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THE ROLE OF THE CANCELLATION LAW
IN DEFINING SEMIGROUPS WITH CAN-
CELLATION BY MEANS OF DEFINING
RELATIONS

(Presented by Academician I. M. Vinogradov on 16 XI 1956)

An associative system or semigroup is a system with one associative operation.
Every semigroup can be defined by means of a system of generating elements
and defining relations. We shall consider semigroups defined by a finite number
of generators and defining relations. Let a system of generators be given

A1y A9, ey Ay (1)
From them we form all possible words, which are sequences of letters. We also
consider the empty word. Between words an equality relation is established,
determined by a system of pairs of words

(4;,B;) (i=1,2,...,n) (2)

according to the following rules:

1. A;,=B, (i=1,2,..,n).

2. A=A.

3. From A = B it follows that B = A.

4. From A = B and B = C it follows that A = C.
5. From A = B it follows that XAY = XBY.

A,B,C, X, and Y are arbitrary words in the letters of the system (1), and A,
and B, are the words of one of the pairs (2).

Two words A and B are called equal if and only if their equality is derivable
by a finite number of applications of rules 1-5. In this way the set of all words
is partitioned into disjoint classes of equal words. Let « and S be two classes
of equal words. By their product a8 we shall mean the class of words equal to
the word AB, where A is some word from the class «, and B from the class (.
It follows from rules 1-5 that this operation does not depend on the choice of
representatives A and B and is associative. The set of classes of equal words
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with this operation is precisely the associative system, or semigroup, defined by
the generators (1) and the defining pairs (2”). We shall write the defining pairs
(2’) in the form of defining relations

A, = B;. (2)

K2
If the number of defining relations (2) is zero, then the associative system (semi-
group) is called the free semigroup with generators (1).
Let us add one more rule to rules 1-5:

6. I. From AX = BX it follows that A = B.

Then the partition of the set of all words into classes of equal words will be
different, and in the resulting semigroup the law of right cancellation will hold.

Add to 1-5 the rule:
6. II. From XA = XB it follows that A = B.
Then we obtain a semigroup with the law of left cancellation.

We obtain a semigroup with two-sided cancellation if, to rules 1-5, we add both
rule 6.I and rule 6.I1.

The associative system (semigroup) with the system of generators (1) and defin-
ing relations (2) will be denoted by II. By an elementary transformation of
the semigroup II we shall mean any transformation of the form

XA,y = XB;y, XB;y — XA, o XX, (3)

where X and Y are arbitrary words in the letters (1); A; = B, is some defining
relation from (2). It is easy to show that two words A and B in the semigroup IT
will be equal if and only if there exists a sequence of elementary transformations
of the semigroup II of the form

A=Ey—+FE, - FEy,— - = E,=B.

The semigroup with the law of right cancellation, given by the same generators
(1) and defining relations (2), will be denoted by II,,; the corresponding semi-
group with the law of left cancellation by II;, and the semigroup with two-sided

cancellation by II,.

Let us also consider the following system, given by generators (1) and defining
relations (2). To the system of generators (1) add new generators

art,axt, .. at (4)
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in the same number, and to the defining relations (2) the new relations

aa;' =1,  ale;=1 (i=1,2,..,m), (5)

177
where 1 denotes the empty word. As is known, the associative system defined
by the generators (1) and (4) and the defining relations (2) and (5) will be
a group. We shall call this group the group given by the generators (1) and
defining relations (2), and denote it by I'. Obviously, if two words A and B are
equal in the semigroup II, then they are equal also in the systems Il and II;.
If two words are equal in I, or II;, then they are equal in II, and in I'. This

circumstance may be represented by the following diagram:

The free systems II, I, II;, and I, coincide.

pr’
An associative system with three generators a,b,c and two defining relations
ab = ac and ba = ca cannot be isomorphic to any system Il II;, or II,. Tt is
also not difficult to show that the system IT,. (II;) with one defining relation
ab = ac (ba = ca) cannot be isomorphic to any system II,.

If the number of defining relations is not restricted, then every system IL,, IT;,
or II, can be given as a system II, i.e. without adding rules 6.1 and 6.IT (in this
case it may be necessary to add an infinite number of defining relations).

Let us consider systems II, given by a finite number of generators and defining
relations. The question arises whether each of these systems can be given as a
system I with a finite number of defining relations. The answer to this question
is given by the following theorem.

Theorem 1. There exists a semigroup with cancellations 1l,, given by a finite
number of generators and defining relations, which is not isomorphic to any
semigroup II with a finite number of defining relations.

An analogous problem can be posed for the systems II,. and II} with one-sided
cancellations, and in this case the corresponding theorem is true.

Theorem 2. There exists a semigroup with the law of right-sided (left-sided)
cancellation, given by a finite number of generators and defining relations, which
s not isomorphic to any semigroup I with a finite number of defining relations.

Theorem 3. There exists a semigroup 11, with cancellations, given by a finite
number of generators and defining relations, which is not isomorphic to any

semigroup II, (Hpr) with a finite number of defining relations.
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Theorems 1, 2, and 3 assert that, in defining semigroups with cancellation, rules
6. and 6.IT cannot be replaced by a finite number of defining relations, even
if one preserves one of these rules, which are implications involving variables
(A, B, X). The question arises: can they not be replaced by a finite number of
defining relations and identical equalities. In a given system of words, we shall
call a mixed relation any equality containing both variable symbols (replace-
able by any word of the system under consideration) and concrete words of this
system. In particular, every defining relation and every identical equality will
be a mixed relation. The following theorems assert that rules 6.1 and 6.1I cannot
be replaced by a finite number of mixed relations*.

Theorem 4. There exists a semigroup with cancellations 11, given by a finite
number of generators and defining relations, which is not isomorphic to any
system 1L, 11}, or I, with a finite number of mized relations.

T

Theorem 5. There exists a semigroup with the law of right-sided (left-sided)
cancellation, given by a finite number of generators and defining relations, which
is mot isomorphic to any system II with a finite number of mized relations.

Let the semigroup given by the generators

Py P2, @, b7 v, W, tlv t2 (6)

and the defining relations

D1ty = VDl b = b, HUPg = Dafity, Doty = t1Da, aty =1,

(7)

be denoted by II?). The systems 1L, II, and T', given by the same generators

and defining relations, will be denoted by Hfoor), H(20>, and T'©). Note that the

)

corresponding system H{O is isomorphic to IT(°).

Lemma 1. In the semigroup H(QO) the equalities

p1ak]92 = Vp1bkp2/~L (k=1,2,..) (8)

hold.
Proof. We have the following sequence of elementary transformations of the

semigroup II(?:

p1aFpoty — praftipy — - — pyt bFpy — vp bFpupy — -

= VPL“kaQ - Vp1bkp2/~‘t2-
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* Theorems 4 and 5 will also remain true if, as mixed relations, we allow the
addition of implications of equalities not containing variable symbols. For ex-
ample: Ay = By — C, = D,, where Ay, By, Cy, and D, are certain words of
the system under consideration.

From the equality p,a*pyt, = vp,b*pyut,, applying rule 6.1, we find

) . 0
plakp2 = Vplbkpz,u in H;r).

Corollary. The equalities (8) hold in the semigroup Hg)r). In deriving each of

the equalities (8), rule 6.I is applied only once.

Lemma 2. Every word composed of positive powers of the letters (6) and equal
in the group T'©) to the word paFpy is either the word pya®p, itself, or vp,bFpyu.

We omit the proof of Lemma 2 because of its complexity. On the basis of these

lemmas it is easily proved that the semigroup H(QO) is the desired semigroup II,,

whose existence is asserted by Theorem 1. Suppose that the semigroup Héo) is
isomorphic to some semigroup II’, given by a finite number of defining relations

Ci=D; (j=12,...,}), 9)

but without the rules 6.1 and 6.IT*. Then, by Lemma 1 and by virtue of the
isomorphism, all equalities (8) must hold in II’. Each of them must be derivable
by some sequence of elementary transformations of the semigroup I1’:

plaka =E,—-E = — Emk = uplbkaM.
Every equality holding in the semigroup II” must hold in H(QO)7 and hence also in
I'®). Consequently, all the words Ey, By, ..., E,,, are equal to the word p,a*p,
in the group I'®) and, moreover, contain only positive powers of the letters (6).
By Lemma 2, each of these words is either p;a*p,, or vp,b*pyp. This means
precisely that among the defining relations (9) of the semigroup IT" there must
occur the equality

prapy = vp by,

where k is any natural number. The latter is incompatible with the condition
that the number of defining relations (9) is finite.

Theorem 2 is proved analogously. Theorem 3 is somewhat more difficult. In the
left-sided case one considers the semigroup Hgl) with defining relations

topr = P1tys tya = by, t1pg = Vpat, bv = vb, PV = tovpy.
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Theorems 4 and 5 are easily derived from Theorems 1, 2, and 3 on the basis of
the following lemma.

Lemma 3. Every mized relation holding in the semigroup H<20> has the form

A1x1A2x2 o Akl'kAk+1 == lelBQ.’EQ o Bk‘l.kBk+17

where x, o, ..., x;, are variable symbols; A;, B; are certain words of the semi-

group H(QO), and A, = B; in Héo).
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* Note that, in view of the isomorphism of H(QO) and II’, the same letters of the
system (6) may serve as generators of the semigroup II'.
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