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ential Quadratic Form

(Presented by Academician I. M. Vinogradov on 19 XI 1956)
MATHEMATICS

1°. The investigations of E. Cartan (') and N. A. Rosenson () do not exhaust
the problem of finding a basis for the complete system of scalar invariants of
second order of a differential quadratic form in 4 variables: in (!) the case of a
quaternary differential form of signature s = —2 is considered, and in this case
the problem mentioned is reduced to one still unsolved question in the theory
of algebraic invariants ((1), p. 31); article (?) is unsatisfactory—for example, the
proof of the invariance of the functions M, on p. 76 is erroneous.

2°. On the basis of the reduction theorem, every scalar differential invariant
of second order of a manifold V,, is a simultaneous algebraic invariant of the
fundamental tensor and the second affine extension of the latter. Thomas, bas-
ing himself on group theory, proved () that invariants I of this kind satisfy a
complete system of n? (n > 2) independent homogeneous first-order differential
equations

po| o0 po | or -
{ afy } 994 * { affyov ] 0905 =0 (v =1,2,...,n).

From this general proposition follows the existence of 14 absolute scalar differ-
ential invariants of second order of four-dimensional Riemannian manifolds. In
what follows we shall regard I, as algebraic invariants of the fundamental tensor
9op and of its curvature tensor B g, 5.

Further, if, in accordance with Cartan’ s geometric conception, one imagines at
each point of V, a tangent Euclidean or pseudo-Euclidean space of 4 dimensions,
referred to rectangular Cartesian coordinates, then the invariants sought will
prove to be orthogonal invariants of the curvature tensor. Passing to the search
for them precisely in this last formulation of the problem, we must distinguish,
depending on the signature s of the fundamental form, three essentially different
cases: s =4,0,—2.

Let us take the group O'(4), which leaves invariant the sum of squares of 4
variables, and see what transformations are induced on the coefficients of the
homogeneous polynomial
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Baﬁwuo‘ﬂﬂu”&é (o, 8,7, =1,...,4),

when the variables u’ are subjected to substitutions of this group. It is not
difficult to find the infinitesimal operators of these induced transformations. To
write them explicitly, let us agree on the notation for the essential components
of the tensor Bz,

Bigio =1, Bygi3 =%y, Biyia = %3, Bagos =4, Bosgy =5, Bsygy = g,
Bio13 =15 Bio1a = Y2, Bioag =Us, Biosas =Yy, Bisia = ¥s:  Bizes = Uss

Bisss = Y7, Biaoa =Yss  Biaga =Yg, Basos = Y10, Aogza = Y11, Basza = Y12,
Biggy = 21, B354 = 25, Biags =23, 21 —25+23=0.

The invariants I; are the roots of the linear homogeneous differential operators
given in Table 1.

In an analogous manner, the corresponding systems of operators are composed
in the two other cases.

3°. In all three cases the finding of invariants reduces to the integration of
the following complete systems of linear differential equations, in which the
variables a;, b;, ¢;, depending on the value of the signature of the principal form,
are specifically expressed in terms of z;,y,, 2;:

I

AL f = 2a4p; — 2a4py + (ag — aq)py + agps — azpg = 0;
Ao f = —2a5py + 2a5p3 — agpy + (ay — az)ps + ay,pg = 0;

Asf = 2a6py — 2a6p3 + aspy — ayps + (a3 — ay)pg =0

_9f
- 2)

The variables a; are connected by one relation.

II. B,f=0 (i =1,2,3). The operators B, f are obtained from the operators
A, f by the simple replacement of a; by b,.

III.
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C1f = (eytey)ar+(es—cy)gategqs+(cs—cy )as—(catc4)d5—C3d6+Csd7—C7qs = 0;
Cof = —(e3ter) i —cs@a+(c1—C9)q3—Ceds+Cads+(c1—Co)ar+Caq5+(c3+er)ge = 0
Csf = —c3qatcagsterqut(cg—cg)qs+(cs+cg)gs—Ccadr—(c5+co)ag+(cs—c)q9 = 0
Cyf = c3q5—C2q5+c7q4+(cs+cg) g5 +(co—C5) g6 —C4d7+(cog—c5)gs—(cs+cg )9 = 05
Csf = (cr—c3)qr+cgdat(c1+eg)a3—ceqstcsgs—(C14Co) g —Cads+(cr—C3)qg = 0;
Cof = (ey—ca)ar+(cr+e5)atcgq3—(c14¢5)q4+(C4—C2) g5 — 306 —CgGr+C7q5 = 0

of
o-2)

(A, +C)f =0, (Ay +Cy)f =0, (A3 +C5)f =0,

Iv.

(A3 +C)f =0, (A =C5)f=0, (A +C4)f=0.

(By +Cy)f =0, (By +Cy)f =0, (=B3; +C3)f =0,

(B3 +Cy)f =0, (By +C5)f =0, (=B, +Cg)f =0.

The integration of system I presents no difficulty. As a complete system of 3
equations in 5 independent variables, it has 2 integrals:

— 2 2 2.
01 = @169 + G103 + G503 — a3 — a5 — Ag;
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— 2 2 2
09 = U1Qya5 + 20,0505 — Ax0F — Q05 — Q305

Table 1
OpC?aJ‘;GQf Of of of of of of 0f of of of 0f of of Of of of of of of
33:1 C%52(%38954(%58306(%1 Oys Oy 0y, Oy Oy Oyr Oys Oyg Oy, §y1 Py1 921 029 0z
Z1 0 2y52Rys 2ys 0 —Ys—yay1tYs —22% —Yi¥z3—Yisst—21th 0 ys—ys—
Ly 23 Ly Ts Yo Y10 Y10
Zy 2y3 0 2y52)  2Ygys 21 t—Ys— YU T Y5 Y1¥3—YaZ1HW12 Yo t0 —Yot
23 %3 Tg L Yo Y11 Y11
Z3 2y, 2y; 0 0 —2ym2un+—ygyr —Yalfs Y1 —TiMr 2 Ya— T Yot—Yathst
23 Le Z3 Te Y12 Y12 Y12
Zy —28y1 0 0 —28y1Ys —YsYr Yo —Yo¥s —TsHYg¥s —Yi¥at—YigVaitht—yst
Lg Le Y12 Y12 Y11
Zs =28y, 212912012 —VsYs —VYs—Yo¥1 —Ye¥o —Ys— VW12 —VioYs¥atYat
Ty Y12 Y12 Y11
Zg 0 —28ys =28y ) —Yoy1 T1—Ys —Ys—2oYy Zot—Yrls—Y1%11 0 Ys—ys—
T3 Z3 Z3 Ty Ys Ys

Two functionally independent solutions x;, x, of system II are obtained from
0,09 by replacing a, in them by b,.

Solving system III is technically much more difficult: here the question is that of
integrating a closed system of 6 equations with 9 independent variables. Its solu-
tions are nevertheless obtained by successive application of the known methods
of integrating linear systems. We find:

0y = cqc5cq + 3045 + CoCeCr — €1CCs — CoCyCq — C3C5C3;

O3 = (cf +c5 + c3)(ci + 3 +cf) + (cF +c5 + 3)(cf +  +cf) +
+(cF+ B+ 2B+ 2+ c2)— (creq+ coes + c5¢4)? —
— (€167 + a5 + €3¢9) — (€467 + C5¢5 + C6Co)°.
Turning to system IV, we note that 5 of its 8 integrals are already known to

us. The 3 unknown integrals of this system must be functions of both sets of
variables. They can be sought by the usual methods. We obtain:
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wi=a(c+cE+cg+cE+ci+cd)tay(d+ci+c3+cE+ci+cd)+
+ag(cf +c3+ 5+ +cE+cg) —2ay(cicy + oty + c3¢6) —

— 2a5(cicq + cocg + c3¢9) — 2ag(cycr + c5C5 + CC);

wy = (€] 4¢3 + c3)(agaz — ag) + (ci + ¢ + ¢§)(a a3 — a2) +
+ (3 4 c§ + c§)(ayay — aF) + 2(ci¢y + cocs + c3¢6) (aza — azay) +

+ 2(c1e7 + cacg + czc9)(aga5 — axas) + 2(cyer + czcg + ceg)(agas — aqag);

w3 = (ay¢; + ayey + a5c;)? + (a6 + aycs + ascg)? + (ag63 + ayc6 + ascy)® +
+ (ay¢; + agcy + ageq)? + (agey + agcs + ageg)® + (ay63 + agcs + agcy)® +
+ (a5¢; + agey + azer)? + (asey + ages + azcg)® + (a5cz + agcs + azcy)®.

Proceeding in the same way as above, we find three mixed integrals of the system
y:

Wy =by(c3+ i+ e+ +cgt+cd) +byled +cd+cftcg+c+eg)+
+by(ci + 3+ i+ 3+ +cg)—2by(ciey + ch05 + creg) —
— 2b5(cyc5 + cqcq + cre9) — 2bg(cacs + c5¢6 + €5y );

Wy = (byby — b3)(cf + c§ + ¢Z) + (byby — b3)(c3 + c3 + c3) +
+ (byby — b3)(c3 + g + ¢3) + 2(bsbg — bsby) (¢ ey + cyc5 + crc5) +
+ 2(bybg — babs)(crc5 + cycq + c7¢9) + 2(bybs — bybg)(cacs + c5¢6 + C5C);

Ws = (€1by + coby 4 €3b5)% + (eaby + c5by + c6bg)* + (crbs + cgbg + cobs)® +
+ (e1by 4 by + c3b6)? + (€105 + cobg + €3b3)% + (c4by + c5by + cbs)? +
+ (ebs + c5bg + cobz)? + (e7by + cgby + cobs)? + (e7by + cgby + cobg)?.

Investigation of the rank of the Jacobian matrix of all the invariants constructed
above shows their functional independence.

Thus, the following theorem holds.

Theorem 1. The set of 14 functions: B (the total curvature), o;, x;, 0, w;, @,
(i=1,2; k=1,2,3) forms the simplest basis of the complete system of scalar
differential invariants of the second order of a quaternary differential quadratic
form (of the manifold V).
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We formulate here, in particular, two special cases of Theorem 1, which, in the
author’ s opinion, have independent significance for the theory of differential
invariants of generalized spaces.

Theorem 2. The scalars B, 0,,0,,0; give a basis of the complete system of
scalar differential invariants of the second order of conformal-Riemannian spaces
of 4 dimensions.

Theorem 3. The simplest system of basic differential invariants of the second
order of a 4-dimensional Einstein space consists of the invariants oy, 0q, 21, Z5.
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