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TEM OF DIFFERENTIAL EQUATIONS CON-
TAINING A SMALL PARAMETER

(Presented by Academician N. N. Bogolyubov on 11 IIT 1957)

Consider the system of differential equations

dx

dz
E = f(t7xa Z, t/:“)? /J,a = F(t,.’t, Z) (1)

with initial conditions 2°,y° for t = ¢, where = and f are n-dimensional, while
z and F' are m-dimensional vectors, and the so-called degenerate (1 = 0) system
and the system averaged with respect to the argument t/p,

B hot72, z=et®,  F) =a )

where z = (¢, x) is a root of the system F(t,z,2) = 0;

In the absence of the argument ¢/u, system (1) reduces to the system considered
by A. N. Tikhonov (?) and I. S. Gradshtein (3) on a finite interval of . We shall
consider the question of the existence of an integral manifold of system (1) close
to the integral manifold z = p(t, ).

We shall assume that in the domain

—00 <t < 00, z € G, |z —o(t,z)| < p, O<p<pt

the following conditions are satisfied:

a) the vector f is continuous, bounded, and satisfies a Lipschitz condition in
r and z;

b) the vectors F' and ¢ and their derivatives with respect to all arguments
up to and including the second order are continuous and bounded;
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c¢) the second mixed derivatives of the vector F' with respect to « and z satisfy
a Lipschitz condition in z;

d) uniformly with respect to € G, there exists the limit

fo(t,xthm—/ flt,x,z,v)d
—oo T’

e) the roots of the characteristic equation det |[pE — U| = 0, where the
matrix U (t,x) = FZ|TO, E is the identity matrix, satisfy the condition
Re{p;(t,z)} < —a < 0.

Theorem 1. Under these conditions one can indicate such a positive number
o that, for every positive number p < g, the system

of equations (1) we have a unique integral manifold*, representable by a relation
of the form z(t,x,u) = @(t,z) + ¥(t,x, 1), in which (¢, z, u), as a function
of (t,z), is defined in the domain —co < t < oo, = € G, and satisfies the
inequalities

(@, )| < D(p) < p, [(ta! s p) —b(t,a” )| < A’ — "

where D(p) — 0, A(u) — 0 as u — 0.

Proof. Passing in system (1) to the new argument by means of the substitution
t = pr, making the change z = ¢(ur,x) + &, and separating out the linear part
in the second of them, we bring system (1) to the form

dz dé¢

d’T = (T x f M) E = U(MTvx)£+ Q(T,.’L‘,§, M)? (3)

where
0 0
Ulpr, ) = Fs|5207 Q(r,z,& p) = Z(pr,2,§) — p (a%f + (7%:) ;
with

|Z(ur,2,6)] < MIE]?,  Z(pr,2,0) = 0.

Under the conditions imposed on the vectors f, F' and ¢, the inequalities hold

pl®(r,z, & p)| < pl, |Q(T 2, & )| < MIE|* + uN, (4)

,u|<I>(7,x’,§’,u) - @(T,:C”,f”,/iﬂ < /JA{‘.’E’ - x”| + |£/ - 5”|}7
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QT 2", & 1) — Q7 2", &, p)| < (Bo + pC){[z" —a”| + ¢ ="}, (5)

where L, M, N, A, B,C are constant numbers; Bo = max{B,|¢|?, B,|¢|}, with
o—0as | —0.

Consider the matrix equation

WETD e Uo7y, 2), U] = E. (6)

dr T=T1

Since the matrix U (u7, z) is bounded and satisfies the Lipschitz condition

U(pr’,w) =U(pr", x)| < pH|T" = 77| (H = const), (7)

then, according to a theorem of N. Ya. Lyashenko (%), for the matrix U the
estimate holds

U(r,7p,2)| < Ke™ 8 (7> ). (8)

Instead of system (3), we shall consider the system

dx
dT = :u’q)l(Ta'T7€a I'L)’
d¢ )
E :Ul(uTax)§+Ql(Tax7§uU/)a (3)
where ®,, Q);, U, coincide with ®, @, U in the domain —oo < t < o0, = €
G, €] < p, 0 < p < p*, and outside this domain satisfy conditions (4), (5), (7),

(8) with constants L,, M,, Ny, A,, B, C;, H,, K;.

* In speaking of an integral manifold, we mean that from the relation z, =
z(t,x,, 1), valid at some instant of time ¢,, there follows the validity of this
relation for some ¢, as long as x, remains in the domain G.

Considering the recurrence relation

1/1%1(7,1):[ U1, 7 — 2,2)Q {1 + 2; ], (2); ¥, (T + 2; 2], (x)); p}dz, (9)

where z], and @] are solutions of the equation
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dx

E :M(I)I(T’xV/(/)n(T"r)vﬂ)a (10)

with initial values, respectively, 2° and x* at 7 = 7,, and using the method of
N. N. Bogolyubov (}), we establish the inequalities

|’L/)n(7',l‘)| < D(M)v ‘wnJrl(Tvx) - &n(T’ .13)| <

1 .
< A =] + 5l — | (1

and, in particular,

[ (7, 2) = (7, 2)] < Ap)|2° — 27, (12)

1
[¥n 41 (75 2) = (7, 2) < 5 ldbn — Yl (13)

where for p < g1y, D() — 0 and A(p) — 0 as p — 0.

These inequalities guarantee that the functions ), belong to the domain of
definition & and that there exists a unique solution (7, x, 1) of the equation

B(rya, ) = / Ulr,m— 20)Q{r + 7 7(2); (7 + 7 7 (x); ) dz,

which, obviously, satisfies the requirements of Theorem 1 and, as is easy to
show, determines an integral manifold for the system of differential equations
(3) under consideration.

Theorem 2. If, in addition to the hypotheses of Theorem 1, the integral mani-
fold of system (2) has bounded and uniformly continuous derivatives with respect
to x up to order (m + 1) inclusive in the domain —oco < t < o0, z € G, [£| < p,
0 < p < p*, the vector f has bounded and uniformly continuous derivatives with
respect to x and z up to order m, and the vector F up to order (m+2) inclusive,
then the integral manifold z(t,x, u) = p(t, z) +(t,x, u) of system (1) will have
bounded and uniformly continuous derivatives with respect to x up to order m
inclusive.

Proof. Differentiating the recurrence relation (17) with respect to x, we have

877/}”H(T’x):/T |:U/<T,T—Z7l') dQ dx;-l-MQ dz.  (14)

Ox dz7, dx ox

sovietrxiv.org/items/ru-195701.90518 Machine Translation


https://sovietrxiv.org/items/ru-195701.90518

To estimate da], /dx, consider the matrix equation

d dz,  d® dz dx], _ B
dr dz  Mdzr dz da -

T=Tqo

(15)

obtained by differentiating equation (10) with respect to x.

Since the matrix of coefficients of equation (15) satisfies the hypotheses of the
theorem cited earlier (#), we have the estimate

-
dzx],

dx

S Kzei%(TiTO) (T > To). (16)

To estimate U,, we differentiate the matrix equation (6) with respect to

AU, (7,7, ) ou dx7,
dr Ulpr, 2)U, + ozl dx U$|T:Tl 0 (17)
Taking into account that for the matrix equation
aw
- = U(ur, )W, |T:T1 =F,

we have the estimate

|W(T,7’1,l‘)| S Kei%(‘riﬁ) (W = U)a

we obtain for U, from (17)

i U dx]
Uz(7—77—17x) /0 W<7_793x>88 ;—L dI;lU<0aTlax) d97
SK2K. o ou
‘UI(T,TD{L‘” < 70[ 2COe*Z(T*Tl) ( 81;;; < Co) .

Using the conditions of Theorem 2 and the estimates (16), (18), from relation
(14) we have

Q

T d
< Ke %l
/oo[ € dx

2
— | Kye 5l + B Koty KQCO@
T «

awnJrl (T7 {IJ)
ox

—ZZ|Q] dz <

<a1>.
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Similarly we obtain the estimates

SCZ (l:].,Q,...,k).

d'y,,
dax!

Applying now to the recurrence relation (14) the method of proof of Theorem
1, we obtain for %%, /0z! inequalities analogous to inequalities (11) and (13),
ensuring uniform convergence of 91, /0z! to d'/dz! (1=1,2,..., k).

In conclusion, the author takes this opportunity to express deep gratitude to N.
N. Bogolyubov for valuable advice in carrying out the present work.
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