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LIE QUADRIC FOR RULED SURFACES OF A
CONGRUENCE

(Presented by Academician P. S. Aleksandrov, 28 V 1957)

1. In 1878 Sophus Lie introduced the concept of an osculating surface of
the second order. This surface is the limiting position of a surface of the
second order passing through the tangents to three asymptotic lines of
one family at the points of their intersection with one asymptotic line of
the other family, when these points approach one another and in the limit
coincide. Subsequently this surface was used for the construction of the
normal tetrahedron of a surface (1).

In the present work an invariant equation (with respect to all tetrahedra of the
first order) is obtained for the Lie quadric of ruled surfaces of a congruence, and
certain questions connected with this surface are considered. The method of
Cartan’ s exterior forms (?) is used in the work.

2. An infinitesimal displacement of the tetrahedron A;A,A;A4, in projective
space is determined by the system of differential equations

dA2 = WfAk (ia kv] = 112a374)7 (1)

where wf are linear differential forms connected by the structure equations of

projective space

Duwf = [w]wh].

The family of tetrahedra of the first order attached to the congruence is singled
out by the differential equations

Differentiating these equations exteriorly, we obtain, with the aid of the struc-
ture equations, two quadratic equations

[wiwg] + [wWiw3] =0,  [wywi] + [wiwi] = 0.
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Expanding them into linear equations by means of Cartan’ s lemma, we obtain

wh = aw; — Buws, ws =~'wd + f'ws, (2)

w? = fw? + w3, wi =—fwl+ o ws.

3. Let an arbitrary ruled surface of the congruence be defined by the equation
w3 = Aw’. Then on its osculating Lie surface (or Lie quadric) there will
lie the ray A; A, and two of its infinitely close rays. Consequently, the Lie
surface may be determined in a five-

in the projective space P5 by the points [12], d[12] (mod (wi = \w$)) and d?[12)]
(mod (wj = Aw?)), where [ik] is the analytic line A;A,.

The two-dimensional plane ([12]d[12]d?[12]) intersects the hyperquadric Q3 in
a curve whose points will be the images of one series of rectilinear generators of
the required surface of Lie.

In view of equations (1) and (2), transforming the plane ([12]d[12]d?[12]) mod
(wj = Mw?), we obtain:

{[12], A[14] — [23], 2A[34] + A(A; + A [14]+
+(A2a/ = 208" — ) [13] + (—A%y — 2)\B8 + )[42]},

where
AN =dIn )+ wi + w]f —wi —wi = A\wd + \wi.
If we denote the coordinates of the current line of the other series of rectilinear

generators of the surface of Lie by ¢%/, then from the conditions of involution 3
we obtain

¢'=0,  ¢"—A* =0, 3)

2212 + A + AN)g® + (V2 — 208" — 9 )g* + (—A2y — 208 + a)¢'3 = 0.

Let the line q be determined by the points M (x'z223x%) and N (y'y?y>y*); then
¢ = 2’y —xy’. Eliminating ¢*/ and y* from these and the preceding equations,
we obtain the point equation of the quadric of Lie for the ruled surface

2A(zlat — Aw223) — A\ + A\, 2dat+
+(N2a/ —2XB" — )zt + ANy + 208 — )2z = 0. (4)
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4. The focal plane A; A, A, is tangent to the surface of Lie and, consequently,
intersects it in two generators, one of which coincides with the ray of the
congruence, while the other is determined by the equations

2222 + A%y + 208 — a)z® = 0, x4 =0. (5)

This generator coincides with the second tangent of the focal net of the surface
(A;) if and only if A = £+/a/7, i.e., only for the ruled surfaces of the congruence
determined by the equation a(w?)? —v(w3)? = 0.

In exactly the same way one can prove that only for the ruled surfaces o’ (w3)? —
7/ (w$)? = 0 do the two generators of the quadric coincide with the two tangents

of the focal net of the surface (A4,) at the point A,.

The quantities

oo QWP @) — o ()
(R P+ (wh)? V@ al(wh)?

are absolute invariants, whose geometric meaning may serve as the subject of
investigation. The equality F' = F’ characterizes the congruence W, and FF’' =
1 characterizes the congruence V.

5. It is known that to each ruled surface of a congruence there corresponds a
certain line on the focal surface, along which these two surfaces are tangent
to each other.

The generator (5) of the quadric of the ruled surface wj = Aw? coincides with
the tangent of the corresponding line (wj = Aw?) if and only if A = £+/—a/~.
Consequently, only for the ruled surfaces a(w$)? + v(wj)? = 0 does the second
generator of the quadric of Lie coincide with the tangents to the lines corre-
sponding to these ruled surfaces (i.e., with the asymptotic tangents).

As is known, the generators of the Lie quadric of any nondevelopable surface
coincide with the asymptotic tangents (!). From this and from the theorems
stated above there also follows another theorem, namely:

The line of contact of the focal and ruled surfaces of a congruence can be asymp-
totic for the ruled surface if and only if this line is an asymptotic line for the
focal surface.

6. Take two ruled surfaces of the congruence wj = \w} and wj = pw?, and
require that the Lie quadrics of these ruled surfaces have a common gen-
erator (apart from the ray of the congruence A; A,).

The line determined by the points M = ayM; + ayM, + agM;, N = aj M, +
ab, My + ay M, will lie on these two quadrics if and only if the equations
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2Xay — (A%y + 203 — a)az = 0, 2uay — (12 +2uB — a)ag = 0,
2Xa] + (N2’ — 208" —v)a, =0, 2pa) + (p%a’ —2uB’ —+')ay =0,
2a; — 2 ag — Ay — Ay =0, 2a; — 2pay — py — ppy = 0.

are satisfied.

From the first four equations we obtain

Ay +a =0, ac’ —vy' =0. (6)

The remaining equations determine the position of the points M and N. The
second equation (6) shows that the congruence (A4;A4,) is a congruence W.

Thus, two Lie quadrics of two ruled surfaces of a congruence have a common
generator point if and only if this congruence is a congruence W.

In a congruence W, one of such ruled surfaces is prescribed arbitrarily, while
the second surface is determined by the first equation (6).

7. Through each ray of the congruence there pass ool ruled surfaces and,
consequently, the same number of Lie quadrics. Let us see in what case all
the demiquadrics (one series of rectilinear generators of these Lie quadrics)
belong to one linear complex.

If the coordinates of this complex are denoted by ¢%, then, according to the
requirement, equations (3) must be satisfied for any A, i.e., we must have

P=qg =g =0, g2 — B'q*? — Bq"3 =0,

o' q*? — g3 =0, A ' — g’ = 0.

From these equations (if the linear complex does not coincide with the ray of
the congruence) we shall have o’ — v = 0, and the required linear complex
is written in the form

a=(F'a+ By )[12] ++/[13] + of42].

Consequently, all the demiquadrics associated with the ray of a congruence belong
to one linear complex if and only if the congruence is a congruence W. It is
known that the complex a is the osculating complex of the congruence W, and,
consequently, all the demiquadrics associated with the ray of a congruence W
belong to the osculating linear complez.
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