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Abstract
Full Text

Yu. I. Cherskii

ON THE REDUCTION OF MIXED BOUNDARY-
VALUE PROBLEMS TO THE RIEMANN
BOUNDARY-VALUE PROBLEM

(Presented by Academician V. I. Smirnov, 9 V 1957)

In Koiter’ s work (1), the Hopf and Wiener method was used in solving three
mixed problems for the biharmonic equation in the strip 0 < y < 1. The use of
the theory of the Hopf and Wiener integral equation in solving these problems is
not necessary: one may use the theory of the Riemann boundary-value problem.
Below a method is proposed which makes it possible to reduce to the Riemann
problem the mixed problems for one type of partial differential equations, in the
investigation of which the Fourier transform is usually used, in a domain whose
boundary consists of segments and rays parallel to the z-axis. The Hopf and
Wiener method is applicable by no means to all of these problems. The essence
of the method will be explained for the simple equation

0? 0?
szjLaiyg_h?uzo’ —o0 < ¥ < 0. (1)

§ 1. Let us determine the character of the behavior of the function u(z,y)
in accordance with which a boundary-value problem will later be posed. This
behavior depends on the class of solutions. Let the boundary of the domain
consist of parts of the straight lines y =y, k =1,...,n; —00 =y, < y; <
= <Yy < Ypyp = +00 (the disposition of these parts will be taken into account
when the problem is posed).

We shall seek a solution in the class of functions satisfying the conditions

I.

From the latter follow the conditions imposed on the Fourier transform u:

/.

2
au+l/ ,
u(acy)‘ dz < const, YF Y ptHrv<2 (2)

OxHoyY

—_— 2
CCICH )

By dz < const. (3)
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We transform equation (1) by Fourier in each of the domains y;,_; < y < y,, and
write the solutions of the ordinary differential equations obtained:

P —

u(z,y) = Cy(x)e ¥Vt L D, (x)evVe +h* Yooy <Y<Yp, k=1,...,n+1l.

(4)
We establish the restrictions which, in view of conditions (3), must be imposed
on the arbitrary functions C}, and D,

2 Cp(w)e ¥l € Ly(—00,00),  a#Dy(x)e’ € Ly(~00,00),  (5)

w=0,1,2; k=1,...,n+1.

Thus the solution u(z,y) contains 2n arbitrary functions from the classes (5).

§ 2. Let us pose the problem:

0
ajkpu(‘xa Y — 0) + Bjkpaiyucvv Y — 0) + ’ijpu(za Yk + 0)+
0
+5jkpa—yu(x,yk +0) = fi, (), ;<< Ty, (6)
k=1,..,n; i=0,....m(m>0); p=1,2; Ty = —00, T, =-+00.

Concerning the condition imposed on the constants Qs Bjkp, Vikp and (5jkp, it
will be stated below.

If the segment x; <z <z, of the straight line y = y,, does not belong to the

boundary, then we put Q1 = 5jk2 = ViK1 = *5jk2 =1, Qo = Bjkl = Vjk2 =
dip1 = 0, frp(x) =0 for 2; <z < ;4. For the solvability of the problem it
is necessary that the functions f, f,gp belong to L,(—00,00). Necessary and
sufficient conditions for solvability can be derived from the solvability conditions

of the Riemann problem obtained below.

In order to transform the conditions (6) by Fourier, we extend each of them to
the entire z-axis, adding to the right-hand sides the differences @jkp (x—2jq)—
Pirp(® — ), where @\ (2) = @, (2) = 0 for —00 < & < 00; ¢, () = 0 for
z < 05 5, () =0 for z > 0. It is not difficult to establish that the unknown
functions ¢7;  must belong to the class Ly(—00, 00).
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As a result of the transformation we shall have the system
iy [Ck(a:)efyk\/m”m + Dk(x)eyk‘/z2+h2:|+/8jkp /02 4 R2 [_Ok(x)efyk\/z2+h§+
+Dy ()T oy (O (@)e VP 4 Dy (@) evn Vo]

+5jkp\/m [*Ck+1<x)37y" TR 4 Dkﬂ(m)eyk\/m] =

~

= fip(@) + Py (2)e @™ — P (x)etin, (7)
—00 < z < 00; 7=0,...,m; k=1,..,n p=1,2,
where
CTL+1 = Dl = gb/;th;p = aakjp = O)

and Z,Z?jkp(x) and $7;,,(z) are the unknown boundary values of the functions
Céjkp(z) and $7;(2), analytic in the half-planes Imz > 0 and Im 2 < 0, respec-
tively, and such that ((?), p. 170):

e 2
/ ‘Z,b’]ikp(x + zy)‘ dx < const. (8)

§ 3. Let the constants v, By, Vi, and 6, be such that the system (7) can be
solved with respect to the functions C}, and D,,. Eliminating these functions, we
obtain a system of 2mn boundary conditions with 4mn unknown functions @’;kp
and ;.. Thus, a Riemann problem (5), (7), (8) has been obtained for a system
of 2mn pairs of functions, equivalent to the original boundary-value problem (6).
In a number of cases, in solving this problem one may use known results from
the theory of the Riemann problem ((*-°) and others). If the numbers z;, yj
form a countable set, then by the indicated method one can obtain a Riemann
problem for an infinite system.

If in the boundary conditions (6), for k = k;, ¢« = 1,...,r — 1, the functions

0
u(z,y, +0) and 6—u(m, Y +0) occur separately from the functions u(zx,y;, —0)
Y
0
and a—yu(w,yk — 0), which will be the case, for example, when o, 1 = 8, 1 =
Yjk,2 = Oji,2 = 0, then the system (7) splits into r systems. In this case we
have r independent boundary-value problems. Consequently, such domains as

a half-plane or a strip are not excluded from consideration.

§ 4. Let us explain the general reasoning on concrete examples.
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1) The domain is the plane with a cut y = 0, = > 0. In this case n = m =
Lozy =y =0, a1 = Borz = —Your = 0012 = 1, @12 = Borr = Yo12 =
dp11 =0, f11(z) = fia(x) =0 for x < 0. Prescribing on the boundary the
values of the sought function: u(x, —0) = fi;(z), u(z,+0) = fi5(z), = >
0, after transforming the system we obtain

Cy(z) — Dy() = fll(x) + @on1 (2); Cy(z) = fn(m) — P11 (2),
Va2 +h?C(z) — Va2 + h? Dy(x f12 () + Pg12(),

Dy(x) = fia(x) — Br1a(2).
2) The domain is the half-plane y > 0, n = k; = 1, y; = 0. Posing the

problem u(z,+0) = fi;(z), = > 0; u(z,4+0) = fi1(x), = <0 (m =

9
dy

1, ; = 0), we obtain

—Vaz2+h2C(x f11 r) — 1y (@), Cy(z) = fn(ﬂ?) + @11 (@)

In these examples the systems are solved by quadratures.

§ 5. The study of the equation

where a,,, (y) are piecewise-constant functions, is of an analogous character. In-
stead of equality (4) we shall have

k.

i(z,y) = Cplx)esr@v for g | <y<y,

v=1

(the case of distinct roots of the characteristic equations is taken). Denoting by
M}, and M, the sets of points for which Rew,,(z) > 0 and Rew,,(z) < 0,
respectively, we obtain conditions analogous to conditions (5). In particular,

C,(z)=0 forze M

vl v(n+1)"

Cpnsn)(x) =0 for z € M,
Instead of the class (2) one may take another class of functions u(z,y), in which
the Fourier transform with respect to the variable x is defined in some sense.
The method set forth is suitable for nonhomogeneous equations and for functions
a,,(y) of a more general form. Generalizations are possible in the direction of
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increasing the number of equations and the number of variables with respect to
which the Fourier transform is carried out.
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