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Abstract
Full Text

PHYSICS

Academician N. N. BOGOLYUBOV, D. N. ZUBAREV, and Yu. A.
TSERKOVNIKOV

ON THE THEORY OF THE PHASE TRANSI-
TION

As was shown in works (12), it is convenient to develop the theory of supercon-
ductivity starting from a model Hamiltonian of the form

H = H,+ H,,;, (1)
+ J + +
H,= Z<E<k> —)\)ak7sak7s, Hy,, = v Z Ok —1/2%1/2% 1/20—k —1/2-
k,s (k+k)

The summation in H,,, is extended over momenta k, k¥’ belonging to the energy

wnt
shell

Er—w< Ek) < Ep+w. (2)

We shall show that for this Hamiltonian one can construct the thermodynamic
potential

U=F—AN=—#lnSpe /¢

asymptotically exactly (as V' — o0). Moreover, we shall show that such a
calculation is also possible for the more general expression

1 /
H = Z(E(k) - A)az,sak,s Y Z J(k, k >atk,1/2“Z,1/2ak’,1/2a—k”7—1/2’ (3)
k,s (k.k")

which contains a real, bounded function J(k, k), practically vanishing outside
some finite region of momenta k, k’.

sovietrxiv.org/items/ru-195701.84811 Machine Translation


https://sovietrxiv.org/items/ru-195701.84811

In view of the fact that in the theory of phase transitions there are only very
few exactly solvable examples, the development of a method for calculating ther-
modynamic functions for the Hamiltonian (3) seems expedient to us, especially
since applications to the theory of superconductivity are obtained here.

Let us perform our canonical transformation:

— + — +
Q12 = UpQy o + VpOp 15 Qg 172 = UpQp 1 — VRO

with real functions wy, v, connected by the relation

u% + vi =1
We obtain
H=HOY 4+ H, (4)
’ 1 /
HO =U + ;Hk, H =— > J(k,k)B{ By,
(k;K")
where
1
U = const = QZ(E(IC) — A2 — v Z J(ky B Y ug, vt vy
k (k,k")

J(k, &)

+ n
Uk/”k/} (g + Qg )

Hy, = {(E(k) — A)(uj, — i) + 2%%2
=

J(k, &)

+ o+
Uk/vk/} (a0 + Q1)

n {2(E(k) — Nugvy — (uf =) Y
(5)

K’

_ + + 2 4 i
By, = wvp (oo + Q) — U Qg + Va0 -

Let us note that all the operators Hy, B, B commute with one another for
different k.

We apply statistical perturbation theory to formula (4). We obtain:

S _H/9 1/9 ty tyh 1 S _H(O)/QH, t H/ t
% =1+ ) (—1)”/ dtl/ dt, / dt,, pie J(q&))) . ( n)},
Spe (n>1) 0 0 0 Sp{e—H'"/0}
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where

H'(t) = Bt e 1O,

This relation may also be represented in the form

1/6 t b
/ dtl/ dtz.../ dt, 2, ¢,
) /0 0 0

(6)

n>1

InSpe /¢ — lnSpe_H(O)/e =In {1 +
(

where
A, = T Z J(ky, K}, oy J(K, KL) X
(kyyonrky)
(K eskir)
_HO 95 ~
y Sp{e HO)/QBkl (t1) By (t1) ... By (t,,) By (t,)} )
Sp{e~1"/%} 7
By (t) = Bt B e H"t — eHiu By e Hie B, (t) = eflxe Bfre Hre
We shall show that, if for all &k
Sp(e”/?By) =0, (8)

then each of the 2, remains bounded in the course of the limiting transition
V = oo.

Indeed, take in the sum (7) some term for which there is at least one momentum
k, or k‘; not equal to any of the other momenta k;, k;-. It is not difficult to see
that such a term will be proportional to

Sp{e /"By (t)} = Sp{e M"B] } =0,
or
Sp{e” /"By, (1)} = Spfe” "' By, } = 0.

Therefore, in the sum (7) it is necessary to take into account only those terms for
which, among the momenta ky, k1, ..., k,,, k;,, there are no more than n distinct
ones. But
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they lead to a quantity of order V™, which is compensated by the factor 1/V".
Consequently, 2, remains finite as V' — 0o. On the other hand, both terms
on the left-hand side of (6) must be proportional to V for V' — co. Neglecting,
on this basis, terms of finite order, we may replace In Sp e #/¢ by In Sp e~ H(0)/¢
and obtain for the thermodynamic potential under consideration an expression
of the form

\I/:U—GZIHSpe’H’C/O. (9)
%

Thus, in order to solve the problem posed, we must determine uy, v, from con-
dition (8) and then use formula (9).

Technically, it is convenient to carry out this program by diagonalizing the form
H with the aid of the canonical transformation

o = MeBro — HiBras @ = APy + Bio (10)

with real coefficients related by

A+ pui=1.

We determine these coefficients from the condition that the nondiagonal part of
the operator Hj,, which proves to be proportional to

Br1Bro + BioBiis

vanish.

Substituting then (10) into expression (5) for By, we expand equation (8). In
this way we find that

C(k) 1— e k)0
20(k) 1+ e 2R)/6

UV =

Ck) = %Z J(k, K Yug vy, Q(k) = V(E(k) — \)2 + C2(k). (11)
o

Hence we obtain the equation for determining C'(k):

C(k) = % > J(k k') th Q;’;) gé:; (12)
k/

It is interesting to note that this equation, especially if it is written in the form
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o 2

2Q(k)ukvk = ‘/?6 Zj(k,k/>uk/'0k/,
k/

has a certain analogy with the two-body problem equation written in the mo-
mentum representation.

Let us note that equation (12) always has the trivial solution C(k) = 0.

Expanding relation (9), we obtain

U= Zk: {E(k) — A+ QC;EZ; th % —Q(k)—20In (14 e‘Q(k>/9)}. (13)

We shall regard this expression as a function ¥(... C2(k)...).
Then

LR LN (R thmk)}cwf(m@),

0C?(k) 0C?(k) Q(k) 2Q(k) 20 403 0
where
shz —x
J@) = 223 ch? g

Therefore, for C? # 0, the quantity ¥ always has a smaller value than for the
trivial solution.

Thus, the phase transition will occur at the temperature at which equation (12)
acquires a nontrivial solution.

Passing to Bardeen’ s model, in which J and C do not depend on k, we obtain
for C the equation:*

o V&L

20 ge, (14)

o[ et

where

_ (P
"2 \oEjoK ),
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We note that for § = 0, equation (13) gives for the gap the expression obtained
in (12).

It is not difficult to see that equation (14) has solutions only for § < 6,,, where
0, is determined from equation (13) at C' =0

o th oo
1= / 0 g, (15)
h €
whence
0y = 1.13we /7. (16)

Equation (14) determines C' as a function of §. At § = 0 we have C(0) = 2we™1/?
(*)-

Near the point 6 = 6, the gap C' tends to zero and has the form

C2 =9.390,(0, — 0). (17)

From equation (13), taking (17) into account, we see that at the point 6 = 6,
the entropy is continuous, while the heat capacity © has a finite jump equal to

AG
— =143 18
s, =L (19)

where G is the heat capacity of the ideal Fermi gas at § = 6,. Consequently,
at the point 6 = 0, we have a second-order phase transition.
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* The thermodynamic formulas in the simplest case J = const were also obtained
by Bardeen, Cooper, and Schrieffer (3), proceeding from other ideas, with the
aid of an approximate variational method.

Note: Figure translations are in progress. See original paper for figures.
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