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Abstract
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HYDROMECHANICS
O. M. BELOTSERKOVSKII

FLOW PAST A CIRCULAR CYLINDER WITH
A DETACHED SHOCK WAVE

(Presented by Academician A. A. Dorodnitsyn, 23 X 1956)

The problem of flow past bodies with a detached shock wave has been studied
only in a very approximate formulation (*7°), etc. The use of electronic com-
puting machines makes it possible to obtain definitive results with the required
degree of accuracy for the problem in an exact formulation.

1. Formulation of the problem. Let a plane-parallel supersonic flow (M_, >
1) of an ideal gas impinge with constant velocity w,, on a circular cylinder. In
front of the cylinder a shock wave arises, whose shape and position are not known
in advance. We introduce dimensionless quantities, referring the velocity to the
maximum velocity; the pressure and density to the stagnation pressure and
density before the shock wave; linear dimensions to the radius of the cylinder,
and consider the system of equations of motion, continuity, and energy:

2
rotw x w—i—V% + V(kp)

=0, V(pw) =0, wV— =0, (1)

where w, p, p are the velocity, pressure, and density behind the shock wave; % is
the adiabatic exponent; k = (% — 1)/2x (for air » = 1.40 and k = 1/7).

Introducing polar coordinates (r,9) (Fig. 1), and replacing one of the equations
of motion by the Bernoulli integral, we obtain a system equivalent to (1); to-
gether with the equation for the stream function (¢), the new system will have
the form:

ordH 05 orh Ot _
or on 70 ar "o
_ P _ dy _ (ﬂ_ )
@—p%—w(w), 29 =P \vgg —ru), (2)

where

H = kp + pu?, S = puv, g = kp + pv?, h = Tu,
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Fig. 1

Figure 1: Fig. 1

t=rv, rT=(1-w)7T, p=(1-uwp, p=ToFI, (3
u,v are the components of the velocity w along r and . In this system the
unknowns are the functions u, v, ¢, 1.

The boundary conditions on the body (r = 1) have the form:

u(¥) =0, Y(¥) =0, o(1¥) = ¢(0) = const. (4)

On the shock wave, where () = 14£(¢}), the known relations for the tangential
and normal components of velocity, pressure, density, and the stream function,
together with the obvious geometrical relation along the wave, can be written
in the form

u(¥) = Fysind — F cos, v(¥) = F; sind + F, cos 9,

2

4y L [w? cos?x  (x—1)2
= 1 — 2 n—1 = —
) = - [ X LoD 6)

p(¥) = i l<%_1) 1_“%051“2)(1% [wgocoszx B (%—1)2]7

w?—1 [ \n+1/ w2 cos?y 1— w2, 4n
V() = w. (1 — w2 )71 (1 +¢)sind, di;;) = (1 +¢)tan(d — x),

where €(¢) is the distance from the surface of the body to the wave along the
ray ¥ = const; x is the angle between the tangent to the wave and the vertical
(Fig. 1); ¥(0) = 0; F; and F, are known functions of x, M.

Fig. 1

2. Method of solution. To solve the problem posed, the method of integral
relations (1) was applied; it consists of the following. Between the wave and the
body we draw N — 1 lines equidistant along 7,

£ =¢, = const (E=(r—1)/e®), 0<E<),

which divide the region of integration into N strips. We denote all quantities
on the body, where £ = £, = 0, by the subscript 0; on the ¢-th line, where

=& =I[N-(—-DJ/N,
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by the subscript ¢; and on the wave (£ = £ = 1) by the subscript 1. Integrating
the first two equations of system (2) along an arbitrary ray ¥ = const, from the
surface of the body to the boundary of each of the strips, we then obtain 2NV
independent integral relations:

d 1+&;e(9) d&(’ﬁ) 1+&;e(9)
H—H.+ % _ g _ —0
r =yt o [ Seaa-sg P - [ g0y =0: 6)

de(9)
dd

d 1+&;2(0)
rihy —ho + 7/ t(r,9)dr —t;§; =0; (7)
dv J,

1= 172a~”7N; Tz(,l” :1+§zg(19>’ Hz:H(rzvﬁ)v H[):H(la,l?);

h; = h(r;,9); ho = h(1,9); t; =t(r;,v).

We now approximate any integrand function f(r,®) by interpolation polynomi-
als of degree N in r, taking the strip boundaries as interpolation nodes,

)= a0 2] ®

=0

where a,,,(9) will depend linearly on the values of the corresponding function at
the strip boundaries.

Substitute (8) into the integral relations (6), (7) and carry out the integration.
Then, writing the last two equations of system (2) along each of the N — 1
lines £ = &, j =2,3,...,N (on the wave and on the body, ¢ and % are found
from the boundary conditions), and taking into account the last equation of
(5), we obtain an approximating system consisting of 4N — 1 equations for the
unknowns vy, u;, v, ¢;,¥;, €, X. Thus the problem is reduced to a system of 3V
ordinary differential equations and N — 1 finite relations.

From the condition of symmetry we obtain the following boundary conditions:
for ¥ =0,

U(Ta O) = 1/1(7"7 O) = X(()) =0.

However, the system obtained in the neighborhood—

of sound lines will have singular points. The requirement that the motion be
continuous at these points also gives us the missing conditions for the deter-
minacy of the problem. These conditions are similar to those obtained by S.
A. Khristianovich® from an exact system of partial differential equations for
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Fig. 2

Figure 2: Fig. 2

certain cases of vortical flows. The solution constructed in this way will satisfy
all the conditions of the given problem, including the boundary conditions on
the body and on the wave.

The solution of the approximating system was carried out numerically for differ-
ent numbers of intermediate lines: in the first approximation (N = 1) no inter-
mediate line was introduced, and S, g,t were approximated linearly from their
values on the body and on the wave. The three unknown functions v, €, x were
found from three differential equations. In the second approximation (N = 2)
one intermediate line was introduced; in the third (N = 3), two, and so on.
Agreement of the results with the required accuracy in the last two approxima-
tions indicates practical convergence of the calculation (Fig. 3).

Fig. 2

We shall explain the calculation technique using the example of the second
approximation. The approximations have the form:

2
f(r,ﬂ)=fo+[4f2—f1—3fo]%+2[—2f2+f1+f0] [2(19)1] ’

where f1, f5, fo are the values of f(r, 1), respectively, on the wave, on the middle
line, and on the body. The approximating system is as follows:

de dx dv EY
14 e)tg(d — X g B Bol
ap ~ UHete@—x. o5 Ca0 16—
dU2 - 1 X -1 d’(/}2
W - B 1 (F F4u2902 + F5 dv )
7'2”280;(71
%_i %_&2[ de —(2+¢) } = o, (11))|
& 1+5u 0 A9 2 | 2dv =t P2 = 01Ul 2y,
— W
6 2

where <I><2>,E( ) Eg ),F3,F4,F5 are known functions of ¥, u;,v;, ¢, p;; ¢ =
0,1,2; x = 1.40.

The integration of the system is carried out from ¥ = 0, where vy = v, = x =
¥y = 0, while £, = €(0) and u,(0) are two unknown parameters. At the points
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Fig. 3

Figure 3: Fig. 3

where v3 = 1/6 and w2 = (14+5u3)/6, the derivatives dv,/d¥ and dv,/d¥ become
infinite, and from the condition of continuity of the motion at these points it
must be that E(()2> = 0 and E§2> = 0. In each subsequent approximation one
parameter u;(0) and one condition are added: for w? = (1 + 5u?)/6, E; = 0.
Thus the points where the line w? — (1 + 5u?)/6 = 0 intersects the boundaries
of the strip or the surface of the body will be singular points of our system
(singularities of the “saddle” type).

In conclusion, let us find on the wave the angle &, between the streamline (¢ =
const) and the line w = w;, = const. Writing, in rectangular coordinates, the
equations of continuity, vorticity, and two expressions for the total derivatives
along,

wave from the velocity components, we obtain a system of equations for de-
termining 4 partial derivatives of these components. Then from the condition
dw = 0 we determine the required angle J;,, which in plane flow, for a given wy,
depends, it turns out, only on M_ —thus the shape of the body does not affect
this angle (in the axisymmetric case the angle d,, also depends on the curvature
of the wave). For the sonic line (w;, = 1/v/6), the change of the angle § with
M, is given in Table 1.

oo

Table 1

M 1.00 1.1251.25 1.50 1.69 2.00 2.50 3.00 4.00 5.00 6.00 7.00 8.00
6°  90.0006.3306.8945.9130.00073.60646.17430.69718.91414.80412.88811.83811.189

An expression has also been obtained for J; on the body and in the field, but
here this angle is determined through w, dw/ds (s is the length of the arc along
¢ = const), the radius of curvature of the streamline, and the value of the
vorticity at the point under consideration.

Fig. 3. I-first approximation; II—second approximation; III—third approxi-
mation; a—experiment

3. Results of the calculations. Calculations of the flow past a circular cylin-
der at various M_, were carried out on the BESM electronic machine according
to the I, I'l, and partly the I1] approximations.

In Fig. 1, for the case M_, = 3.0, the shock wave, the sonic line (M = 1), and
the characteristics are plotted according to the II1 approximation. The flow
pattern obtained according to the II approximation is very close to the one
plotted.
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In Fig. 2, waves and sonic lines are plotted for the cases M = 3.0 (I1]
approximation), 4.0 and 5.0 (I approximation). The angle of inclination of the
sonic line at the point of its intersection with the wave agrees well with the data
of Table 1.

Fig. 3 illustrates the convergence of the method by approximations for M_ =
3.0; here a comparison is also given with the results of an experiment carried
out by G. M. Ryabinkov (the ratio of the pressure on the body to the pressure
at the critical point is denoted by py(1)/py(0)).

Analysis of the calculations shows that already the I approximation gives suffi-
ciently accurate results. The calculation data make it possible to construct the
pattern of pressure on the surface and outside the body, the sonic line, the posi-
tion and shape of the shock wave, etc. By an analogous procedure, the problem
of flow with a detached shock wave past plane or spatial bodies of arbitrary
shape possessing an axis of symmetry is solved.
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