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Abstract
Full Text
MATHEMATICS

V. I. ZUBOV

INVESTIGATION OF THE STABILITY PROB-
LEM FOR SYSTEMS OF EQUATIONS WITH
HOMOGENEOUS RIGHT-HAND SIDES
(Presented by Academician V. I. Smirnov, January 7, 1957)

In the present paper conditions are derived for the asymptotic stability of the
zero solution of a system of ordinary differential equations with homogeneous
right-hand sides, and exact estimates are given for the distance of an integral
curve from the equilibrium position; a number of applications of the results
obtained is also set forth.

Definition 1. A real single-valued continuous function 𝑋(𝑥1, … , 𝑥𝑛), defined
in 𝐸𝑛, will be called homogeneous of order 𝜇 and denoted by 𝑋(𝜇), 𝜇 = 𝑝/𝑞,
where 𝑝 and 𝑞 are natural numbers, 𝑞 odd, if for any real constant 𝑐 the equality

𝑋(𝑐𝑥1, … , 𝑐𝑥𝑛) = 𝑐𝜇𝑋(𝑥1, … , 𝑥𝑛)
holds; here the quantity 𝑐𝜇 will be regarded as positive when 𝑝 is even, and
when 𝑝 is odd—as real, having the sign of 𝑐.

Definition 2. A real single-valued continuous function 𝑉 (𝑥1, … , 𝑥𝑛), defined
in 𝐸𝑛, will be called positive-homogeneous of order 𝑚 > 0 and denoted by
𝑉 [𝑚], if for any real quantity 𝑐 the equality

𝑉 (𝑐𝑥1, … , 𝑐𝑥𝑛) = |𝑐|𝑚𝑉 (𝑥1, … , 𝑥𝑛)
holds; here the quantity |𝑐|𝑚 is regarded as positive.

Consider the system of ordinary differential equations
𝑑𝑥𝑠
𝑑𝑡 = 𝑋(𝜇)

𝑠 (𝑥1, … , 𝑥𝑛) (𝑠 = 1, … , 𝑛). (1)

Further, by
𝑋 = 𝑋(𝑡, 𝑋(0)) (2)

we shall denote an integral curve of system (1) such that 𝑋(0, 𝑋(0)) = 𝑋(0),
where 𝑋 is a real 𝑛-dimensional vector (𝑥1, … , 𝑥𝑛). It is clear that, together
with the integral curve (2), system (1) has a family of integral curves, depending
on one arbitrary real constant 𝑐, representable in the form

𝑋 = 𝑐𝑋(𝑐𝜇−1𝑡, 𝑋(0)) = 𝑋(𝑡, 𝑐𝑋(0)).
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Theorem 1. 1) For 𝑝 even, the zero solution of system (1) cannot be asymp-
totically stable.

2) If 𝑝 is odd and 𝜇 ≠ 1, then the zero solution of system (1) can be asymp-
totically stable only under real perturbations.

3) If 𝜇 = 1, then the zero solution of system (1) can be asymptotically stable
under arbitrary complex perturbations. With the aid of the results con-
tained in work (1), one can show that the integral curves of system (1)
satisfy the inequality

∣𝑋(𝑡, 𝑋(0))∣ < 𝐴𝑡−𝛼 (3)
for ∣𝑋(0)∣ = 1, where 𝐴 and 𝛼 are positive constants, if only

the zero solution of system (1) is asymptotically stable and 𝑋(𝜇)
𝑠 ∈ 𝐶𝜈, i.e., the

functions 𝑋(𝜇)
𝑠 are continuously differentiable with respect to all their arguments

in 𝐸𝑛 up to order 𝜈 ⩾ 1, inclusive.

Thus, in what follows, inequality (3) for 𝑋(𝜇)
𝑠 ∈ 𝐶𝜈, 𝜈 ⩾ 1, should be regarded

as equivalent to asymptotic stability.

Theorem 2. If the integral curves of system (1) satisfy inequality (3), then
there exist a constant 𝑚 > 𝜇−1 and two functions 𝑊 [𝑚] and 𝑉 [𝑚+1−𝜇] possessing
the following properties:

1) the functions 𝑉 [𝑚−𝜇+1] and −𝑊 [𝑚] are positive definite;

2) the function 𝑉 [𝑚−𝜇+1](𝑋(𝑡, 𝑋(0))) is continuously differentiable with re-
spect to 𝑡, and the equality

𝑑𝑉 [𝑚−𝜇+1]

𝑑𝑡 = 𝑊 [𝑚].

holds.

If, in addition, 𝑋(𝜇)
𝑠 ∈ 𝐶𝜈, 𝜈 ⩾ 1, then the function 𝑊 [𝑚] can be chosen so that

the function 𝑉 [𝑚−𝜇+1] ∈ 𝐶𝜈 is the unique solution of the system
𝑛

∑
𝑖=1

𝜕𝑉
𝜕𝑥𝑖

𝑋(𝜇)
𝑖 = 𝑊 [𝑚];

𝑛
∑
𝑖=1

𝑥𝑖
𝜕𝑉
𝜕𝑥𝑖

= (𝑚 + 1 − 𝜇)𝑉 , (4)

determined by the condition 𝑉 (0, … , 0) = 0.

Theorem 3. In order that inequality (3) hold, it is necessary and sufficient
that the following inequalities be satisfied for the solution of system (1):

1) for 𝜇 = 1,
𝑝1|𝑋(0)|𝑒−𝑝2𝑡 ⩽ |𝑋(𝑡, 𝑋(0))| ⩽ 𝑞1|𝑋(0)|𝑒−𝑞2𝑡;

2) for 𝜇 > 1 and 𝜇 ≠ 2𝑘/𝑞,

𝑐1|𝑋(0)|
𝜇−1√1 + 𝑐2𝑡 |𝑋(0)|𝜇−1

⩽ |𝑋(𝑡, 𝑋(0))| ⩽ 𝑑1|𝑋(0)|
𝜇−1√1 + 𝑑2𝑡 |𝑋(0)|𝜇−1

;
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3) for 𝜇 ∈ (0, 1), every solution of system (1), if (3) is assumed, after a finite
interval of time reaches the origin. Until that moment the inequalities

1−𝜇√𝑎1|𝑋(0)|1−𝜇 − 𝑎2𝑡 ⩽ |𝑋(𝑡, 𝑋(0))| ⩽ 1−𝜇√𝑏1|𝑋(0)|1−𝜇 − 𝑏2𝑡.

hold.

In the indicated inequalities 𝑎𝑖, 𝑏𝑖, 𝑝𝑖, 𝑞𝑖, 𝑐𝑖, 𝑑𝑖 (𝑖 = 1, 2) are positive constants.

Remark 1. The possibility of case 3) was pointed out in [2].

Remark 2. The estimates given in Theorem 3, in a certain sense, cannot be
improved, i.e., the method of computing the constants 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖, 𝑝𝑖, 𝑞𝑖 (𝑖 =
1, 2) is such that examples can be given in which these inequalities become
equalities.

Consider the system

𝑑𝑥𝑠
𝑑𝑡 = 𝑋(𝜇)

𝑠 + 𝑓𝑠(𝑥1, … , 𝑥𝑛, 𝑡) (𝑠 = 1, … , 𝑛). (5)

We shall assume that system (5) has a solution 𝑋 = 𝑋(𝑡, 𝑋(0), 𝑡0) for every
𝑋(0) ∈ 𝐸𝑛 and 𝑡0 ∈ (−∞, +∞).
Theorem 4. Let the functions 𝑋(𝜇)

𝑠 ∈ 𝐶𝜈. In order that all solutions of system
(5), for any choice of functions 𝑓𝑠, |𝑓𝑠| ⩽ 𝑐|𝑋|𝜆 for |𝑋| ⩾ 𝑅, 𝜆 ⩽ 𝜇, where 𝑅 is
a sufficiently large positive quantity, 𝑐 > 0 is sufficiently small when 𝜆 = 𝜇, be
bounded for 𝑡 ⩾ 𝑡0, it is necessary and sufficient that (3) hold for every solution
of system (1).

Theorem 5. If 𝑋(𝜇)
𝑠 ∈ 𝐶, and (3) holds, then the zero solution of system (5)

will be asymptotically stable for any functions 𝑓𝑠 such that

|𝑓𝑠(𝑋, 𝑡)| ≤ 𝑐1|𝑋|𝜆

for |𝑋| ≤ ℎ, where 𝜆 ≥ 𝜇, ℎ > 0 is sufficiently small, and 𝑐1 > 0 is sufficiently
small when 𝜆 = 𝜇. Moreover, any solution of system (5) beginning for suffi-
ciently small |𝑋(0)|, for all 𝑡 ≥ 𝑡0, satisfies estimates of the same form as in
Theorem 3, if in them 𝑡 is replaced by 𝑡 − 𝑡0, and 𝑋(𝑡, 𝑋(0)) by 𝑋(𝑡, 𝑋(0), 𝑡0).
The study of system (1) makes it possible to advance the solution of the stability
question in a number of doubtful cases.

Consider the system

𝑑𝑥𝑠
𝑑𝑡 = 𝑋𝑠(𝑥1, … , 𝑥𝑘, 𝑦1, … , 𝑦𝑛) (𝑠 = 1, … , 𝑘);

𝑑𝑦𝑗
𝑑𝑡 =

𝑛
∑
𝑖=1

𝑝𝑗𝑖𝑦𝑖 + 𝑌𝑗(𝑥1, … , 𝑥𝑘, 𝑦1, … , 𝑦𝑛) =
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= Φ𝑗(𝑥1, … , 𝑥𝑘, 𝑦1, … , 𝑦𝑛) (𝑗 = 1, … , 𝑛), (6)

where the functions 𝑋𝑠, 𝑌𝑗 are holomorphic in a neighborhood of

𝑥1 = ⋯ = 𝑥𝑘 = 𝑦1 = ⋯ = 𝑦𝑛 = 0

and their expansions contain no terms linear with respect to 𝑥𝑠, 𝑦𝑗.

Suppose that the roots of the equation |𝑃 −𝜆𝐸| = 0, {𝑃}𝑖𝑘 = 𝑝𝑖𝑘, have negative
real parts. Denote by

𝑢𝑗(𝑥1, … , 𝑥𝑘)
the analytic functions satisfying the system of equations

Φ𝑗(𝑥1, … , 𝑥𝑘, 𝑦1, … , 𝑦𝑛) = 0 (𝑗 = 1, … , 𝑛).

Theorem 6. If

𝑋𝑠(𝑥1, … , 𝑥𝑘, 𝑢1, … , 𝑢𝑛) ≡ 0 (𝑠 = 1, … , 𝑘),

then system (6) has 𝑘 holomorphic integrals and the zero solution of this system
is stable in the sense of Lyapunov.

Denote by
𝑋(𝜇)

𝑠 (𝑥1, … , 𝑥𝑘)
the forms of lowest degree in the expansion of the functions

𝑋𝑠(𝑥1, … , 𝑥𝑘, 𝑢1, … , 𝑢𝑛)

in powers of the quantities 𝑥1, … , 𝑥𝑘.

Theorem 7. If the zero solution of the system

𝑑𝑥𝑠
𝑑𝑡 = 𝑋(𝜇)

𝑠 (𝑠 = 1, … , 𝑘)

is asymptotically stable, then the zero solution of system (6) is also asymptoti-
cally stable, and any solution beginning in a sufficiently small neighborhood of
the point

𝑥1 = ⋯ = 𝑥𝑘 = 𝑦1 = ⋯ = 𝑦𝑛 = 0
satisfies the inequalities

𝑝1|𝑍(0)|𝑒−𝑝2𝑡 ≤ |𝑍(𝑡, 𝑍(0))| ≤ 𝑐1|𝑍(0)|
𝜇−1√ 1 + 𝑐2𝑡|𝑍(0)|𝜇−1

for 𝑡 > 0;

where 𝑐𝑖, 𝑝𝑖 > 0 (𝑖 = 1, 2) are constants;

𝑍(𝑡, 𝑍(0)) = (𝑥1, … , 𝑥𝑘, 𝑦1, … , 𝑦𝑛)
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is a solution of system (6);

𝑍(0) = (𝑥(0)
1 , … , 𝑥(0)

𝑘 , 𝑦(0)
1 , … , 𝑦(0)

𝑛 ).

We note that Theorem 6 is established with the aid of the results contained in
§ 65 of work (3).
Leningrad State University
named after A. A. Zhdanov

Received
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