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Mathematics

G. K. LEBED’

INEQUALITIES FOR POLYNOMIALS AND
THEIR DERIVATIVES

(Presented by Academician M. A. Lavrent ev, 8 VI 1957)

In this note we give several theorems that provide estimates for the derivatives
of a trigonometric polynomial

n

T, (0) = ) (a), cos kf + by, sin k6) (1)

k=0

or of an algebraic polynomial

P.(z)= Zakx’“. (2)
k=0

Theorem 1. If a trigonometric polynomial (1) of degree not exceeding n sat-
isfies, for all 0, the inequality |T,,(0)| < ¢, (0), where ¢,(6) is a nonnegative
function having a continuous derivative ¢\ (0) of order r (r = 0,1) with modu-
lus of continuity

wo(h)= sup [67(0,) =t (0,)| (64,0, € [, 7)),

[01—05|<h

then

\ﬁ%ﬂg@mw&Am+ﬁﬂgm} (nk=1,2,..., r=0,1), (3)

where A is a constant independent of T, and k.

In particular, when ¢,,(§) = const, k = 1, and T,,(f) is an even trigonometric
polynomial, inequality (3) becomes the well-known inequality for algebraic poly-
nomials ((), pp. 72-75; (%), p. 27), but with a cruder constant. If ¢, () has a
bounded second discontinuous derivative, then w, (t) = O(t), and therefore the
remainder term k 2= on the right-hand side of (3) will have order O(n2).

n"
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Let us note in this connection that if we improve the properties of the func-
tion t,(#), for example, require that it have a bounded third derivative, this
circumstance does not lead to an improvement in the order of the remainder
term. It still remains equal to O(n~2), as is easily verified from the example
T, (0) = sin® nf < nZsin” 0 < t,(6).

Definition. We shall say that a function w(t) satisfies condition A? if the
following properties hold for it:

1) w(t) >0, t>0;
2

Z)wUQch@)(OSQStQSAa
na

Ogoz);

w(ty)
t

w(ty)

3
)tg

<c

2
(0<ti<t<— 0<p),
na

where c is a constant independent of ¢; and ¢,.

Theorem 2. If, for the trigonometric polynomial T},(6), the inequality

n(,Y

sin 6 1
IQW)ng +m%> (0 < a),

holds, where w(t) satisfies condition A?, then

i 1
T 0)] < (An)te (Sme' . ) (nk=1,2,..),

no nlt+a

where A is a constant independent of T, (6) and k.

Theorem 3. If the function w(t) satisfies condition A2, where a = 1, 0 <
B < 1, then for any algebraic polynomial P,(z) and any r,p,p’ satisfying the

inequalities 1 < p < p’ < oo, one has

Ha@wwm@m <A<mlym““&mw*W%m
(e )/l oy \b—a wlo(@n)/n]
where
2 — —
S,y = WD) Ly gy

b—a v

is a constant depending only on r, and
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b 1/17
el ) = ( / |so<x>|pdx> .
a

For nonperiodic functions this inequality is an analogue of the inequality of S. M.
Nikol’ skii (?) for trigonometric polynomials or entire functions of finite degree.

In particular, if in it we put w(t) = 1, r = 1/p, p’ = oo, then we obtain the
inequality

P, ()

2n )l/p

A
| < 61/])(3j n) (b_ ”PnHLp(a,b)v 1 §P < oo,

which is a strengthening of Jackson’ s inequality (*)

P (2)] < K(a,b)n* PP, a):

Theorem 4. Under the assumptions on the function w(t) imposed in Theorem
3, for every algebraic polynomial P, (z) of degree not exceeding n the inequality

Pflk)ék”(m,n) < (A 2a )k P,(z)0"(x,n) )
wld(x,n)/n] L o) - b—a wld(x,n)/n] Lp(a)b)’
(nk=1,2,...; 1<p<o0),

holds, where A = A(r) is a constant depending only on r (r arbitrary).
In particular, if in (4) we put £k = 1, w(t) =1, r = —p and p = oo, then we
obtain the inequality of V. K. Dzyadyk (°)*

P(z)
0Pz, n)

By (2)

< An max (x|

a<z<b

* This inequality was obtained by us by another method independently of
Dzyadyk and was reported at the seminar on the theory of approximation of
functions at the V. A. Steklov Mathematical Institute of the Academy of Sci-
ences of the USSR at the end of 1956.

If in (4) we put w(t) = 1 and r = 0, then we obtain the inequality

An \*
el = () 1,

sovietrxiv.org/items/ru-195701.84012 Machine Translation


https://sovietrxiv.org/items/ru-195701.84012

which is obviously stronger than the corresponding inequality of N. K. Bari (¢)

HP’I’(L ||L (a b) < C7’L2kHPnHLp(a b

In proving the theorems stated above, we used the fact that a trigonometric
polynomial 7}, () of order n can be represented (in infinitely many ways) in the
form of the integral

where K, (u) has the form

1 n
K, (u) = §+ZCOSI€U+ Z (ay, cos ku + b, sin ku),
k=n+1

and the coeflicients a;, and b, may be arbitrary. Then

2
/ K, (w)T,(0+u)du

To obtain our inequalities we used this representation of the derivative T} (),
each time choosing the coefficients a; and b, in the appropriate way.

In these investigations the following lemma is also used:

Lemma. Let P,(z) be an algebraic polynomial of degree < n, and suppose
that on the interval

the inequality

1P, (z)] < (m%)‘} <m+1>

n n?

holds. Then, if w satisfies the conditions of Theorem 3, the inequality

P, (z)] < A (m+ %)w (m + 1) ,

n n?
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where A is some constant > 1, independent of n and z, holds on the entire
interval [—1,1].

This note arose as a result of work on a Candidate dissertation carried out under
the supervision of Prof. S. M. Nikol’ skii.
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