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Abstract
Full Text
MATHEMATICS

V. S. SKVORTSOV

APPLICATION OF THE METHOD OF GRIDS
TO THE SOLUTION OF SYSTEMS OF PAR-
TIAL DIFFERENTIAL EQUATIONS
(Presented by Academician N. N. Bogolyubov, 21 IX 1956)

This paper investigates conditions for the applicability of the method of finite
differences to the solution of the first boundary-value problem for a system of
linear partial differential equations of second order with constant coefficients, of
elliptic type in 𝑛-dimensional space. With the aid of the constructed fundamen-
tal matrix, under certain additional assumptions, the existence of a solution of
the finite-difference approximation to such a system is proved. Without using
the “maximum principle”(in the case under consideration it is not applicable),
an estimate is given for the error of the finite-difference solution of the boundary-
value problem for a second-order system with constant coefficients in spaces of
two and three dimensions.

Let an infinite rectangular grid be given in 𝑛-dimensional space, with equal step
ℎ in the directions of all coordinate axes. The points of the grid have coordinates
that are multiples of ℎ; we shall denote them by (𝑗1ℎ, … , 𝑗𝑛ℎ) = 𝑗ℎ. The value
of a function 𝑢 at such a point will be denoted by 𝑢𝑗 (𝑗1, … , 𝑗𝑛 are integers). We
shall also use the usual vector notation. Denote by 𝛿 the translation operator
and agree to write:

𝛿𝑘1
1 … 𝛿𝑘𝑛𝑛 𝑢(𝑥1, … , 𝑥𝑛) = 𝑢(𝑥1 + 𝑘1ℎ, … , 𝑥𝑛 + 𝑘𝑛ℎ) =

= 𝑢[(𝑗1 + 𝑘1)ℎ, … , (𝑗𝑛 + 𝑘𝑛)ℎ] = 𝑢𝑗1+𝑘1,…,𝑗𝑛+𝑘𝑛
= 𝑢∗

𝑗+𝑘.

The derivatives occurring in the differential equations will be replaced according
to the scheme

( 𝜕 𝑙1+⋯+𝑙𝑛𝑢
𝜕𝑥𝑙1

1 … 𝜕𝑥𝑙𝑛𝑛
)

𝑗
∼ 1

ℎ 𝑙1+⋯+𝑙𝑛
∑
𝑘∈𝑀

𝐶(𝑙1,…,𝑙𝑛)
𝑘 𝑢𝑗+𝑘,

where 𝐶𝑘 are constant coefficients independent of ℎ; 𝑀 is some finite set of inte-
ger points, for example of the form (0, 0, … , 0), (±1, 0, … , 0), … , (0, 0, … , 0, ±1),
etc.
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Consider the finite-difference system of equations with constant coefficients

∑
𝑘∈𝑀

𝐴𝑘𝑢𝑗+𝑘 = 𝑓𝑗, (1)

which is a difference approximation to some system of linear partial differential
equations of order 𝑠 with constant coefficients, of elliptic type. Here 𝐴𝑘 are
given constant square matrices; 𝑢 and 𝑓 are column matrices.

We define the fundamental matrix for the difference system (1) by analogy
with its definition for a system of differential equations. Analogously to the
method by which the fundamental matrix for a system of differential equations
is constructed, we construct it by Fourier expansions,

* Here 𝑥1 = 𝑗1ℎ, … , 𝑥𝑛 = 𝑗𝑛ℎ.

first, formally, the fundamental matrix for our system (1) in the form

𝑔𝑗 = 1
(2𝜋ℎ)𝑛 ∫

+𝜋

−𝜋
⋯ (𝑛) ⋯ ∫

+𝜋

−𝜋
𝑒−𝑖(𝑗,𝑥)𝐴−1(𝑥) 𝑑𝑥 (2)

and a particular solution of this system in the form

𝑢𝑗 = ℎ𝑛
+∞
∑

𝑙=−∞
𝑔𝑗−𝑙𝑓𝑙, where 𝐴(𝑥) = ∑

𝑘∈𝑀
𝑒−𝑖(𝑘,𝑥)𝐴𝑘. (3)

It is assumed that the matrix 𝐴(𝑥) is invertible for 𝑥 ≠ 0. Depending on the
order of the singularity of the matrix 𝐴−1(𝑥) at zero, following Bochner’s idea,
we find a correction to the integral (2) so that it is always convergent. Namely,
if the expansion of 𝐴(𝑥) in powers of 𝑥 begins with 𝑥𝑚 and 𝑚 > 𝑛, then it
is assumed that the matrix of the group of lower-order terms is invertible for
𝑥 ≠ 0; in this case the fundamental matrix (2) can be written as follows:

𝑔𝑗 = 1
(2𝜋ℎ)𝑛 ∫

+𝜋

−𝜋
⋯ (𝑛) ⋯ ∫

+𝜋

−𝜋
{𝑒−𝑖(𝑗,𝑥) −

𝜈−1
∑
𝑙=0

(−𝑖)𝑙(𝑗, 𝑥)𝑙

𝑙! } 𝐴−1(𝑥) 𝑑𝑥; (4)

where 𝜈 is any of the numbers 0, 1, 2, … , 𝑚 such that 𝑚 − 𝜈 < 𝑛.
For the three-dimensional case the following two theorems are proved, general-
izing the corresponding theorem of Duffin (1), proved by him for the difference
Laplace operator. The first of these theorems makes it possible to estimate the
behavior of the fundamental matrix of a difference system of equations that is
an approximation to an elliptic system of linear differential equations of second
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order with constant coefficients, homogeneous with respect to the order of differ-
entiation. The second theorem gives, for this case, an estimate of the deviation
of the difference fundamental matrix from the exact fundamental matrix.

Theorem 1.

𝑔𝑘 =
⎧{
⎨{⎩

𝑂( 1
ℎ) , (𝑘 = 0),

𝑂( 1
ℎ|𝑘|) , (𝑘 ≠ 0);

𝜕𝑙1+𝑙2+𝑙3𝑔𝑘
𝜕𝑘𝑙1

1 𝜕𝑘𝑙2
2 𝜕𝑘𝑙3

3
=

⎧{
⎨{⎩

𝑂( 1
ℎ) , (𝑘 = 0),

𝑂( 1
ℎ|𝑘|1+𝑙1+𝑙2+𝑙3

) , (𝑘 ≠ 0);

(𝛿1 − 1)𝑙1(𝛿2 − 1)𝑙2(𝛿3 − 1)𝑙3𝑔𝑘
ℎ𝑙1+𝑙2+𝑙3

=
⎧{
⎨{⎩

𝑂( 1
ℎ) , (𝑘 = 0),

𝑂( 1
(ℎ|𝑘|)1+𝑙1+𝑙2+𝑙3

) , (𝑘 ≠ 0).

Theorem 2. 𝑔𝑘 = 𝜑(𝑦) + 𝑂(ℎ/|𝑦|2), where 𝜑(𝑦) is the fundamental matrix of
the differential operator of the system at the point 𝑦 = ℎ𝑘, with a singularity
at zero, and

|𝑦| = ℎ|𝑘| = [(ℎ𝑘1)2 + (ℎ𝑘2)2 + (ℎ𝑘3)2]1/2.

Next, the existence and uniqueness of a finite-difference solution of the first
boundary value problem are proved. Let, in 𝑛-dimensional space with rectangu-
lar coordinate system (𝑥1, … , 𝑥𝑛), some finite domain 𝐷 be given, bounded by
a piecewise-smooth surface Γ. Let 𝐷ℎ be the lattice domain corresponding to
the domain 𝐷; Γℎ the set of boundary points of the domain 𝐷ℎ; 𝐷∗

ℎ the lattice
domain corresponding to any subdomain 𝐷∗ lying entirely inside 𝐷.

Let an elliptic system of differential equations be given

𝔅(𝜕/𝜕𝑥)𝑢(𝑥) = 𝑓 (5)

with boundary conditions

𝑢(𝑥)∣Γ = 𝜑, (6)

where 𝔅(𝜕/𝜕𝑥) is a linear matrix operator of the second order, of variational
type, of size 𝑝 × 𝑝, with constant coefficients; 𝑢, 𝑓, 𝜑 are column matrices of 𝑝
functions. It is assumed that 𝑓 and 𝜑 are continuously differentiable, respec-
tively, in 𝐷 and on Γ. Let the finite-difference approximation of system (5) at
the point 𝑗 be the system

{𝔄(𝛿)𝑢}𝑗 = ∑
𝑘∈𝑀

𝐴𝑘𝑢𝑗+𝑘 = 𝑓𝑗 (7)
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with boundary conditions

𝑢∣Γ = 𝜑∣Γℎ
(8)

(for the values of the functions on the boundary Γℎ one may take the prescribed
values at the nearest points of Γ).
It is assumed that the left-hand sides of equations (7) are obtained as the“vari-
ational”equations in the investigation of the minimum of the sum
ℎ𝑛 ∑𝐷ℎ

𝐵(𝑢, 𝑢), where 𝐵(𝑢, 𝑢) is a nonnegative quadratic form depending on
the first difference quotients (taken forward or backward by only one step) and
on the functions themselves.

It is proved that, for every vector-function 𝑤 defined on the mesh, the inequality

ℎ𝑛 ∑
𝐷∗

ℎ

𝐵(𝑤, 𝑤) ≤ 𝑐1ℎ𝑛 ∑
𝐷ℎ

𝑝
∑
𝑘=1

(𝑤(𝑘))2 + 𝑐2ℎ𝑛 ∑
𝐷ℎ

𝑝
∑
𝑘=1

{𝔄(𝑘)(𝛿)𝑤}2∗. (9)

holds.

Here the constants 𝑐1 and 𝑐2 depend only on the domain 𝐷ℎ and on the shortest
distance between the boundaries Γ∗

ℎ and Γℎ, but not on ℎ; 𝔄(𝑘)(𝛿)𝑤 is the left-
hand side of the 𝑘-th equation of system (7). With the aid of this inequality, the
Courant–Friedrichs–Lewy theory (2) is carried over to prove the existence of a
solution of problem (7), (8) and the convergence of this solution to the solution
of problem (5), (6) (the boundary conditions being satisfied in the mean). In
particular, these arguments are applicable to the equations of the theory of
elasticity.

Finally, making essential use of the notion of a fundamental matrix, an error
estimate for the grid method is given for problem (5), (6) in the cases of two and
three dimensions. It is additionally assumed that the equations of system (5)
are homogeneous in order of differentiation, and that the functions 𝜑 are three
times continuously differentiable on Γ; in this case the solution of problem (5),
(6) is also three times continuously differentiable in 𝐷 ∪ Γ, and therefore

𝔄(𝛿)𝑢 = 𝔅(𝜕/𝜕𝑥)𝑢 + 𝑂(ℎ); (10)

it is further assumed that

𝐴(𝑥) = ∑
𝑘∈𝑀

𝐴𝑘𝑒−𝑖(𝑘,𝑥)

and 𝔅(−𝑖𝑥) are invertible. Denote by 𝜀 the deviation of the solution 𝑢ℎ of the
finite-difference problem (7), (8) from the solution 𝑢(𝑥) of the corresponding
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problem (5), (6), i.e. 𝜀 = 𝑢ℎ − 𝑢(𝑥). We have
𝔄(𝛿)𝑢(𝑥) = 𝔅(𝜕/𝜕𝑥)𝑢(𝑥) + 𝑂(ℎ) = 𝑓 − 𝜉ℎ, where 𝜉 = 𝑂(1).
Then, for each mesh point, we obtain:

𝔄(𝛿)𝜀 = 𝜉ℎ, 𝜀∣Γℎ
= 𝑂(ℎ) = 𝜂ℎ, where 𝜂 = 𝑂(1). (11)

Consider the auxiliary system, not connected with the boundary conditions:

𝔄(𝛿)𝑤 = 𝜉ℎ. (12)

* This inequality generalizes, to the case of systems of difference equations with
variable coefficients, the inequality established for the difference Laplace opera-
tor in (2).
In the case of three dimensions, one of the particular solutions of this system is

𝑤𝑗 = ℎ3 ∑
𝑘∈𝐷ℎ

𝑔𝑗−𝑘(ℎ ̃𝜉𝑘),

where 𝑔 is the fundamental matrix of system (12). (13)

Lemma. If |𝜉𝑘| ≤ 𝑁 for 𝑘 ∈ 𝐷ℎ, then

∣ℎ3 ∑
𝑘∈𝐷ℎ

𝑔𝑗−𝑘𝜉𝑘∣ ≤ 𝐶𝑁,

where the constant 𝐶 does not depend on ℎ and 𝜉𝑘, but depends only on the
domain 𝐷ℎ. Then

𝑤 = 𝑂(ℎ) = 𝜓ℎ, where 𝜓 = 𝑂(1). (14)

Consider the auxiliary function 𝑣 = 𝜀 − 𝑤. Applying to it the operator 𝔄(𝛿), on
the basis of (11), (12), and (14) we obtain

𝔄(𝛿)𝑣 = 0, 𝑣|Γℎ
= 𝜁ℎ, where 𝜁 = 𝑂(1). (15)

Construct a vector-function Φ at the mesh points of 𝐷ℎ, the individual compo-
nents of which would give a minimum to the sum

ℎ3 ∑
𝐷ℎ

3
∑
𝑗=1

(Φ2
𝑥𝑗

+ Φ2
𝑥̄𝑗) = ℎ3 ∑

𝐷ℎ

𝐵1(Φ, Φ)∗; Φ|Γℎ
= 𝑣|Γℎ

. (16)
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(The “derivative”involving the value of Φ at a point lying outside 𝐷ℎ shall be
taken to be equal to zero.) The existence of such a function is known: it will
be a “mesh-harmonic”function, since the sum (16) gives rise to the difference
Laplace equation.

On the basis of (15) and the maximum principle for the harmonic function Φ,
we obtain

ℎ3 ∑
𝐷ℎ

𝐵1(Φ, Φ) = 𝑂(ℎ),

and consequently,

ℎ3 ∑
𝐷ℎ

𝐵(Φ, Φ) = 𝑂(ℎ), ℎ3 ∑
𝐷ℎ

𝐵(𝑣, 𝑣) = 𝑂(ℎ). (17)

Applying now to the function 𝑣 the inequality

ℎ3 ∑
𝐷ℎ

𝜔2 ≤ 𝑐1ℎ2 ∑
Γℎ

𝜔2 + 𝑐2ℎ3 ∑
𝐷ℎ

3
∑
𝑗=1

𝜔2
𝑥𝑗

, (18)

proved in work (2), on the basis of (15) and (17) we obtain

ℎ3 ∑
𝐷ℎ

𝑣2 = 𝑂(ℎ).

On the basis of (17), (18), and (9) it is shown that

ℎ2 ∑
𝐷∗

ℎ

∣𝑣𝑥𝑖𝑥𝑗…∣2 = 𝑂(ℎ) (𝑖, 𝑗, … = 1, 2, 3). (19)

From (19) and one inequality of work (2) it follows that the difference of the
values of 𝑣 at two arbitrary points 𝐷∗

ℎ is 𝑣1 − 𝑣2 = 𝑂(
√

ℎ). Hence it is not
difficult to show that 𝑣1 = 𝑂(

√
ℎ), and consequently also 𝑣 = 𝑂(

√
ℎ). Then,

on the basis of (14) and the fact that 𝜀 = 𝑣 + 𝑤, we obtain 𝜀 = 𝑂(
√

ℎ) for all
interior points. The constant contained in 𝑂(

√
ℎ) depends on the dimensions of

the domain 𝐷∗.

The estimate of the error of the solution at the boundary points is carried out
on the average. It is shown that at these points the error will be of order
𝑂{(𝑟 + ℎ)2}, where 𝑟 is the thickness of the boundary layer over which the
averaging is carried out.

Similar error estimates are also valid for the two-dimensional case.
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* Here Φ is understood to mean one of the components of the vector Φ.
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