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Abstract
Full Text

A. S. Schwarz

HOMOLOGIES OF SPACES OF CLOSED
CURVES
(Presented by Academician P. S. Aleksandrov, 17 VI 1957)

In this note we study spaces of closed curves on Riemannian manifolds and the
relation of these spaces to closed geodesics. The homologies of spaces of closed
curves on certain manifolds, in particular on spheres,* are computed.

Let 𝑀 be a closed Riemannian manifold. From the closed curves lying in the
manifold 𝑀 , one can form a number of spaces.

An element of the space 𝐿 = 𝐿𝑀 of closed rectifiable curves with a marked point
will be taken to be a mapping 𝑓(𝑡) of the interval [0; 1] into the manifold 𝑀 ,
satisfying the condition 𝑓(0) = 𝑓(1) and defining a rectifiable curve on which
the parameter 𝑡 is proportional to arc length (𝑡 is the reduced length). In the
space 𝐿 a metric is introduced by the formula

𝑟(𝑓, 𝑔) = sup
0≤𝑡≤1

𝜌(𝑓(𝑡), 𝑔(𝑡)) + |𝐽(𝑓) − 𝐽(𝑔)|

(where 𝜌 denotes distance in the manifold 𝑀 , and 𝐽(𝑓) the length of the curve
𝑓). In the space 𝐿 acts the group 𝐾 of real numbers reduced modulo 1. Namely,
to a number 𝛼 ∈ 𝐾 and a curve 𝑓 ∈ 𝐿 there is put in correspondence the curve
𝑇𝛼𝑓 , defined by the mapping 𝑇𝛼𝑓(𝑡) = 𝑓(𝑡−𝛼) (the number 𝑡−𝛼 being reduced
modulo 1).

The space 𝑃 = 𝑃𝑀 of oriented closed rectifiable curves of the manifold 𝑀 is
defined as the space obtained from the space 𝐿 by identifying elements of 𝐿
equivalent with respect to the group 𝐾.

In the spaces 𝐿 and 𝑃 an involution 𝔓 is defined, which assigns to each curve
the same curve traversed in the opposite direction (i.e. to the curve given by
the mapping 𝑓(𝑡) there is assigned the curve given by the mapping 𝑓(1 − 𝑡)).
Identifying in the spaces 𝐿 and 𝑃 points equivalent with respect to this involu-
tion, we obtain the space 𝐿 = 𝐿𝑀 of nonoriented closed rectifiable curves with
a marked point and the space 𝑃 = 𝑃 𝑀 of nonoriented closed rectifiable curves.

The homotopy type of the spaces 𝐿, 𝑃 , 𝐿, 𝑃 depends only on the topological
structure of the manifold 𝑀 (more precisely, only on the homotopy type of the
manifold 𝑀).
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In the spaces 𝐿, 𝑃 , 𝐿, 𝑃 there are distinguished subsets consisting of one-point
curves (curves of length 0). We shall denote these subsets respectively by
𝑇 , 𝑁, 𝑇 , 𝑁 .

* The homologies of spaces of closed curves were computed earlier by Morse (1),
Fet (2), and Bott (3). However, Morse incorrectly computed the type numbers
of a nondegenerate closed geodesic (his result is incorrect for multiple geodesics),
as a consequence of which the Betti numbers he computed for the sphere cannot
be regarded as correct. This makes Fet’s results unfounded. Bott’s computation
of the oriented circular Betti numbers of the sphere is likewise erroneous.

Theorem 1. The circular connectivities of the manifold 𝑀 (circular connec-
tivities (1)) are equal to the Betti numbers* mod 2 of the space ̄𝑃 modulo the
subset 𝑁 . The oriented circular connectivities of the manifold 𝑀 (sensed cir-
cular connectivities (3)) are equal to the Betti numbers mod 2 of the space 𝑃
modulo the subset 𝑁 .

On the spaces 𝐿, 𝑃 , 𝐿̄, ̄𝑃 there is given a continuous functional 𝐽—the length of
a curve. The critical points of the functional 𝐽 in the spaces 𝐿, 𝑃 , 𝐿̄, ̄𝑃 are the
closed geodesics of the manifold 𝑀 .

Theorem 2. The type numbers 𝑚𝑘 of the critical set corresponding to a
nondegenerate closed geodesic of index 𝑖 in the space 𝐿 or 𝐿̄, over an arbitrary
field, are given by the formulas 𝑚𝑖 = 1, 𝑚𝑖+1 = 1 or 0, 𝑚𝑘 = 0 for 𝑘 ≠ 𝑖, 𝑖 + 1
(modulo 2 in all cases 𝑚𝑖+1 = 1).
Sketch of proof. A small neighborhood of this critical set can be, in the usual
way, deformed, without increasing the lengths of curves, into the set consisting
of geodesic polygons with a fixed number of sides. To the function defined on
the manifold consisting of polygons, Bott’s results (3) on the type numbers of
a nondegenerate critical manifold are applicable.

Theorem 3. The type numbers of an 𝑠-fold nondegenerate closed geodesic 𝑔 in
the space 𝑃 or ̄𝑃 , over an arbitrary coefficient field, are determined by the index
of this geodesic and by the indices of those geodesics of which it is an iterate.
Namely, if by ℎ one denotes a simple closed geodesic whose 𝑠-fold iterate is the
geodesic 𝑔, by 𝑖(𝑑) the index of the 𝑑-fold iterate of the geodesic ℎ, and by
𝑑𝑝 the greatest divisor of the number 𝑠 not divisible by the prime number 𝑝,
then, in the case when the number 𝑖(2) − 𝑖(1) is even, the type numbers of the
geodesic 𝑔 are given by the formulas: 𝑚𝑖(𝑠)

0 = 1, 𝑚𝑘
0 = 0 for 𝑘 ≠ 𝑖(𝑠); 𝑚𝑘

𝑝 = 1
for 𝑖(𝑑𝑝) + 1 ≤ 𝑘 ≤ 𝑖(𝑠); 𝑚𝑘

𝑝 = 0 for the remaining 𝑘, and in the case when the
number 𝑖(2) − 𝑖(1) is odd—by the formulas: 𝑚𝑘

0 = 𝑚𝑘
𝑝 = 0 for all 𝑘, if 𝑝 ≠ 2,

𝑚𝑘
2 = 1 for 𝑖(𝑑2) + 1 ≤ 𝑘 ≤ 𝑖(𝑠); 𝑚𝑘

2 = 0 for the remaining 𝑘.
(Here 𝑚𝑘

0, 𝑚𝑘
𝑝 denote the 𝑘-th type number of the geodesic 𝑔 over the field of

rational numbers and, respectively, over the prime field modulo 𝑝.)
The homology groups of the space 𝐿 are conveniently computed with the aid of
the fibration obtained by assigning to each curve of the space 𝐿 a point marked
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on it. The base of this fibration is the manifold 𝑀 , and the fiber is the space Ω
of closed paths in the manifold 𝑀 .

In the case when the manifold 𝑀 is homeomorphic to the 𝑛-dimensional sphere
𝑆𝑛, by means of this fibration one can completely compute the cohomology ring
of the space 𝐿. Indeed, in this case the structure of the spectral sequence of
the indicated fibration is easily clarified, for example, by comparison with the
spectral sequence of the fibration of the subspace of the space 𝐿 consisting of
circles with a marked point, into fibers consisting of circles passing through
a given point. For an odd-dimensional sphere the spectral sequence of the
cohomology rings with coefficients in any ring 𝐴 turns out to be trivial, and,
consequently,

𝐻(𝐿, 𝐴) = 𝐻(𝑆𝑛, 𝐴) ⊗ 𝐻(Ω, 𝐴).
In the case when the sphere 𝑆𝑛 is even-dimensional, this result holds modulo 2.
For integral

* The homology and cohomology groups of a topological space are defined as
the direct (respectively inverse) limit of the spectrum of homology groups (re-
spectively cohomology groups) of the bicompacts contained in this space. The
homology algebra (the 𝑖-dimensional group) of a space 𝑋 with coefficients in a
ring 𝐴 is denoted by 𝐻(𝑋, 𝐴) (respectively 𝐻𝑖(𝑋, 𝐴)). In the case when the
coefficient domain 𝐴 is the field of rational numbers, we write simply 𝐻(𝑋) and
𝐻𝑖(𝑋). The cohomology algebra with bicompact supports and coefficients in
the field of rational numbers is denoted by 𝐻𝑐(𝑋).
coefficients, we have 𝐸2 ≈ 𝐸𝑛, 𝐸𝑛+1 ≈ 𝐸∞, and 𝑑𝑛𝑥2

𝑛𝑒2𝑖+1 = 0, 𝑑𝑛𝑥2
𝑛𝑒2𝑖 =

2𝑥2
𝑛𝑒2𝑖−1 (by 𝑒𝑖 is denoted a generating element of the group 𝐻𝑖(𝑛−1)(Ω, 𝑍)).

Hence it follows that 𝐻𝑖(𝐿, 𝑍) = 𝑍 for 𝑖 = 0, 𝑖 = (2𝑘 − 1)(𝑛 − 1), and 𝑖 =
(2𝑘 − 1)(𝑛 − 1) + 1; 𝐻𝑖(𝐿, 𝑍) = 𝑍2 for 𝑖 = 2𝑘(𝑛 − 1) + 1, and 𝐻𝑖(𝐿, 𝑍) = 0
in the remaining cases (𝑘 runs through the natural numbers). Multiplication in
the cohomology ring 𝐻(𝐿, 𝑍) is trivial.

With the aid of this same fibration one can compute the algebra 𝐻(𝐿𝑀) in the
case where the manifold 𝑀 is simply connected and the algebra 𝐻(𝑀) is a tensor
product of algebras with one generator. In this case the space 𝑀 can be mapped
in such a way onto the topological product 𝑀1×⋯×𝑀𝑟 of polyhedra 𝑀1, … , 𝑀𝑟,
for each of which the algebra 𝐻(𝑀𝑖) has a single generator, that the algebra
𝐻(𝑀1×⋯×𝑀𝑟) is mapped isomorphically onto 𝐻(𝑀). It is not difficult to verify
that under the corresponding mapping of the space 𝐿𝑀 into the space 𝐿𝑀1×⋯×𝑀𝑟
the algebra 𝐻(𝐿𝑀1×⋯×𝑀𝑟

) is mapped isomorphically onto the algebra 𝐻(𝐿𝑀).
Further, it is evident that the space 𝐿𝑀1×⋯×𝑀𝑟

is homeomorphic to the space
𝐿𝑀1

× ⋯ × 𝐿𝑀𝑟
, and consequently, in order to finish the computation of the

algebra 𝐻(𝐿𝑀), it is enough to compute the algebra 𝐻(𝐿𝑀𝑖
). It turns out

that in the case where the dimension 𝑠 of the unique generator of the algebra
𝐻(𝑀𝑖) is odd, the algebra 𝐻(𝐿𝑀𝑖

) is a free anticommutative algebra with two
generators, one of which has dimension 𝑠, and the other 𝑠 − 1. In the case
where the algebra 𝐻(𝑀𝑖) has a generator 𝑥 of even dimension 𝑠, subject to
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the relation 𝑥𝑚 = 0, the algebra 𝐻(𝐿𝑀𝑖
) has generators 𝑡, 𝑒𝑗, 𝑓𝑘 (𝑗 and 𝑘 run

through the natural numbers) of dimensions respectively 𝑠, (𝑗 − 1)(𝑚𝑠 − 2) +
𝑠 − 1, 𝑘(𝑚𝑠 − 2) + 𝑠, connected by the anticommutativity relations and by the
relations 𝑒𝑚−1

𝑗𝑥 = 𝑓𝑚−1
𝑘𝑥 = 𝑥𝑚 = 𝑒𝑗𝑒𝑘 = 0, 𝑒𝑗𝑓𝑘 = 𝑥𝑒𝑗+𝑘, 𝑓𝑗𝑓𝑘 = 𝑥𝑓𝑗+𝑘.

The cohomology rings 𝐻(𝐿̄, 𝐴) can, by analogous methods, be computed with-
out difficulty in all cases in which the rings 𝐻(𝐿, 𝐴) were computed above.

In computing the homologies of the space 𝑃 it is convenient to use the following
lemma.

Lemma. Let on the space 𝑋 act the group 𝐾 of real numbers reduced modulo
1, let 𝑋′ be a subset of the space 𝑋, invariant with respect to the group 𝐾,
containing all points that remain fixed under each of the transformations of the
group 𝐾. Denote by 𝑌 (respectively 𝑌 ′) the space obtained from 𝑋 (respectively
𝑋′) by identifying points equivalent with respect to the group 𝐾.

There exists a spectral sequence with second term

𝐸2 = 𝐻(𝑌 mod 𝑌 ′) ⊗ 𝐻(𝑆1)

and limiting term
𝐸∞ = 𝐺𝐻(𝑋 mod 𝑋′),

and also a spectral sequence with second term

𝐸2 = 𝐻(𝐵𝐾) ⊗ 𝐻(𝑋 mod 𝑋′)

and limiting term
𝐸∞ = 𝐺𝐻(𝑋 mod 𝑌 ′).

(By 𝐵𝐾 is denoted the classifying space of the group 𝐾.)

Sketch of proof. Let us first examine the case where 𝑋 is bicompact and
there exists such a natural number 𝑛 that to every element of the group 𝐾 not
belonging to the subgroup

𝐾𝑛 = {0; 1
𝑛; 2

𝑛; … ; 𝑛 − 1
𝑛 }

there corresponds a transformation having no fixed points in 𝑋 ∖ 𝑋′. Consider
the spaces 𝑋̂ and 𝑋̂′, obtained from the spaces 𝑋 and 𝑋′ by identifying points
equivalent with respect to the group 𝐾𝑛. On the space 𝑋̂ ∖𝑋̂′ the group 𝐾/𝐾𝑛
acts without fixed points. The spectral sequences of cohomology algebras with
bicompact supports over the field of rational numbers obtained-

of the principal fiber space 𝑋̂∖𝑋̂′ with base 𝑌 ∖𝑌 ′ and group 𝐾/𝐾𝑛, isomorphic
to 𝐾, and of the fiber space associated with it5, homotopically equivalent to
𝑌 ∖ 𝑌 ′, with base 𝐵𝐾 and fiber 𝑋̂ ∖ 𝑋̂′, are the desired ones. Indeed, the
algebra 𝐻̄𝑐(𝑋̂ ∖ 𝑋̂′) is isomorphic to the algebra 𝐻𝑐(𝑋 ∖ 𝑋′) (see (4)) and,
consequently, to the algebra 𝐻̄(𝑋 mod 𝑋′).
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The proof of the lemma in the general case is carried out by means of passage
to the limit.

With the aid of the lemma just proved, one can completely compute the co-
homology algebras 𝐻(𝑃), 𝐻(𝑃 ∖ 𝑁), and 𝐻(𝑃 mod 𝑁) in the case when the
manifold 𝑀 is homeomorphic to a sphere, and also in the case when the algebra
𝐻(𝑀) is an exterior algebra with an odd number of generators.

We describe here the structure of the algebra 𝐻(𝑃 ∖ 𝑁) in the case when the
manifold 𝑀 is homeomorphic to the 𝑛-dimensional sphere. If 𝑛 = 2𝑚 + 1, then
the algebra 𝐻(𝑃 ∖ 𝑁) has two generators 𝑒 and 𝑥, of dimensions respectively
𝑛 − 1 and 2, and subject, apart from the anticommutativity relations, only to
the relation 𝑒𝑥 = 0. If 𝑛 = 2𝑚, then the algebra 𝐻(𝑃 ∖ 𝑁) has generators
𝑥, 𝑓1, 𝑓2, 𝑓3, … of dimensions 2, 𝑑, 𝑛 − 1, 3(𝑛 − 1), 5(𝑛 − 1), …, connected by the
anticommutativity relations and the relations 𝑓𝑖𝑓𝑗 = 𝑓𝑘𝑥 = 0.
The cohomology algebras 𝐻( ̄𝑃 ), 𝐻( ̄𝑃 ∖ ̄𝑁), 𝐻( ̄𝑃 mod ̄𝑁) are easily computed
by using the fact that they are isomorphic to the subalgebras of the algebras
𝐻(𝑃), 𝐻(𝑃 ∖ 𝑁), 𝐻(𝑃 mod 𝑁), consisting of elements invariant with respect
to the involution 𝜑∗ (see (4)). If the manifold 𝑀 is homeomorphic to the sphere
𝑆2𝑚+1, then on the generators of the algebra 𝐻(𝑃 ∖ 𝑁) the automorphism 𝜑∗

acts as follows: 𝜑∗𝑒 = −𝑒, 𝜑∗𝑥 = 𝑥. If the manifold 𝑀 is homeomorphic to the
sphere 𝑆2𝑚, then the action of the automorphism 𝜑∗ in the algebra 𝐻(𝑃 ∖ 𝑁)
is determined by the formulas 𝜑∗𝑥 = 𝑥, 𝜑∗𝑓𝑖 = (−1)𝑖𝑓𝑖.
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