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APPROXIMATE SOLUTION OF PROBLEMS
IN THE THEORY OF SMALL ELASTO-
PLASTIC DEFORMATIONS

(Presented by Academician A. I. Nekrasov, 12 X 1956)

We shall seek the solution of the problem in the form of series in a certain
parameter ¢:

Tp = ;}5”02"), ey U= ;}5’%(”), €, = Z;)é"e(p”), (1)

If for § = 0 an axisymmetric stressed state occurs, then, neglecting compress-
ibility, in the case of plane deformation we shall have

c 2 ¢
—60 = — BQ — 5
0 ¢ \/§,O2

P p*’
Substituting the expansions (1) into the relations connecting stresses and defor-
mations in the theory of small elasto-plastic deformations (1):

¢ = const. (2)

40, 1o,
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3e, 3e;

and assuming that o; = Ae¥, using (2), we obtain:
oy — oy =4Bxpre) +F,, 77 = Bprey + @, (3)

where

B= ? (%)X_l, p=2(1-x),

and the functions F,, and ®,, depend on components not higher than the (n—1)-
st approximation.

Assuming that the (n—1)-st approximation has been determined, we determine
the n-th approximation. Put
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Fig. 1

Figure 1: Fig. 1
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From (3) and (4) we have
o — aém = —4Byp’R'©+F,,

R

n R
T;0> = Bp? {(pR” + R — ;) e —

;é]+¢m (5)

where a prime above denotes differentiation with respect to p, and a dot denotes
differentiation with respect to 6.

Setting © = cosmb or sinmé, from (5) and the equilibrium equations we obtain:
P RY +2(p+3)p3R” + [p? + 6p + 5+ 2m?(1 — 2x)|p*R”
+pR'[(p? = 1) =2m*(2x = D(p+ 1) + R[m* + (1—p*) = 2—p*)m’] = U,, (6)

where the right-hand side of equation (6) is a known function of the radius p.

We find the general solution of the homogeneous equation (6). Setting R = p¥,
we obtain from (6):

K+ 2pk3 + [p? — 2 — 2(2% — 1)m?] k* — 2p [1 + (2% — 1)m?] k+
+[(1—p*) — (2 —p*)m?* +m?*| =0. (7)

Fig. 1

Equation (7) admits a factorization:

(k% + pk + a +ib)(k* + pk + a — ib) = 0, (8)

where

a=—[1+2%x—1)m?], a? + b= (1—m?)?2 +p?(m? —1);

b2 =4{m*n(l—n) +m? [(1 — n)> — »] — (1 — n)?}.
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The factorization of equation (7) into factors (8) may occur under certain re-
lations between » and m. In Fig. 1 the graph for b = 0 is presented; the
factorization (8) takes place in the zone of complex roots of equation (7). The
roots of equation (8) are

1 1
kiosa= 3 {—P =+ \/2 [\/(PQ —4a)? 4+ 1602 + (p2 — 4a)]

ﬂ\/; [V(p? = 4a)? + 1667 — (p> — 4a)) } . ()

For m = 1, equation (7) takes the form

E[k3 +2pk% + [p? —2—2(2% — 1) k —2p [1 + (2% — 1)]] = 0. (10)

The roots of equation (10) (see also (%)) are

k=0,  ky=-201—wn), hky=2m,  k,=-2 (11)

Using the values of the roots (9) and (11), it is easy to write down the general
solution of the homogeneous equation (7). Finding a particular solution of equa-
tion (7) in concrete problems presents no difficulty. Using the general solution
of equation (7), one can obtain solutions of problems on an eccentric tube under
the action of external and internal pressures, on an elliptical tube, on biaxial
stretching of a thick plate with a circular or elliptical hole, etc.

We note that, analogously, we arrive at equation (7) if for § = 0 symmetric
torsion takes place:
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