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Abstract
Full Text
MATHEMATICS
V. I. VOLKOV

ON THE CONVERGENCE OF SEQUENCES
OF LINEAR POSITIVE OPERATORS IN THE
SPACE OF CONTINUOUS FUNCTIONS OF
TWO VARIABLES
(Presented by Academician V. I. Smirnov on 10 I 1957)

P. P. Korovkin (1) proved the theorem that from the uniform convergence of
a sequence of linear positive operators 𝐿𝑛(𝑓𝑘; 𝑥) to 𝑓𝑘(𝑥), 𝑘 = 1, 2, 3, on the
interval [𝑎, 𝑏], where {𝑓𝑘(𝑥)}3

1 is a Chebyshev system on this interval, it follows
that 𝐿𝑛(𝑓; 𝑥) converges uniformly to 𝑓(𝑥), where 𝑓(𝑥) is any continuous function
on the interval.

In the present note we investigate conditions for the convergence of a sequence
of linear positive operators in the space of continuous functions of two variables.

Let 𝐿𝑛(𝑓(𝜉, 𝜂); 𝑥, 𝑦) be a sequence of linear positive operators defined on the set
of functions 𝑓(𝑥, 𝑦) continuous in the closed and bounded domain 𝐷.

Theorem 1. If, for the sequence of linear positive operators 𝐿𝑛(𝑓; 𝑥, 𝑦), the
following conditions are satisfied:

1) 𝐿𝑛(1; 𝑥, 𝑦) = 1 + 𝛼𝑛(𝑥, 𝑦);
2) 𝐿𝑛(𝜉; 𝑥, 𝑦) = 𝑥 + 𝛽𝑛(𝑥, 𝑦);
3) 𝐿𝑛(𝜂; 𝑥, 𝑦) = 𝑦 + 𝛾𝑛(𝑥, 𝑦);
4) 𝐿𝑛(𝜉2 + 𝜂2; 𝑥, 𝑦) = 𝑥2 + 𝑦2 + 𝛿𝑛(𝑥, 𝑦),

where 𝛼𝑛, 𝛽𝑛, 𝛾𝑛, 𝛿𝑛 tend uniformly to zero in the domain 𝐷, then the sequence
𝐿𝑛(𝑓; 𝑥, 𝑦) converges uniformly to 𝑓(𝑥, 𝑦), provided 𝑓(𝑥, 𝑦) is continuous in this
domain.

Proof. Put 𝜓(𝜉, 𝜂) = (𝜉 − 𝑥)2 + (𝜂 − 𝑦)2. From conditions 1)—4) and the
linearity of the operators it follows that

𝐿𝑛(𝜓; 𝑥, 𝑦) = 𝐿𝑛(𝜉2 + 𝜂2; 𝑥, 𝑦) − 2𝑥𝐿𝑛(𝜉; 𝑥, 𝑦)
− 2𝑦𝐿𝑛(𝜂; 𝑥, 𝑦) + (𝑥2 + 𝑦2)𝐿𝑛(1; 𝑥, 𝑦) → 0. (1)
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Since the function 𝑓(𝑥, 𝑦), continuous in a closed domain, is bounded in it,
|𝑓(𝑥, 𝑦)| < 𝑀 , we have

−2𝑀 < 𝑓(𝜉, 𝜂) − 𝑓(𝑥, 𝑦) < 2𝑀. (2)

Further, for every 𝜀 > 0 one can indicate a 𝜌 > 0 such that the inequalities

−𝜀 < 𝑓(𝜉, 𝜂) − 𝑓(𝑥, 𝑦) < 𝜀, (3)

hold whenever (𝜉 − 𝑥)2 + (𝜂 − 𝑦)2 < 𝜌2.

Using inequalities (2) and (3), we easily verify the validity of the inequalities

−𝜀 − 2𝑀
𝜌2 𝜓(𝜉, 𝜂) < 𝑓(𝜉, 𝜂) − 𝑓(𝑥, 𝑦) < 𝜀 + 2𝑀

𝜌2 𝜓(𝜉, 𝜂) (4)

for any two points of the region 𝐷.

From relations (4) and the monotonicity of linear positive operators it follows
that

−𝜀𝐿𝑛(1) − 2𝑀
𝜌2 𝐿𝑛(𝜓) < 𝐿𝑛(𝑓) − 𝑓(𝑥, 𝑦)𝐿𝑛(1) < 𝜀𝐿𝑛(1) + 2𝑀

𝜌2 𝐿𝑛(𝜓).

Consequently, by virtue of the first condition of the theorem and relation (1),
for sufficiently large 𝑛 the inequality

|𝐿𝑛(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| < 2𝜀

will hold.

The theorem is proved.

We shall show that, under the conditions of Theorem 1, the four functions
1, 𝑥, 𝑦, 𝑥2 + 𝑦2 cannot be replaced by any three functions.

Lemma. If any three continuous functions 𝑓𝑘(𝑃 ), 𝑘 = 1, 2, 3, are given on a set
from which one can select a closed line 𝑙 and a point 𝐶 outside it, then there
exists a polynomial

𝐹(𝑃) = 𝑎1𝑓1(𝑃 ) + 𝑎2𝑓2(𝑃 ) + 𝑎3𝑓3(𝑃 )

and at least three points 𝑃𝑖, 𝑖 = 1, 2, 3, such that 𝐹(𝑃𝑖) = 𝐶. For this polynomial
not all coefficients are equal to zero.

Proof. Let 𝐴 and 𝐵 be any distinct points on 𝑙. If the determinant of the
third order, formed from the values of 𝑓(𝑃 ) at the points 𝐴, 𝐵, and 𝐶, is equal
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to zero, then the lemma is true. If, however, this determinant is different from
zero, then, interchanging 𝐴 and 𝐵 by a continuous motion, we shall change the
sign of the determinant and again obtain three points at which the mentioned
determinant will be equal to zero.

Without changing the method proposed by P. P. Korovkin for the proof of
Theorem 3 in [1], the following theorem can be proved.

Theorem 2. Let 𝑓𝑘(𝑃 ), 𝑘 = 1, 2, … , 𝑚, be continuous functions on some
connected set 𝐸. If from the relations

𝐿𝑛(𝑓𝑘; 𝑃 ) ⇉ 𝑓𝑘(𝑃 ), 𝑘 = 1, 2, … , 𝑚,

there follows the uniform convergence of the sequence 𝐿𝑛(𝑓; 𝑃 ) to 𝑓(𝑃 ), where
𝐿𝑛(𝑓, 𝑃 ) is any sequence of linear positive operators and 𝑓(𝑃 ) is any continuous
function on 𝐸, then for any triple of points 𝑃𝑖 ∈ 𝐸, 𝑖 = 1, 2, 3, the rank of the
matrix

⎛⎜
⎝

𝑓1(𝑃1) 𝑓2(𝑃1) … 𝑓𝑛(𝑃1)
𝑓1(𝑃2) 𝑓2(𝑃2) … 𝑓𝑛(𝑃2)
𝑓1(𝑃3) 𝑓2(𝑃3) … 𝑓𝑛(𝑃3)

⎞⎟
⎠

is equal to three.

From the lemma and Theorem 2, Theorem 3 follows immediately.

Theorem 3. It is impossible to choose three functions 𝑓𝑘(𝑥, 𝑦), 𝑘 = 1, 2, 3,
continuous in the region 𝐷, such that from the relations

𝐿𝑛(𝑓𝑘; 𝑥, 𝑦) = 𝑓𝑘(𝑥, 𝑦) + 𝛼𝑛,𝑘(𝑥, 𝑦), 𝛼𝑛,𝑘(𝑥, 𝑦) ⇉ 0,

there would follow the equality

𝐿𝑛(𝑓; 𝑥, 𝑦) = 𝑓(𝑥, 𝑦) + 𝛽𝑛(𝑥, 𝑦), 𝛽𝑛(𝑥, 𝑦) ⇉ 0,

where 𝑓(𝑥, 𝑦) is any continuous function in 𝐷̄, and 𝐿𝑛(𝑓; 𝑥, 𝑦) is any sequence
of linear positive operators.

Remark. If 𝐷̄ is a closed and bounded domain of an 𝑚-dimensional space
and 𝐿𝑛(𝑓; 𝑥1, 𝑥2, … , 𝑥𝑚) is a sequence of linear positive operators defined for
all functions 𝑓(𝑥1, 𝑥2, … , 𝑥𝑚) continuous in the domain, then Theorem 1 will
be valid if, in its condition, the functions 1, 𝑥, 𝑦, 𝑥2 + 𝑦2 are replaced by the
functions

1, 𝑥1, 𝑥2, … , 𝑥𝑚,
𝑚

∑
𝑘=1

𝑥2
𝑘,
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and Theorem 3 remains in force when, in its condition, three functions are
replaced by 𝑚 + 1 functions.
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