for 𝑥 ∉ 𝐺𝑛.

Place in the sets 𝐸1
𝑛 and 𝐸2

𝑛, respectively, the sets 𝑒1
𝑛 and 𝑒2

𝑛, where 𝑒𝑖
𝑛 =

∑∞
𝑘=1 𝑒𝑖

𝑛,𝑘, and the 𝑒𝑖
𝑛,𝑘 are sets simultaneously of type 𝐹𝜎 and 𝐺𝛿, having the

following properties:

1) 𝑒𝑖
𝑛,1 = 𝐸𝑖

𝑛,1 ⊂ 𝐶𝑖
1, 𝑒𝑖

𝑛,𝑘+1 ⊃ 𝑒𝑖
𝑛,𝑘, 𝐸𝑖 ⋅ 𝐸𝑖

𝑛,𝑘 ⊂ 𝑒𝑖
𝑛,𝑘 ⊂ 𝐸𝑖

𝑛,𝑘 ⊂ 𝐶𝑖
𝑘.

2) For each integer 𝑘 ⩾ 2 there exist two open sets 𝑔∗
𝑛,𝑘 and 𝑔𝑛,𝑘, and for

𝑘 = 1 one open set 𝑔𝑛,1, such that:

a) 𝐺𝑛 = 𝑔𝑛,1 ⊃ 𝑒𝑖
𝑛,1;

b) 𝑔𝑛,𝑘−1 − (𝑒1
𝑛,𝑘−1 + 𝑒2

𝑛,𝑘−1) ⊃ 𝑔∗
𝑛,𝑘 ⊃ 𝑔𝑛,𝑘 ⊃ (𝑒𝑖

𝑛,𝑘 − 𝑒𝑖
𝑛,𝑘−1), where 𝑘 ⩾ 2;

c) the points of the set 𝑒𝑖
𝑛,1 are points of density for (𝑔𝑛,1 − 𝑔∗

𝑛,2); for 𝑘 ⩾ 2
the points of (𝑒𝑖

𝑛,𝑘 − 𝑒𝑖
𝑛,𝑘−1) are points of density for (𝑔𝑛,𝑘 − 𝑔∗

𝑛,𝑘+1);
d) if 𝑥0 ∈ 𝑔∗

𝑛,𝑘, then for any ℎ

∫
𝑔ℎ

𝑛,𝑘

𝑢(𝜉) 𝑑𝜉

ℎ < 1
2𝑘 ,

where 𝑔ℎ
𝑛,𝑘 = 𝑔𝑛,𝑘 ⋅ [𝑥0, 𝑥0 + ℎ] (or 𝑔𝑛,𝑘 ⋅ [𝑥0 + ℎ, 𝑥0], if ℎ < 0).

Obviously, 𝐸𝑖
𝑛 ⊂ 𝑒𝑖

𝑛 ⊂ ̄𝐸𝑖
𝑛, and the points of the set 𝑒𝑖

𝑛 are points of density for
the set Ω𝑖

𝑛 = ∑∞
𝑘=1(𝑔𝑛,𝑘 − 𝑔∗

𝑛,𝑘+1) ⋅ 𝐶𝑖
𝑘, moreover Ω1

𝑛 ⋅ Ω2
𝑛 = 0.

2. We now construct auxiliary functions.
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Let 𝑒𝑖
𝑛,1 = ∏∞

𝑙=1 𝐺(𝑙)𝑖
𝑛,1, where 𝐺(𝑙)𝑖

𝑛,1 is an open set, 𝐺(𝑙+1)𝑖
𝑛,1 ⊂ 𝐺(𝑙)𝑖

𝑛,1 ⊂ 𝑔𝑛,1. Let
𝑒𝑖

𝑛,𝑘 − 𝑒𝑖
𝑛,𝑘−1 = ∏∞

𝑙=1 𝐺(𝑙)𝑖
𝑛,𝑘, where 𝐺(𝑙)𝑖

𝑛,𝑘 is an open set,

𝐺(𝑙+1)𝑖
𝑛,𝑘 ⊂ 𝐺(𝑙)𝑖

𝑛,𝑘 ⊂ 𝑔𝑛,𝑘, 𝐺(𝑙+1)𝑖
𝑛,𝑘 ⊂ 𝐺(𝑙)𝑖

𝑛,𝑘+𝐸𝑖
𝑛,𝑘 (𝑛 = 1, 2, 3, … ; 𝑘 = 2, 3, … ; 𝑖 = 1, 2).

We set

𝑣(1)
𝑛 (𝑥) =

⎧{{
⎨{{⎩

𝑙, for 𝑥 ∈ 𝐺(𝑙)1
𝑛 − 𝐺(𝑙+1)1

𝑛 ,

+∞, for 𝑥 ∈
∞
∏
𝑙=1

𝐺(𝑙)1
𝑛 ,

0, at the remaining points;

𝑣(2)
𝑛 (𝑥) =

⎧{{
⎨{{⎩

−𝑙, for 𝑥 ∈ 𝐺(𝑙)2
𝑛 − 𝐺(𝑙+1)2

𝑛 ,

−∞, for 𝑥 ∈
∞
∏
𝑙=1

𝐺(𝑙)2
𝑛 ,

0, at the remaining points,

where 𝐺(𝑙)𝑖
𝑛 = ∑∞

𝑘=1 𝐺(𝑙)𝑖
𝑛,𝑘, and, obviously, 𝑒𝑖

𝑛 ⊂ 𝐺(𝑙)𝑖
𝑛 ⊂ 𝐺𝑛. Let

𝑤(1)
𝑛 (𝑥) = {min[𝑣(1)

𝑛 (𝑥), 𝑢(𝑥)] for 𝑥 ∈ Ω1
𝑛,

0 at the remaining points;

𝑤(2)
𝑛 (𝑥) = {max[𝑣(2)

𝑛 (𝑥), −𝑢(𝑥)] for 𝑥 ∈ Ω2
𝑛,

0 at the remaining points.

Let, further,

𝑊 (𝑖)
𝑛 (𝑥) = ∫

𝑥

0
𝑤(𝑖)

𝑛 (𝜉) 𝑑𝜉.

Then:

1) for 𝑥 ∈ 𝐸1
𝑛 we have 0 ≤ 𝑊 (1)

𝑛 (𝑥) < +∞;

2) for 𝑥 ∈ 𝐸2, moreover, 0 ≤ 𝑊 (1)
𝑛 (𝑥) < +∞;

3) for 𝑥 ∈ 𝐸2
𝑛 we have −∞ < 𝑊 (2)

𝑛 (𝑥) ≤ 0;

4) for 𝑥 ∈ 𝐸1, moreover, −∞ < 𝑊 (2)
𝑛 (𝑥) ≤ 0 (by 𝑊 (𝑖)

𝑛 (𝑥) and 𝑊 (𝑖)
𝑛 (𝑥) are

denoted the upper and lower derivatives of the function 𝑊 (𝑖)
𝑛 (𝑥)).
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3. We pass to the construction of the required function. Put

𝑤(1)∗
𝑛 (𝑥) = min

𝑚≤𝑛
𝑤(1)

𝑚 (𝑥), 𝑤(2)∗
𝑛 (𝑥) = max

𝑚≤𝑛
𝑤(2)

𝑚 (𝑥);

𝑤(1)∗∗
𝑛 (𝑥) = max[0, 𝑤(1)∗

𝑛 (𝑥) − (𝑛 − 1)];

𝑤(2)∗∗
𝑛 (𝑥) = min[0, 𝑤(2)∗

𝑛 (𝑥) + (𝑛 − 1)].

Let

𝑓 (1)
𝑛 (𝑥) = min[𝑢𝑛(𝑥), 𝑤(1)∗

𝑛 (𝑥)], 𝑓 (2)
𝑛 (𝑥) = max[−𝑢𝑛(𝑥), 𝑤(2)∗∗

𝑛 (𝑥)].

If 𝑥0 ∈ 𝐸1, then 𝑥0 is a point of density for the set where 𝑓 (1)
𝑛 (𝑥) = 1, and a

point of rarefaction for the set where 𝑓 (2)
𝑛 (𝑥) = −1 (these sets do not intersect).

If 𝑥∗ ∈ 𝐸2, then 𝑥∗ is a point of density for the set where 𝑓 (2)
𝑛 (𝑥) = −1, and a

point of rarefaction for the set where 𝑓 (1)
𝑛 (𝑥) = 1.

Now put

𝑓 (𝑖)(𝑥) =
∞

∑
𝑛=1

𝑓 (𝑖)
𝑛 (𝑥), 𝐹 (𝑖)(𝑥) = ∫

𝑥

0
𝑓 (𝑖)(𝜉) 𝑑𝜉.

The functions 𝐹 (1)(𝑥) and 𝐹 (2)(𝑥) satisfy the conditions:

𝐹 (1)(𝑥) ≤ 𝑊 (1)
𝑛 (𝑥) + (𝑛 − 1), 𝐹 (1)(𝑥) ≤ 𝑊 (1)

𝑛 (𝑥) + (𝑛 − 1);

𝐹 (2)(𝑥) ≥ 𝑊 (2)
𝑛 (𝑥) − (𝑛 − 1); 𝐹 (2)(𝑥) ≥ 𝑊 (2)

𝑛 (𝑥) − (𝑛 − 1).

The function absolutely continuous on every segment of the axis 𝑂𝑋,

𝐹(𝑥) = 𝐹 (1)(𝑥) + 𝐹 (2)(𝑥),

satisfies the conditions of the theorem:

I. If 𝑥0 ∈ 𝐸1, then 𝐹 ′(𝑥0) = +∞.

II. If 𝑥∗ ∈ 𝐸2, then 𝐹 ′(𝑥∗) = −∞.

III. If 𝑥 ∈ 𝐸1 + 𝐸2, then 𝐹(𝑥) < +∞, 𝐹(𝑥) > −∞.
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