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Abstract
Full Text

E. E. Nikitin
On Deviations from the Boltzmann Distribution in the Dis-
sociation of Diatomic Molecules
(Presented by Academician V. N. Kondrat’ev on 12 IV 1957)

The rate of dissociation of diatomic molecules in the reaction AB → A + B in
binary collisions is determined by the probability of transition of the molecule
AB from a bound vibrational state into the region of states with a continuous
spectrum and by the distribution function with respect to vibrational energy.
In the case when the transition probability in the discrete spectrum is less than
the probability of dissociation from the upper levels into the continuum, one
should expect deviations of the distribution from the Boltzmann distribution.
In order to clarify the influence of the violation of the Boltzmann distribution
on the rate of dissociation, let us make the following simplifying assumptions.

Suppose that diatomic molecules AB capable of dissociation are placed in a heat
bath consisting of molecules C, and that the concentration of AB molecules is
much smaller than the concentration of C molecules. Then collisions of AB with
one another may be neglected. As a result of collisions between AB and C, the
AB molecules will begin to dissociate, but, owing to the small concentration of
AB, the equilibrium distribution of C will be maintained with high accuracy.

Suppose further that the probability of an inelastic collision of AB and C with
transition of the molecule AB from quantum state 𝑛 to state 𝑛′ is proportional
to the square of the matrix element of the vibrational coordinate of the AB
molecule for the corresponding transition. This is valid in the case when the
amplitude of vibrations of AB is smaller than the range of action of the in-
termolecular forces (1), and also when the amplitude of vibrations is small in
comparison with (Δ𝑘)−1, where Δ𝑘 denotes the change in the wave vector k of
the relative motion of AB and C in an inelastic collision (2).
As a model of a diatomic molecule, consider a quantum system having 𝑛0 + 1
discrete, approximately equidistant levels of negative energy and a continuous
spectrum of positive energy. The wave functions of the discrete spectrum of
the corresponding potential well are, strictly speaking, different from the wave
functions of the harmonic oscillator. However, the transition probabilities may,
with sufficient accuracy, be taken to be the same as for the harmonic oscillator.
This follows from the fact that even for a Morse oscillator with greater anhar-
monicity the matrix elements for transitions between neighboring levels differ
little from the corresponding matrix elements of the harmonic oscillator, while
the matrix elements for transitions between non-neighboring levels are consid-
erably smaller than for transitions to a neighboring level (3). As for transitions
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from the discrete to the continuous spectrum, for the Morse potential calcula-
tion shows that the matrix element of the coordinate decreases strongly with
increasing transition energy; therefore one may assume that transition to the
continuous spectrum occurs only from the upper level. Thus, the relaxation and
dissociation of a system of oscillators placed in a heat reservoir is characterized
by the probabilities

transition to the neighboring level 𝑃𝑛,𝑛+1 = 𝑃01(𝑛 + 1) (1) at each collision and
the probability of dissociation from the last level 𝑃∞.

If 𝑥𝑛(𝑡) denotes the distribution function, i.e., the probability of finding an
AB molecule on the 𝑛-th level, then the dependence of 𝑥𝑛 on time is deter-
mined by the following system of equations, in which it is taken into account
that the probabilities of activation and deactivation are related by the ratio
𝑃𝑛,𝑛+1/𝑃𝑛+1,𝑛 = exp(−ℏ𝜔/𝑘𝑇 ) = 𝛼:

𝑑𝑥𝑛/𝑑𝑡 = 𝑍𝑃10{𝛼𝑛𝑥𝑛−1 − [𝑛 + (𝑛 + 1)𝛼]𝑥𝑛 + (𝑛 + 1)𝑥𝑛+1},
𝑛 = 0, 1, 2, … , 𝑛0 − 1,

𝑑𝑥𝑛0
/𝑑𝑡 = 𝑍𝑃10{𝛼𝑛0𝑥𝑛0−1 − 𝑛0𝑥𝑛0

} − 𝑍𝑃∞𝑥𝑛0
.

(1)

Here 𝑍 denotes the number of collisions of the molecules AB and C per second
under the condition that 𝑁𝐶 = 1 cm−3. For 𝑛0 → ∞ this system becomes the
system of equations for a harmonic oscillator that was considered in work (4).
We shall seek the solution of system (1) in the form of a superposition of terms
𝑥𝑛 = 𝑙𝑛(𝜇) exp(𝑍𝑃10𝜇𝑡). Then the coefficients 𝜇 are determined as the eigen-
values of the matrix of system (1). We denote these eigenvalues, in the order
of increasing absolute value, by 𝜇(0), 𝜇(1), 𝜇(2), …. They determine the rates of
the relaxation process and of dissociation. The decomposition rate constant is
determined by the equality

𝑘 = − ( 𝑑
𝑑𝑡

𝑛0

∑
𝑛=0

𝑥𝑛(𝑡)) /
𝑛0

∑
𝑛=0

𝑥𝑛(𝑡) (2)

and, generally speaking, depends on time, but for 𝑡 ≫ |𝑍𝑃10𝜇(1)|−1 = 𝑡0 tends
to the constant limiting value

𝑘 = −𝑍𝑃10𝜇(0). (3)

The eigenvalues and eigenvectors of the matrix 𝐵̂ of the system of equations
(1) can be found by using the theory of degenerate regular perturbations of I.
M. Lifshitz (5). In doing so, small modifications are necessary, connected with
the fact that the matrix of the zeroth approximation 𝐵0 is not Hermitian. As
𝐵0 we shall choose the matrix of the system of equations (1) for 𝑛 → ∞. Its
eigenvalues and eigenvectors are given by the formulas (4)
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𝜇(𝑚)
0 = (𝛼 − 1)𝑚, 𝑚 = 0, 1, 2, … ;

𝑙0𝑘(𝜇(𝑚)
0 ) = 𝛼𝑚/2√

1 − 𝛼 𝐹(−𝑘, 𝑚 + 1, 1, 1 − 𝛼);
(4)

𝐹(𝑎, 𝑏, 𝑐, 𝑧) denotes the hypergeometric function. The vectors 𝑙0𝑘(𝜇0) are or-
thonormal with weight 𝛼−𝑘, i.e.,

∞
∑
𝑛=0

𝑙0𝑛(𝜇0)𝛼−𝑛𝑙0𝑛(𝜇′
0) = 𝛿𝜇,𝜇′

0
. (5)

The perturbation matrix Λ̂ = 𝐵̂ − 𝐵̂0 must remove the transitions between the
levels 𝑛0 and 𝑛0 + 1 and introduce the dissociation probability 𝑃∞ from the
level 𝑛0. Its nonzero elements are as follows:

Λ𝑛,𝑛0
= −𝑃∞/𝑃10 + 𝛼(𝑛0 + 1), Λ𝑛0,𝑛0+1 = −(𝑛0 + 1),

Λ𝑛0+1,𝑛0
= −𝛼(𝑛0 + 1), Λ𝑛0+1,𝑛0+1 = (𝑛0 + 1).

To solve the system of equations

∑
𝑘

(𝐵𝑖𝑘 − 𝜇𝛿𝑖𝑘) 𝑙𝑘(𝜇) ≡ ∑
𝑘

(𝐵0
𝑖𝑘 − 𝜇𝛿𝑖𝑘 + Λ𝑖𝑘) 𝑙𝑘(𝜇) = 0 (6)

the matrix (𝐵̂0 − 𝜇 ̂𝐸) must be reduced to diagonal form; then the dimension of
the determinant of system (6), from which the eigenvalues 𝜇 are found, will be
lowered to the rank of the matrix Λ̂. Following (5), we find

(𝐵̂0 − 𝜇 ̂𝐸)−1
𝑖𝑘 = ∑

𝜇0

𝑙0𝑖 (𝜇0)𝑙0𝑘(𝜇0)
𝜇0 − 𝜇 𝛼−𝑘 ≡ 𝑇𝑖𝑘𝛼−𝑘. (7)

The summation here is over all unperturbed eigenvalues 𝜇0. Multiplying (6)
from the left by (𝐵̂ − 𝜇 ̂𝐸)−1, we obtain the system of equations

∑
𝑘

(𝛿𝑖𝑘 + ∑
𝑗

𝑇𝑖𝑗𝛼−𝑗Λ𝑗𝑘) 𝑙𝑘(𝜇) = 0, (8)

in which the elements 𝑇𝑖𝑗 depend on 𝜇. Assuming that 𝜇(0) ≪ 𝜇(1)
0 , and using

the expression for 𝐹(−𝑛, 𝑚 + 1, 1, 1 − 𝛼) in the form of the sum

𝛼𝑛
∞

∑
𝜈=0

(1 − 1/𝛼)𝜈(𝑛
𝜈)(𝑚

𝜈 ),
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one can calculate 𝑇𝑖𝑗(𝜇(0)):

𝑇𝑖𝑗(𝜇(0)) = 𝛼𝑖 [𝛼𝑗𝜆(0) − 1
(𝑗 + 1)(1 − 𝛼)] , 𝑗 ≤ 𝑖; 𝑇𝑗𝑖(𝜇(0)) = 𝑇𝑖𝑗(𝜇(0)), 𝑖 ≤ 𝑗.

(9)

Here the substitution 𝜆(0) = (𝛼 − 1)/𝜇(0) has been made, and it is assumed that
𝑖, 𝑗 ≫ 1. The quantity 𝜇(0) is found from the condition that the determinant of
the system of equations (8) be equal to zero; this determinant reduces to the
form:

∣
∣
∣
∣
∣

1 + 𝑃∞
𝑃10(1 − 𝛼)(𝑛0 + 1) − 𝑃∞

𝑃10
𝛼𝑛0𝜆(0) 0

𝛼 [1 + 𝑃∞
𝑃10(1 − 𝛼)(𝑛0 + 1) − 𝑃∞

𝑃10
𝛼𝑛0𝜆(0)] + 𝛼

1 − 𝛼Ω ( 1
𝑛2

0
) 1

1 − 𝛼Ω ( 1
𝑛2

0
)

∣
∣
∣
∣
∣

= 0.

Hence, taking (3) into account, we find

𝑘 = 𝑍𝑃10(1 − 𝛼) 𝑃∞𝛼𝑛0

𝑃10 + 𝑃∞/(1 − 𝛼)(𝑛0 + 1) . (10)

Solving now system (8), we find the distribution function 𝑥𝑛(𝑡) for 𝑡 ≫ 𝑡0:

𝑥𝑛(𝑡) = 𝐴𝛼𝑛 {1 − 𝛼𝑛0−𝑛 (𝑛0 + 1
𝑛 + 1 ) 𝑃∞

𝑃∞ + 𝑃10(1 − 𝛼)(𝑛0 + 1)} exp(−𝑘𝑡). (11)

The normalization coefficient 𝐴 must be determined from the initial distribu-
tion. Physically it represents the fraction of the initial number 𝑁0 of molecules
that did not dissociate during the time 𝑡 ≃ 𝑡0. An estimate shows that if the
AB molecules were initially at a lower temperature, then the number Δ𝑁 of
molecules dissociated during 𝑡 ≃ 𝑡0 satisfies the inequality

Δ𝑁/𝑁0 ≪ 𝑘/𝑍𝑃10(1 − 𝛼).

If, however, at the initial moment all molecules were at the level with energy 𝐸,
then

Δ𝑁/𝑁0 ≪ exp[(𝐸 − 𝑛0ℏ𝜔)/𝑘𝑇 ].

It follows from (11) that, for small 𝑃∞/𝑃10, the distribution function 𝑥𝑛(𝑡)
differs little from the Boltzmann function 𝑥𝑛 = 𝐴𝛼𝑛; for large 𝑃∞/𝑃10, the
equilibrium distribution is disturbed in such a way that the probability of find-
ing the molecule AB at the upper level is close to zero. From the pre-exponential
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factor in (11) one can find the energy region 𝜀 in which the Boltzmann distribu-
tion is substantially disturbed, i.e., the value of 𝜀 at which the second term in
the brackets decreases by a factor of 𝑒. Assuming 𝑃∞/𝑃10 ≫ (1 − 𝛼)(𝑛0 + 1),
we find 𝜀 = 𝐷𝑘𝑇 /(𝐷 − 𝑘𝑇 ) for 𝜀 ≪ 𝐷, where 𝜀 is measured from the boundary
of the continuous spectrum, and 𝐷 denotes the dissociation energy, which, as
follows from the model, satisfies the inequalities 𝑛0ℏ𝜔 ≤ 𝐷 ≤ (𝑛0 + 1)ℏ𝜔.

The decomposition rate constant 𝑘 in (10) can be rewritten in the form

𝑘 = 𝑘0
𝑝 exp(−𝐷/𝑘𝑇 )

1 + 𝑝 ℏ𝜔
𝐷 / [1 − exp (− ℏ𝜔

𝑘𝑇 )]
, (12)

where 𝑘0 = 𝑍𝑃10(1 − 𝛼) and 𝑝 = 𝑃∞/𝑃10.

The assumptions made earlier, 𝑛0 ≫ 1, 𝑡 ≫ 𝑡0, 𝜇(0) ≪ 𝜇(1), now take the form
𝐷/ℏ𝜔 ≫ 1, (1 − 𝛼)𝐷/ℏ𝜔 exp(−𝐷/𝑘𝑇 ) ≪ 1. These inequalities are practically
always fulfilled. The quantity 1/𝑘0, according to (4), is the energy relaxation
time of harmonic oscillators placed in a heat bath.

For a small disturbance of the equilibrium distribution, namely for 𝑝 ≪ (1 −
𝛼)𝐷/ℏ𝜔, (12) gives 𝑘 = 𝑍𝑃∞ exp(−𝐷/𝑘𝑇 ). The decomposition rate constant is
proportional to the probability of transition from the last discrete level into the
continuous spectrum. Since 𝑃∞ ≪ 𝑃10(1 − 𝛼)𝐷/ℏ𝜔 ≲ 1, the pre-exponential
factor in this case is much smaller than the number of binary collisions.

The maximum value of 𝑘 is reached under the condition 𝑝 = 𝑃∞/𝑃10 ≫ (1 −
𝛼)𝐷/ℏ𝜔, which is usually fulfilled. In this case the rate constant is

𝑘 = 𝑘0(1 − 𝛼)𝐷/ℏ𝜔 exp(−𝐷/𝑘𝑇 ) (13)

and is determined no longer by the probability of transition into the continuous
spectrum, but by the probability 𝑃01. The value 𝑘0 depends on the temperature,
the magnitude of the transmitted quantum ℏ𝜔, and the radius of action of the
intermolecular forces. For various molecules at ordinary temperatures, 𝑘0 lies
in the range 𝑍 ⋅ 10−2—𝑍 ⋅ 10−10. Since usually 𝛼 ≪ 1, 𝐷/ℏ𝜔 ≃ 10 ÷ 102,
the maximum value of the pre-exponential factor in (13) is of the order of the
number of binary collisions.

The principal shortcoming of the adopted model is the neglect of anharmonic-
ity, i.e., the constancy of the quantum ℏ𝜔. In reality, the magnitude of the
vibrational quantum in diatomic molecules decreases with increasing number
of the vibrational level. Since 𝑘0 increases as ℏ𝜔 decreases, this circumstance
should lead to an increase of the pre-exponential factor in comparison with the
pre-exponential factor for the adopted model. Experimental values of the pre-
exponential factor for reactions 𝐴𝐵 + 𝐶 → 𝐴 + 𝐵 + 𝐶 often exceed the number
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of collisions by two or three orders of magnitude. I express my sincere gratitude
to Prof. N. D. Sokolov for discussion of the work.

Institute of Chemical Physics
Academy of Sciences of the USSR

Received
9 IV 1957

REFERENCES
1. L. Landau, E. Teller, Phys. Zs. Sow., 10, No. 1, 34 (1936).

2. N. F. Mott, J. M. Jackson, Proc. Roy. Soc., A137, 703 (1932).

3. H. S. Heaps, G. Herzberg, Zs. Phys., 133, No. 1, 48 (1952).

4. E. W. Montroll, K. E. Shuler, J. Chem. Phys., 26, No. 2, 237 (1957).

5. �. �. ������, ����, 17, No. 11, 1017 (1947).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195701.81173 Machine Translation

https://sovietrxiv.org/items/ru-195701.81173

	Abstract
	Full Text
	E. E. Nikitin
	On Deviations from the Boltzmann Distribution in the Dissociation of Diatomic Molecules
	REFERENCES


