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APPROXIMATION

(Presented by Academician V. I. Smirnov, 25 X 1956)

Let D be a point set in the space of 2n 4+ 2 dimensions R,,, ,,, satisfying the
following conditions: 1) if the point P = (zy, 4, ..., T,,, Yo, Y1, -+ » Yp,) Delongs to
D, then necessarily a < zq < 21 < - < x,, < b, where a < b are given real
numbers; 2) for any fixed values a < zj) < z§ < - < &} < b, all points of D of
the form (af, 23, ..., 2%, Yo Y1, - Yp,) form in the (n + 1)-dimensional subspace
Y, ., of the space R,, o a nonempty open parallelepiped Dy. (not necessarily

T

bounded).

Definition 1. We shall call a set K of functions F(z), continuous on the
segment [a,b], an interpolation class (relative to the set D) if: 1) for any
function F(z) € K and any values a < 25 < z; < - < z,, < b, the point
(T Ty eee s Ty F(xg), F(21), ..., F(2,,)) belongs to the set D; 2) whatever the
point P = (g, %1, ..., Ty, Yo, Y15 - » Yp) € D, there exists one and only one func-

tion F(x) € K for which

F(z;) =y, (i=0,1,...,n). (1)

This definition includes, as special cases, the interpolation classes of functions
considered in the works (173).

Definition 2. We shall agree to say that a function f(z) of the argument
x belongs to the class Cp([a,b]) if it is defined and continuous on the entire
segment [a,b] and, for any values ¢ < zy < z; < -+ < z,, < b, the point
(Tgy Tqyeee s Ty f(2g), f(21), ..., f(z,,)) belongs to the set D.

Let f(x) € Cp([a,b]), and let S be some closed set of points of the segment
[a,b], containing no fewer than n 4+ 2 points. The problem consists in finding
a function F*(x) of the class K that deviates least from f(x) on S, i.e. such a
function F*(z) € K for which

max |f(z) — F*(z)| = inf {max /() — F(m)\} — F[f; 5]. (2)

z€eS F(z)eK | z€S
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By the arguments of work (%), for problem (2) the fundamental theorems of
the theory of Chebyshev approximation are easily established, in particular, the
unique solvability of the indicated problem.

Definition 3. We shall call an interpolation class K boundedly compact if
from every infinite bounded family of functions of the given class one can extract
a subsequence converging uniformly to some function of the same class.

An example of an interpolation class that is not boundedly compact is the two-
parameter family of functions F(z;ty,t,) = tye'r® for 0 <z < 1; 0 < t, < +00;
—oo <ty < +o0.

Definition 4. We shall call an interpolation class K linear if, together with
any two of its functions F} (x) and F,(z), it also contains any linear combination
¢ Fy(x) 4+ co Fy(x) of them for real ¢y, c,.

We proceed to methods for the actual solution of problem (2). The computa-
tional schemes proposed below are based on the solution of an auxiliary one-
parameter problem, which is as follows: for a bounded and closed plane point
set @), it is required to determine the value of the real parameter A = \* from
the condition

max |v— Au| = L()\) = min. (3)
(u,v)eQ

A simple graph-analytic solution of the latter problem was proposed by E. Ya.
Remez (4). However, this solution can also be found by a purely analytic method,
by the formula

. Vy — v
A= inf max ——— % (4)
(uy,01)€Qq | (u2,v5)€Qy Uy + |u1‘
uq,<0 Uy >0

where Q, = QU (—Q).

Let first the class K be linear, and let the exact solution F_(z) of the analogous
problem on a finite e-net S, of the original set S be taken as the approximate
solution of problem (2). To find the latter one may recommend the finite and
monotone analogue of the second algorithm of E. Ya. Remez (5). Instead of the
usual correction F(x), given by that algorithm to the approximating function
F(z), one takes each time a correction in the form \ F'(x), where the value A = X
is, as a rule, the solution of the one-parameter problem (3) for the set @), of pairs

of numbers (F(x), f(z)—F(z)), obtained for z € S.. Correspondingly, the next
set of n + 2 points of S, is chosen for constructing the following approximation.

Suppose the function F.(z) has already been found. If now £ — 0, then always
E[f;S.] — EI[f;S], and in the case of bounded compactness of the class K
also F_(z) — F*(z) (uniformly with respect to x), where F*(z) is the function
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least deviating from f(x) on S. In particular, if the class K coincides with the
class H,, of all algebraic polynomials of degree not exceeding n, S = [a,b], and
|f”(x)] < M,, then it turns out that

max |f(z) — F.(x)| — E[f; S.] = O(?). (®)

a<z<b

This estimate, generally speaking, no longer permits an improvement of order,
as is shown by the example of the function f(x) = 22 for n = 0.

For finding an approximate solution of problem (2) directly on the entire segment
[a,b], one may propose a method that is a modification of the first algorithm
of E. Ya. Remez (5) and its extension to the case of linear bounded compact
interpolation classes. It consists in the following. We start from some “zero”
approximation Fy(x) of the function f(x) on [a,b] and set Ay(z) = f(x)— Fy(z).
Suppose the function Ay (x) has already been constructed. Then it is possible to
construct a function F_(z) € K such that, in a sufficiently wide neighborhood
of each point of absolute maximum of |A; (x)| on [a, b], the condition

sign Fy, () = sign Ay (2) (6)

is satisfied. This is achieved by a proper choice of the zero function Fj_(x) on
the segment [a, b].

Let A = X\, ; be the solution (even if only approximate) of the one-parameter
problem (3) for the set @ of pairs of numbers (F,_;(z), A,(x)), where 2 ranges

sweeps the whole segment [a,b]. Then we set A, (z) = Ap(x) — Ay Florr (@),
and so on. The process turns out to be convergent provided appropriate con-
ditions are satisfied in the choice of the zeros of each of the functions Fj ,(z)
(k=0,1,2,...).

5

)

We note that, for the application of the second algorithm of E. Ya. Remez
bounded compactness of the class K alone is sufficient. One need only take this
algorithm in its “nonlinear” form, as it is presented in the paper>.

For the final refinement of the magnitude of the deviation and of the alternation
points, Newton’ s method may also be applied.
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