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Abstract
Full Text

S. V. NAGAEV

ON SOME LIMIT THEOREMS FOR HOMO-
GENEOUS MARKOV CHAINS
(Presented by Academician A. N. Kolmogorov on 13 II 1957)

Let an abstract space 𝑋 be given, and let ℱ𝑥 be a 𝜎-algebra of its subsets. Let
𝑝(𝜂, 𝐴), 𝜂 ∈ 𝑋, 𝐴 ∈ ℱ𝑥, be the transition-probability function. In what follows
we shall assume that there exists a stationary probability distribution 𝑝(𝐴) such
that, for some 𝜌 < 1 and 𝑐,

|𝑝(𝑛)(𝜂, 𝐴) − 𝑝(𝐴)| < 𝑐𝜌𝑛 (1)

uniformly with respect to 𝜂 ∈ 𝑋 and 𝐴 ∈ ℱ𝑥, where 𝑝(𝑛)(𝜂, 𝐴) is the probability
of transition in 𝑛 steps from state 𝜂 to a state belonging to the set 𝐴. The func-
tion 𝑝(𝜂, 𝐴), together with the initial probability distribution 𝜋(𝐴), determines
a sequence 𝑥1, 𝑥2, … , 𝑥𝑛, … of random variables connected in a homogeneous
Markov chain, with

𝑃(𝑥1 ∈ 𝐴) = 𝜋(𝐴), 𝑃 (𝑥𝑛 ∈ 𝐴) = ∫
𝑋

𝑝(𝑛−1)(𝜂, 𝐴) 𝜋(𝑑𝜂). (2)

Let 𝑓(𝜂) be a real function defined on 𝑋 and measurable with respect to ℱ𝑥.

Theorem 1. If

∫ |𝑓(𝜂)|2 𝑝(𝑑𝜂) < ∞,

𝜎2 = lim
𝑛→∞

𝑀 [ 1√𝑛
𝑛

∑
𝑚=1

(𝑓(𝑥𝑚) − 𝑀𝑓(𝑥𝑚))] > 0

(the mathematical expectation is computed under the assumption that the initial
distribution is stationary), then for any initial distribution 𝜋(𝐴)

lim
𝑛→∞

𝑃 { 1√𝑛
𝑛

∑
𝑚=1

(𝑓(𝑥𝑚) − ∫
𝑋

𝑓(𝜂) 𝑝(𝑑𝜂)) < 𝑥} = 1
𝜎

√
2𝜋 ∫

𝑥

−∞
𝑒−𝑢2/2𝜎2 𝑑𝑢.

(3)
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This theorem is an analogue of the well-known theorem of P. Lévy, which states
that if 𝑥1, 𝑥2, … , 𝑥𝑛, … is a sequence of independent identically distributed ran-
dom variables and 𝜎2 = 𝐷𝑥𝑖 < ∞, then

lim
𝑛→∞

𝑃 (∑𝑛
𝑖=1 𝑥𝑖 − 𝑛𝑎

𝜎√𝑛 < 𝑥) = 1√
2𝜋 ∫

𝑥

−∞
𝑒−𝑢2/2 𝑑𝑢,

where 𝑎 is the mathematical expectation of 𝜒𝑖. Up to the present time the
central limit theorem for a homogeneous Markov chain with an arbitrary set of
states has been proved under the assumption that, for some 𝛿 > 0 (1, 2, 3),

∫
𝑋

|𝑓(𝜂)|2+𝛿𝑝(𝑑𝜂) < ∞.

Theorem 2. Let 𝑢1, 𝑢2, … , 𝑢𝑛, … be a sequence of independent random vari-
ables with common distribution function 𝐹(𝑥) such that

𝐹(𝑥) = 𝑝(𝑓(𝜂) < 𝑥)

(here 𝑝(𝐴) is the stationary distribution). If, for some sequence of constants 𝐴𝑛
and 𝐵𝑛 > 0,

lim
𝑛→∞

𝑃 ( 1
𝐵𝑛

(
𝑛

∑
𝑚=1

𝑢𝑚 − 𝐴𝑛) < 𝑥) = 𝑉𝛼(𝑥),

where 𝑉𝛼(𝑥) is a stable law with characteristic exponent 𝛼, and if for some
0 < 𝜈 ≤ 1

lim
𝑛→∞

𝑛1/2𝐵−𝜈
𝑛 sup

𝜉
∫

|𝑓(𝜂)|<𝐵𝑛𝜏
|𝑓(𝜂)|𝜈𝑝(𝜉, 𝑑𝜂) = 0, (4)

whatever 𝜏 > 0 may be, then, for an arbitrary initial distribution 𝜋(𝐴),

lim
𝑛→∞

𝑃 ( 1
𝐵𝑛

(
𝑛

∑
𝑚=1

𝑓(𝑥𝑚) − 𝐴𝑛) < 𝑥) = 𝑉𝛼(𝑥). (4’)

Condition (4) is satisfied, for example, when for some 𝜀 < 𝛼/2 the moments

∫
𝑋

|𝑓(𝜂)|𝛼−𝜀𝑝(𝜉, 𝑑𝜂)

are uniformly bounded in 𝜉.
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Theorem 3. If, for some 0 < 𝛼 < 2,

∫
𝑋

|𝑓(𝜂)|𝛼𝑝(𝑑𝜂) < ∞,

then, for some choice of the constants 𝐴𝑛 and for an arbitrary initial distribution,

lim
𝑛→∞

𝑃 ( 1
𝑛1/𝛼 (

𝑛
∑
𝑚=1

𝑓(𝑥𝑚) − 𝐴𝑛) < 𝑥) = 𝐸(𝑥), (5)

where 𝐸(𝑥) is an improper law.

Corollary. If

∫
𝑋

|𝑓(𝜂)|𝑝(𝑑𝜂) < ∞,

then the sequence 𝑓(𝑥1), 𝑓(𝑥2), … , 𝑓(𝑥𝑛), … obeys the law of large numbers.

Let now 𝑋 be a countable set {𝜔𝑖} (𝑖 = 1, 2, …) and

𝛽 = inf
(𝑖,𝑗)

∞
∑
𝑘=1

min(𝑝𝑖𝑘, 𝑝𝑗𝑘), (6)

where 𝑝𝑖𝑘 is the probability of transition from 𝜔𝑖 to 𝜔𝑘 in one step (the meaning
of condition (6) is explained in (3)).
Assume further that all states 𝜔𝑖 are essential and form a positive class (4). In
view of (6), this class consists of a single subclass. Let 𝑓(𝜔𝑗) = 𝑎 + 𝑘𝑗ℎ, where
𝑎 is an arbitrary real number, 𝑘𝑗 is an integer, and ℎ > 0.

Theorem 4. If the greatest common divisor 𝑘𝑗 is equal to 1,

∞
∑
𝑗=1

𝑓2(𝜔𝑗)𝑝𝑗 < ∞

and 𝜎 > 0 (𝑝𝑗 are the final probabilities; 𝜎 is defined in the same way as in
Theorem 1), then, uniformly with respect to 𝑠,

lim
𝑛→∞

(𝜎√𝑛
ℎ 𝑃𝜋𝑛(𝑠) − 1√

2𝜋 𝑒−𝑧𝑛𝑠
2/2) = 0, (7)

where 𝑃𝜋𝑛 is the probability that
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𝑛
∑
𝑚=1

𝑓(𝑥𝑚) = 𝑎𝑛 + 𝑠ℎ,

under the condition that the initial distribution is 𝜋(𝐴), and

𝑧𝑛𝑠 = 1
𝜎√𝑛 (𝑎𝑛 + 𝑠ℎ − 𝑛

∞
∑
𝑗=1

𝑓(𝜔𝑗)𝑝𝑗) .

Theorem 5. If the conditions of Theorem 4 are satisfied and, in addition, for
some integer 𝑘 ≥ 3 and some 𝛿 > 0

∞
∑
𝑗=1

|𝑓(𝜔𝑗)|𝑘+𝛿𝑝𝑖𝑗 < 𝑀 < ∞

uniformly for all 𝑖, then

𝑃𝜋𝑛(𝑠) = ℎ
𝜎√𝑛 {𝜑(𝑧𝑛𝑠) +

𝑘−2
∑
𝑚=1

1
𝑛𝑚/2 𝑇𝜋𝑚(𝜑(𝑧𝑛𝑠)) + 𝑂 ( 1

𝑛(𝑘−2)/2 )} . (8)

Here

𝜑(𝑥) = 1√
2𝜋 𝑒−𝑥2/2, 𝑇𝜋𝑚(𝜑(𝑥)) =

3𝑚
∑

𝑖=𝑚+2
𝑎𝜋𝑚𝑖

𝑑𝑖

𝑑𝑥𝑖 𝜑(𝑥),

where the coefficients 𝑎𝜋𝑚𝑖 depend on the initial distribution 𝜋(𝐴) and on
𝑝(𝜂, 𝐴).
Theorems 4 and 5 are a generalization of results of S. Kh. Sirazhdinov (5). All
the theorems formulated above are obtained by means of a method based on
the application of the spectral theory of linear operators in a Banach space (7).
This method is a natural generalization of the matrix method and the method of
integral equations, presented, for example, in (6); it can also be used for proving
multidimensional limit theorems.

In conclusion, the author thanks R. L. Dobrushin and V. M. Zolotarev for
valuable comments.

Moscow State University
named after M. V. Lomonosov

Received
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