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Abstract
Full Text
Mathematics

Ya. L. Geronimus

ON SOME ESTIMATES IN THE THEORY
OF TOEPLITZ FORMS AND ORTHOGONAL
POLYNOMIALS
(Presented by Academician V. I. Smirnov on 23 V 1957)

1. Consider the Toeplitz forms

𝑇𝑛 =
𝑛

∑
𝑖,𝑘=0

𝑐𝑖−𝑘𝑥𝑖𝑥𝑘, 𝑐−𝑛 = 𝑐𝑛, Δ𝑛 = |𝑐𝑖−𝑘|𝑛0 (𝑛 = 0, 1, 2, …);

(1)
they are positive definite if {Δ𝑛}∞

0 > 0. Introduce the notation

ℎ𝑛 = Δ𝑛+1
Δ𝑛

(𝑛 = 0, 1, 2, …). (2)

It is not difficult to prove that 0 < ℎ𝑛+1 ≤ ℎ𝑛 (6); therefore there exists
the limit

lim
𝑛→∞

ℎ𝑛 = ℎ ≥ 0.

We shall consider the quantity

𝜇𝑛 = ℎ𝑛 − ℎ = ℎ𝑛 − lim
𝑛→∞

ℎ𝑛 (𝑛 = 0, 1, 2, …) (3)

and indicate some estimates for it.

If one introduces the parameters ((1), pp. 36–38)

𝑎𝑛 = (−1)𝑛

Δ𝑛
|𝑐𝑖−𝑘+1|𝑛0 , ℎ𝑛 = ℎ0

𝑛−1
∏
𝑘=0

{1 − |𝑎𝑘|2} (𝑛 = 0, 1, 2, …), (4)

then it is clear that the conditions {Δ𝑛}∞
0 > 0 are equivalent to the conditions

{|𝑎𝑛|}∞
0 < 1, and the condition ℎ > 0 is equivalent to the convergence of the

series ∑∞
𝑘=0 |𝑎𝑘|2; consequently, when these conditions are fulfilled, we have the

estimate of the quantity 𝜇𝑛 in terms of the parameters:

𝜇𝑛
ℎ𝑛

= ∣1 −
∞
∏
𝑘=𝑛

{1 − |𝑎𝑘|2}∣ ∼
∞

∑
𝑘=𝑛

|𝑎𝑘|2, 𝜇𝑛 = 𝑂 {
∞

∑
𝑘=𝑛

|𝑎𝑘|2} . (5)
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2. When the conditions {Δ𝑛}∞
0 > 0 are fulfilled, we have the representation

1
2𝜋 ∫

2𝜋

0
𝑒−𝑖𝑘𝜃 𝑑𝜎(𝜃) = 𝑐𝑘 (𝑘 = 0, 1, 2, …), (6)

where 𝜎(𝜃) is a bounded nondecreasing function with an infinite set of
points of increase; if one introduces the polynomials {𝑃𝑛(𝑧)}, orthonormal
on the circle 𝑧 = 𝑒𝑖𝜃, 0 ≤ 𝜃 ≤ 2𝜋, with respect to the mass distribution
𝑑𝜎(𝜃), then the quantity ℎ𝑛 also has the meaning

ℎ𝑛 = 1
𝛼2𝑛

, 𝑃𝑛(𝑧) = 𝛼𝑛𝑧𝑛 + ⋯ (𝑛 = 0, 1, 2, …), (7)

and, thus,

𝜇𝑛 = 1
𝛼2𝑛

− 1
𝛼2 , lim

𝑛→∞
𝛼𝑛 = 𝛼 ⩽ ∞, (8)

The conditions

ℎ = 1
𝛼 > 0,

∞
∑
𝑘=0

|𝑎𝑘|2 < ∞, lg 𝜎′(𝜃) ∈ 𝐿1 (9)

are equivalent to one another by virtue of the relation ((7); (1), p. 38)

ℎ = lim
𝑛→∞

Δ𝑛+1
Δ𝑛

= ℎ0
∞
∏
𝑘=0

{1 − |𝑎𝑘|2} = exp { 1
2𝜋 ∫

2𝜋

0
lg 𝜎′(𝜃) 𝑑𝜃} ; (10)

in what follows we shall assume that these conditions are satisfied; they, in turn,
are equivalent to the condition ((1), p. 21)

lim
𝑛→∞

𝑃 ∗
𝑛(𝑧) = 𝜋(𝑧) = exp {− 1

4𝜋 ∫
2𝜋

0

𝑒𝑖𝜃 + 𝑧
𝑒𝑖𝜃 − 𝑧 lg 𝜎′(𝜃) 𝑑𝜃} ,

|𝑧| < 1, 𝑃 ∗
𝑛(𝑧) = 𝑧𝑛𝑃𝑛 (1

𝑧 ) , (11)

and for |𝑧| ⩽ 𝑟 < 1 we have uniformly

|𝑃 ∗
𝑛(𝑧) − 𝜋(𝑧)| = 𝑜(√𝜇𝑛), (12)

i.e., the error of the asymptotic formula inside the disk |𝑧| < 1 is estimated by
means of 𝜇𝑛. We have the growth estimate for the orthonormal polynomials:
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|𝑃𝑛(𝑒𝑖𝜃)| = max
0⩽𝜃<2𝜋

|𝑃𝑛(𝑒𝑖𝜃)| ⩽ |𝜋(𝑟𝑒𝑖𝜃)|(𝐶1 + 𝐶2
√𝑛𝜇𝑛), 𝑟 = 1 − 1

2𝑛. (13)

The case 𝜇𝑛 = 𝑂(1/𝑛) is especially interesting: then we may put 𝐶2 = 0 in (13).
If, moreover, the condition

𝜎(𝜃2) − 𝜎(𝜃1) ⩾ 𝑚(𝜃2 − 𝜃1), 0 ⩽ 𝜃1 < 𝜃2 ⩽ 2𝜋, (14)

is satisfied, then in the closed disk |𝑧| ⩽ 1 the estimate

|𝑃𝑛(𝑧)| ⩽ 𝐶3 + 𝐶4
√𝑛𝜇𝑛, |𝑧| ⩽ 1 (15)

holds. If both conditions are satisfied, the entire orthonormal system is uni-
formly bounded in the closed disk (2).
If 𝜇𝑛 = 𝑜(1/𝑛), then, under (14), at every point 𝑧0 = 𝑒𝑖𝜃0 at which there exists
the radial boundary value 𝜋(𝑒𝑖𝜃0), we have

|𝑃 ∗
𝑛(𝑧0)−𝜋(𝑧0)| ⩽ 𝜆𝑛, 𝜆𝑛 = 𝐶3

1
√𝑛𝜇𝑛+𝐶2|𝜋(𝑧0)−𝜋(𝑟𝑧0)|, 𝑟 = 1−𝜇1/3

𝑛 𝑛−2/3.
(16)

Under the more restrictive condition

∞
∑
𝑛=1

√𝜇𝑛
𝑛 < ∞

the function 𝜎(𝜃) is absolutely continuous on the whole interval [0, 2𝜋], the
function 𝜋(𝑧) is continuous in the closed disk, and the asymptotic formula (16)
holds with error estimate (5)

𝜆𝑛 = 𝐶
∞

∑
𝑘=𝑛+1

√𝜇𝑘
𝑘 . (17)

Let us indicate still other estimates expressed in terms of the quantity 𝜇𝑛:

1
2𝜋 ∫

2𝜋

0
∣𝑃

+
𝑛 (𝑒𝑖𝜃)
𝜋(𝑒𝑖𝜃) − 1∣

2
𝑑𝜃 ≤ 𝐶1𝜇𝑛; 1

2𝜋 ∫
2𝜋

0
|𝑃𝑛(𝑒𝑖𝜃)|2 𝑑𝜎1(𝜃) ≤ 𝐶2𝜇𝑛;

(18)

𝜎1(𝜃) is the sum of the jump function and the singular component of the function
𝜎(𝜃).
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3. As we have shown, many estimates are connected with the quantity 𝜇𝑛;
therefore it is very important to find estimates for 𝜇𝑛. From estimate (5)
it is clear that 𝜇𝑛

Table 1

Conditions imposed on
the weight 𝑝(𝜃),
0 ≤ 𝜃 ≤ 2𝜋

Upper estimates for the
quantity √𝜇𝑛

I 0 < 𝑚 ≤ 𝑝(𝜃) ≤ 𝑀 𝐶1𝜔2 ( 1
𝑛; 𝑝) or

𝐶2√𝜔1 ( 1
𝑛; 𝑝)

II 0 < 𝑚 ≤ 𝑝(𝜃) 𝐶1𝜔4 ( 1
𝑛; lg 𝑝) +

𝐶2𝜔2 ( 1
𝑛; 𝑝)or

𝐶3√𝜔1 ( 1
𝑛; 𝑝)

III 𝑝(𝜃) ∈ 𝐿𝑟, 1
𝑝(𝜃) ∈

𝐿𝑟′ , 1𝑟 + 1
𝑟′ = 1, 𝑟 > 1

𝐶1𝜔2𝑟 ( 1
𝑛; √𝑝) +

𝐶2𝜔4 ( 2
𝑛; lg 𝑝)or

𝐶3√𝜔𝑟 ( 1
𝑛; 𝑝)

IV 1
𝑝(𝜃) ∈ 𝐿1, 𝑝(𝜃) ≤ 𝑀 𝐶1𝜔4 ( 1

𝑛; lg 𝑝) +

𝐶2𝜔2 ( 1
𝑛; 1√𝑝)or

𝐶3√𝜔1 ( 1
𝑛; 1

𝑝)

V lim
𝛿→0

𝐼(𝛿) = 0. 𝐶1√𝐼 ( 1
𝑛)

can tend to zero arbitrarily slowly, since the parameters {𝑎𝑛} may be chosen
quite arbitrarily, provided only that the conditions

|𝑎𝑛| < 1, 𝑛 = 0, 1, 2, … ,
∞

∑
𝑛=0

|𝑎𝑛|2 < ∞ (19)

are satisfied.

Assuming that the function 𝜎(𝜃) is absolutely continuous on the whole interval
[0, 2𝜋], and introducing the notation
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𝜔𝑟(𝛿; 𝑓) = sup
|ℎ|≤𝛿

‖𝑓(𝜃 + ℎ) − 𝑓(𝜃)‖𝑟, 𝑓 ∈ 𝐿𝑟,

𝐼(𝛿) = sup
|ℎ|≤𝛿

{ 1
2𝜋 ∫

2𝜋

0

|𝑝(𝜃 + ℎ) − 𝑝(𝜃)|
𝑝(𝜃) 𝑑𝜃} ,

we indicate in Table 1 some estimates for the quantity 𝜇𝑛, expressed in terms
of the structural characteristics of the weight 𝑝(𝜃) = 𝜎′(𝜃).
Kharkov Aviation Institute
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