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Abstract
Full Text
MATHEMATICS

V. A. YAKUBOVICH

ON A CLASS OF NONLINEAR DIFFEREN-
TIAL EQUATIONS
(Presented by Academician V. I. Smirnov, 27 V 1957)

1°. Let us agree on the following notation. We shall denote matrices by capital
Latin letters, row vectors by lowercase letters, and scalar quantities by Greek
letters. The exceptions will be: 𝑡—time, 𝑛—the order of vectors and matrices; 𝑉
—a Lyapunov function; 𝑑𝑉 /𝑑𝑡 = −𝑊—its derivative. All matrices, vectors, and
numbers are assumed to be real. The components of vectors will be arranged in
the form of a column (notation 𝑎) or in the form of a row (notation 𝑎∗). Then
𝑎∗𝑏 = (𝑎, 𝑏) is the scalar product; 𝑎𝑏∗ is a matrix.

In the book of A. I. Lur’e (1), systems of differential equations of “indirect
automatic control with one regulating element”are introduced and studied:

𝑑𝑥
𝑑𝑡 = 𝐴𝑥 + 𝑎 ⋅ 𝜑(𝜎), 𝑑𝜎

𝑑𝑡 = (𝑏, 𝑥) − 𝜌𝜑(𝜎). (1)

Here 𝜌 > 0 is the“feedback coefficient”; 𝜑(𝜎), the“servomotor characteristic,”
is assumed continuous and satisfying the conditions

𝜑(0) = 0, 𝜎𝜑(𝜎) > 0 for 𝜎 ≠ 0. (2)

In addition, we shall assume that the characteristic equation of the“open-loop
system”det(𝐴 − 𝜆𝐸) = 0 has all roots with negative real parts. Following A. I.
Lur’e, we shall solve here the following problem: it is required to determine a
solution 𝑥 = 0, 𝜎 = 0 of system (1), for which the trivial solution 𝑥 = 0, 𝜎 = 0
of system (1) is stable in the large, i.e. it is stable“in the small”in the sense of
Lyapunov and, moreover, every solution 𝑥 → 0, 𝜎 → 0 as 𝑡 → ∞.

The purpose of the present note is to present A. I. Lur’e’s method in invariant
form. This makes it possible to write the system of resolving equations directly
in terms of the coefficients of system (1)*. We also show here that a certain
supplement to Lur’e’s method leads to sufficient conditions including all the
sufficient conditions that can be obtained with the aid of the Lyapunov function
indicated below of the form (3)**.

The algebraic calculations connected with obtaining concrete conditions on the
coefficients in the general case for systems of order > 5 (𝑛 ≥ 4) are extremely

sovietrxiv.org/items/ru-195701.86241 Machine Translation

https://sovietrxiv.org/items/ru-195701.86241


cumbersome; nevertheless, it can be shown that in principle they are always
feasible.

2°. We shall seek, for system (1), a Lyapunov function of the form

𝑉 = (𝐻𝑥, 𝑥) + ∫
𝜎

0
𝜑(𝜎) 𝑑𝜎, 𝐻∗ = 𝐻. (3)

* See, in this connection, the note in (1), p. 91.
** As far as the author knows, Lyapunov functions of another form have not
been used for the class of problems under consideration. It may also be shown
that the presence in the right-hand side of formula (3) of a term of the form
𝜎ℎ∗𝑥 gives nothing new, since we would obtain ℎ = 0.
Differentiation along the solutions of system (1) gives

̇𝑉 = −𝑊 = −(𝑥∗𝐺𝑥 + 2𝑔∗𝑥 + 𝛾),

where −𝐺 = 𝐴∗𝐻 + 𝐻𝐴, −𝑔 = (𝐻𝑎 + 1
2 𝑏)𝜑, 𝛾 = 𝜌𝜑2.

It can be proved that the usual condition 𝑉 > 0, 𝑊 > 0 for |𝜎| + ‖𝑥‖ ≠ 0
guarantees stability in the large.* In order that 𝑊 > 0 for |𝜎| + ‖𝑥‖ ≠ 0, it is
necessary and sufficient that** 𝛾𝐺 − 𝑔𝑔∗ = 1

4 𝜌𝜑2𝐺 > 0.
We arrive at the quadratic inequality for the matrix 𝐻

−𝜌(𝐴∗𝐻 + 𝐻𝐴) − (𝐻𝑎 + 1
2 𝑏)(𝐻𝑎 + 1

2 𝑏)∗ ≡ 1
2 𝜌𝐺 > 0. (4)

It is easy to show ((3), pp. 430–431) that from inequality (4) it also follows that
𝐻 > 0, i.e. 𝑉 > 0 for ‖𝑥‖ + |𝜎| ≠ 0. Therefore, for stability in the large it
is sufficient that equation (4), with some matrix 𝐺 > 0, admit as a solution a
symmetric matrix 𝐻.

Define the linear operator 𝑌 = 𝔄(𝑋) by the formula 𝐴∗𝑌 + 𝑌 𝐴 = −𝑋, and put
−𝑢 = 𝐻𝑎 + 1

2 𝑏. We obtain

𝜌𝐻 = 𝔄(𝑢𝑢∗) + 1
2 𝜌 𝔄(𝐺), (5)

𝔄(𝑢𝑢∗)𝑎 + 𝜌𝑢 + 1
2 𝜌(𝑏 + 𝑐) = 0, (6)

where 𝑐 = 𝔄(𝐺)𝑎. If the quadratic vector equation (6) has a real solution, then
from formula (5) we find a matrix 𝐻 > 0 satisfying inequality (4). Equation (6)
can be written in the form
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𝐴∗𝑈 + 𝑈𝐴 = −𝑢𝑢∗, (I)
𝑈𝑎 + 𝜌𝑢 + 1

2 𝜌(𝑏 + 𝑐) = 0, (II)
(7)

where the vector 𝑐 is determined from the equations

𝐴∗𝑇 + 𝑇 𝐴 = −𝐺 < 0, (I)
𝑐 = 𝑇 𝑎. (II)

(8)

We arrive at the theorem:

Theorem 1. If, for some vector 𝑐 determined by formulas (8), where 𝐺 > 0 is
some positive-definite symmetric matrix, the“resolving equation”(6) (or equation
(7), (II)) has a real solution 𝑢, then the trivial solution of system (1) is stable
in the large.

It can be shown that all the computations connected with checking the condi-
tions of the theorem can be carried out in a finite number of steps.

In equations (6) and (7) one may put 𝑐 = 0 and require solvability of these
equations not only for the given vector 𝑏, but also for all vectors 𝑏 sufficiently
close to the given one. This corresponds to the choice 𝐺 = 𝜀𝐸, where 𝜀 > 0 is
a sufficiently small number.

We obtain the resolving equations of A. I. Lur’e if we suppose that the matrix
𝐴 is reducible to diagonal form, take the corresponding basis, and put 𝑐 = 0.

* This can easily be proved under certain additional natural assumptions on the
function 𝜑(𝜎), which apparently were implicit in (1). If

∫
±∞

0
𝜑(𝜎) 𝑑𝜎 = ∞,

this follows from (2). We note that, in order not to exclude the case encountered
in applications where 𝜑′(𝜎) = ∞ at some points, we do not require uniqueness
of the solution of system (1). Moreover, stability in the large presupposes con-
tinuability of all solutions as 𝑡 → ∞, which under the conditions indicated in
the text is proved.

** We write 𝐺 > 0 if (𝐺𝑧, 𝑧) > 0 for 𝑧 ≠ 0.
It is easy to derive, as in (1), that the condition Γ2 = 𝜌 + (𝑏, 𝐴−1𝑎) > 0 is a
necessary condition for system (7) to have real solutions. It can also be shown
that, for the corresponding linear system with 𝜑(𝜎) = 𝜇𝜎, the expansion of the
root of the characteristic equation that tends to zero as 𝜇 = 0 has the form
𝜆0 = −𝜇Γ2(1 + ⋯), i.e., the condition Γ2 > 0 is also a necessary condition for
stability in the large.
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From equations (7) one easily obtains the relation* (𝑢, 𝐴−1𝑎) = 𝜌 + √𝜌Γ, using
which one can lower the order of the determining system of equations by one.

Theorem 2. Let, in system (1), 𝐴𝑎 = −𝛼𝑎, 𝛼 > 0. In order that the trivial
solution of system (1) be stable in the large for every continuous function 𝜑(𝜎)
satisfying conditions (2), it is necessary and sufficient that

Γ2 = 𝜌 − 1
𝛼(𝑏, 𝑎) > 0.

In this case the quadratic equation (6) can be solved explicitly; one of the
solutions will be:

𝑢 = −1
2 [𝐴∗ − 𝛼Γ√𝜌𝐸]

−1
(𝐴∗ − 𝛼𝐸)(𝑏 + 𝑐).

In the scalar case 𝑛 = 1, equation (6) becomes an ordinary quadratic equation;
this case is also a special case of Theorem 2. The case 𝑛 = 1 is treated somewhat
differently in (4,5), where nonlinear systems of another type were also considered.

Let 𝑛 = 2. Suppose that 𝐴𝑎 ≠ −𝛼𝑎, i.e., that the vectors 𝑎0 = 𝑎 and 𝑎1 = 𝐴−1𝑎
are linearly independent. Making in (1) the substitution 𝑥 = 𝑆𝑥1, 𝑆 = ‖𝑎0|𝑎1‖,
i.e., passing to the basis 𝑎0, 𝑎1, we arrive at a system of the same form, where

𝐴 = (−𝛼0 1
−𝛼1 0) , 𝑎 = (1

0) , 𝑏 = (𝛽0
𝛽1

) , 𝛼0 > 0, 𝛼1 > 0. (9)

Carrying out the very simple calculations in this case for 𝑐 = 0, we obtain:

Theorem 3. In order that the trivial solution of system (1), where 𝐴, 𝑎, 𝑏 have
the form (9), be stable in the large, it is sufficient that

Γ2 = 𝜌 + 𝛽1 > 0, 𝛼0(𝜌𝛼0 − 𝛽0) > 𝛼1(√𝜌 − Γ)2. (10)

The elements 𝜂0 and 𝜂1 of the vector 𝑐 in this case satisfy the inequalities

−𝛼0
𝛼1

𝜂0 < 𝜂1 < 0.

Consideration of equation (6) with a vector 𝑐 ≠ 0 gives nothing new. Therefore
conditions (10) include all sufficient conditions that can be obtained by means
of a Lyapunov function of the form (3).**

3∘. With almost no changes one can consider the case where the characteristic
equation of the open-loop system has one zero root. The determining equations
(7) remain the same. Their number can be lowered by one.
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* An analogous relation (5.2) in (1).
** In particular, they either coincide with or are broader than the correspond-
ing conditions in (1). The author does not know whether conditions (10) are
necessary for stability in the large. It can be shown that, for stability of the
linear system with 𝜑(𝜎) = 𝜇𝜎, for all 𝜇 > 0, it is necessary and sufficient that
either conditions (10) hold, or that Γ2 > 0, 𝜌𝛼0 − 𝛽0 > 0, 𝛽1 ≤ 0. Thus, for
𝛽1 > 0, conditions (10) are also necessary.

Note: Figure translations are in progress. See original paper for figures.
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