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Abstract
Full Text

MATHEMATICS
R. Kh. ZARIPOV

SYSTEMS OF SINGULAR INTEGRAL EQUA-
TIONS OF CONVOLUTION TYPE

(Presented by Academician V. I. Smirnov on 6 X 1956)

In papers (173), on the basis of the theory of boundary-value problems for an-
alytic functions, convolution-type equations with one unknown function were
studied. In the present note we consider systems of singular equations of convo-
lution type of an analogous character. We write them in vector form:

1 o0
f(x)—l—E/ ky(x—t)f dt—f——/ ko(xz—t) f(t) dt = g(z), —00 <z < 00;
0

(A)
f 1 /Ook — O f(t)dt = 0;
(CC)JFE _ (@ —t)f@t)dt = g(x),  =>0;
! Ook t)f(t)dt = 0 B
f@)+ o= [ ha-ofwdi=gw), <o ®)
where K, (z) = [kf(2)], o = 1,2, are matrices; g(x), f(z) are vectors of order

n.

As the apparatus for investigating the indicated systems, we use the Fourier
transform (®%), the theory of functions of matrices (°%), and the theory of
boundary-value problems for analytic functions for a system of unknown func-
tions (7). We shall denote by a capital letter the transform of a function denoted
by the corresponding lowercase letter. By the signs 4+, — we denote functions
with the properties: f, (z) = 0 for x < 0; f_(x) = 0 for > 0; their trans-
forms are denoted by F'* and F~. We use the following property of the Fourier
transform: if k(z)e 9% € L(—o00,0) or L*(—00,0), a <y < b, then K(z) is a
function analytic in the strip a < Imz < b.

§ 1. Suppose that the kernels of the equations k() € L(—o0,00), and g, () €
L?(—00,00). We seek the solutions f;(x) in the class L?(—o0, ).

By applying the Fourier transform to system (A), we arrive at the Riemann
boundary-value problem for a system of functions with boundary condition:
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Ft(z) = A(z)F(z) + [E + K, (2)] ' G(x), —00 <z < 00, (1)

where

Az) = [E+ Ky ()] - [E + Ky ().

The solution of the latter, in the general case, can be obtained only from a
system of Fredholm integral equations. Therefore it is of interest to consider
such cases of system (A) when the solution can be obtained effectively (by means
of a finite number of linear transformations (°) or in quadratures).

1°. In paper (°) it was shown that if A(z) is a functionally commutative matrix,*
then the canonical matrix of solutions of problem (1) can

* A functionally commutative matrix is defined by the equality
A(z)A(zy) = A(zy)A(x,), where 1, x4 are any two values of the argument (°).

can be obtained by quadratures. It is easy to show that if A(z) is a function-
ally commutative matrix, then its Fourier transform—the matrix a(z), and the
matrices A(x) + E, [A(x)]7!, will also be functionally commutative.

Proceeding from this, one can show that a necessary and sufficient condition for
the functional commutativity of the matrix A(x) is the functional commutativity
of the matrices

fale) = k)] + = / (= Dy (1) — Ky (0] d; (2)

ey () — / (& — D)k (t) — iy (D) dt, 3)

where the matrix r,(z) is the solution of the equation

\/27/ Sz —0)k, (t)dt = =k, (), a=12.

Conditions (2) and (3) are equivalent.
The system of equations (B) is considered analogously.

2°. In the case where

bo(e) = 4 Fal@) w00y (1)
ko(z), =<0,
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system (A) takes the form

1 [ [, I _
et o [ Hensare e [ k@ensode o [ keen s =g
)
1 " - / x - Y m
f(a:)—l—\/%/o k] (z—t) f(t) dt+ / Ky (z—t) f(t) dt+ / kS (x—t)f = g(x),

and is solvable by quadratures when:

a) k7 (x) = kb(z) = 0; b) k{ (x) = k3 (x) = 0; c) kb(z) =k (z) =0,

(6)
under the additional condition of the nonsingularity of the matrices
a) E+ K{(z) in D*, E + K5 (z) in D~ in case (6a);
of the nonsingularity and analyticity of the matrices )

b) [E+ Kj(2)]7' - [E + K4(2)] in DY in case (6b);
¢) [E+ K{(2)] ' [E+ KJ(2)] in D™ in case (6c).
If the additional conditions (7) are not satisfied, then the solution of equation

(5), in the presence of (6), is obtained by means of a finite number of linear
transformations.

The “paired” equation (B), under assumption (4), has the form:

1 - “(x — L ’ (x— =g(x T :
f(w)+f/ e t)f<t)dt+\ﬁ/ Kz —0)f(t)dt = g(z), z>0;

/k’ dt+—/ kY (z— ) f(8)dt = g(z), =<0,
(8)

and is solvable by quadratures when:

a) ki(z) =ky(z) =0; b) Ki(x) = ky(x) =0; o) K (2) = ky(x) = 0,(9)
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under the additional condition:

of nonsingularity of the matrices

a) E+ Ki(z)in D", E+4 K{(z) in D~ in case (9a);

of nonsingularity and analyticity of the matrices (10)
b) [E + K}(2)][E + K7 (2)]7* in D™ in case (9b);

) [E+ K5 (2)][E+ K;(2)]* in D" in case (9c).

If, however, conditions (10) are not satisfied, then the solution of equation (8),
(9) can be constructed by means of a finite number of linear transformations.

§ 2. Suppose that the kernels of the systems are such (k(z) =k, (z) — k_(z)):

[e3
’Lj7

k& (x)e ¥ € L(—o00,00), a
7,j+( ) ( ) ba (11)

=
ki (x)e¥* € L(—o00,00), <

Y
)

System (A). We seek the solutions f;(z) of the system in the classes:

i (@)e v € L?(—o0, 00), y > min(b;, ..., bL;) = ay;
fi(x)e ¥ € L*(—o0,00), y < max(al, .., a’;) = f;.

The free terms may belong to the following maximally broad admissible classes:

Gy (w)e ¥* € L?(—o0, 00),
y > max(ak,...,al a2, ...,a2 aq, .., q,) = a;

s Yino 79

gi(z)e™¥® € L*(—00,00),

y <min(bly, ..., b}, b4, ..., b2, By, ey Br) = b,

The Fourier transform of system (A) leads to a boundary-value problem of a
special kind, whose boundary condition is given, in the general case, on r < 2k+2
(k < n) straight lines, where 2k is equal to the number of distinct constants
a;, 05 7=12,...,n.

Special cases.

a) If all elements kf;(x) of the i-th row of the matrix k,(z) belong to one and

the same class, i.e. af; = a, bf‘j = b, 4,5 = 1,2,...,n, then the classes

of solutions f;(z) do not depend on the index j, i.e. a; = a, B; = B,
j=1,2,...,n. In this case 2k < 2 and r < 4.
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b) If all elements kf;(x) of the j-th column of the matrix k, (z) belong to one
and the same class, i.e. af; = af, bf; = b}, then the classes of the free
terms—the functions g;(z)—do not depend on the index i of the equation,
ie.a;=a,b;=0,1=1,...,n. In this case k <n and r < 2n + 2.

The solution of the resulting problem is unknown in general form. In the cases
where analytic continuability of the matrices K (z), K (z) is assumed,

and of the vectors G*(z), G~ (z) inside certain vector-strips,* where they are
meromorphic in character, this problem can be reduced to a “modified” Riemann
boundary-value problem, which differs from the ordinary one (") in that its
solution—the vector ®(z)—includes a prescribed matrix multiplier of the form

1+6p (p)

T =1, =1 [m"E) (_) |
k=1 P

where |R;(2)| is a diagonal matrix; 6, = —1,1; p = 0,1,2; V](f;) > 0; z,z§f> €
D,; Dy, Dy, D, are, respectively, the domains Imz > 3, Imz < a, a <
Imz < fB; 2y = 29 = i € Dy, zyg = —iA € Dy, and =X\ < minImzL2>
(k=1,2,...,m,); Tém(z) is a matrix analytic in D, with constant determinant
different from zero, having zero order at infinity. The vector ®(z) is holomor-
phic everywhere in the domain D, + D; + D,, except for the points z,ip ) (when
4, = —1), where it is meromorphic in character.

By introducing a new unknown vector ®(z): ®(z) = T(2)®(z), the “modified”
problem reduces to the ordinary Riemann problem. In the “modified” problem
the zeros of the components of the vector ®(z) are decreased, and the poles
increase the total index of the problem.

System (B). We seek solutions f;(z) of the system in the classes

i1 (@)e € L2(o0,00),
y > min (bi;, ..., bL;, b3, ..., b2;) = aj;

fi_(z)e™¥* € L?(—00,00),

1 1,2 2\ —
y < max (alj, ey Uy A e ,anj) = B;.

Admissible classes of free terms:
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gip(x)e ¥® € L?(—00, 00),

1 1 - .
Y > max (ajy, ... ,Ajyy Oy ey Q) = Q5

y Yano

gi(z)e™¥® € L*(—00,00),

y <min (b3,...,a2,, Biy.., By) = b;.

By modifying somewhat the method of investigation, we obtain for system (B)
results analogous to those obtained above for system (A).

I consider it my pleasant duty to express my deep gratitude to F. D. Gakhov
for supervising the present work.
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* If the elements of the i-th row of the matrix K(z) are prescribed in the domain
D,, we shall say that the matrix K (z) is prescribed in the vector-domain
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D={D,,D,,..,D,}.

Note: Figure translations are in progress. See original paper for figures.
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