
Soviet-era science, translated into English

Mechanics
V. V. Beletsky

1957

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195701.76154

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-195701.76154


Abstract
Full Text
Mechanics

V. V. Beletsky

On the Integrability of the Equations of Motion
of a Rigid Body about a Fixed Point under the
Action of a Central Newtonian Force Field
(Presented by Academician M. V. Keldysh on 10 X 1956)

§ 1. In the present work we consider the problem indicated in the title, under
the assumption that the fixed point of the body is at a sufficiently large distance
𝑅, in comparison with the dimensions of the body, from the center of attraction.
Then the components of the Newtonian force of attraction along fixed coordinate
axes associated with the fixed point of the body may be written, with accuracy
up to small quantities of second order, in the form:

𝐹𝑥 = − 𝑔
𝑅 𝑑𝑚 𝑥, 𝐹𝑦 = − 𝑔

𝑅 𝑑𝑚 𝑦, 𝐹𝑧 = −𝑔 𝑑𝑚 + 2 𝑔
𝑅 𝑑𝑚 𝑧. (1)

Here 𝑔 is the acceleration of gravity at a distance 𝑅 from the attracting center;
𝑑𝑚 is the mass of the attracted particle of the body; 𝑥, 𝑦, 𝑧 are its coordinates in
the fixed axes, which are constructed so that the origin coincides with the fixed
point, while the 𝑧-axis is directed from the attracting center along the straight
line joining the attracting center and the fixed point of the body. The forces (1)
are applied to every point of the body.

Introduce a moving coordinate system 𝑥′, 𝑦′, 𝑧′, whose origin coincides with the
origin of the fixed coordinate system, and whose axes are directed along the
principal axes of inertia of the body. Let 𝑝, 𝑞, 𝑟 be the projections of the angular
velocity of the body on the moving axes; 𝛾, 𝛾′, 𝛾″ the direction cosines of the
moving axes with the 𝑧-axis; 𝑥′

0, 𝑦′
0, 𝑧′

0 the coordinates of the center of mass of
the body in the moving axes.

Then the equations of motion of the rigid body under the action of the forces
(1) have the form:

𝐴𝑑𝑝
𝑑𝑡 + (𝐶 − 𝐵)𝑞𝑟 = −𝑀𝑔 (𝑦′

0𝛾″ − 𝑧′
0𝛾′) + 3 𝑔

𝑅 (𝐶 − 𝐵)𝛾′𝛾″;

𝐵 𝑑𝑞
𝑑𝑡 + (𝐴 − 𝐶)𝑟𝑝 = −𝑀𝑔 (𝑧′

0𝛾 − 𝑥′
0𝛾″) + 3 𝑔

𝑅 (𝐴 − 𝐶)𝛾″𝛾; (2)
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𝐶 𝑑𝑟
𝑑𝑡 + (𝐵 − 𝐴)𝑝𝑞 = −𝑀𝑔 (𝑥′

0𝛾′ − 𝑦′
0𝛾) + 3 𝑔

𝑅 (𝐵 − 𝐴)𝛾𝛾′;

𝑑𝛾
𝑑𝑡 = 𝑟𝛾′ − 𝑞𝛾″; 𝑑𝛾′

𝑑𝑡 = 𝑝𝛾″ − 𝑟𝛾; 𝑑𝛾″

𝑑𝑡 = 𝑞𝛾 − 𝑝𝛾′.

Here 𝐴, 𝐵, 𝐶 are the principal moments of inertia of the body at the fixed point,
and 𝑀 is the mass of the body.

Equations (2) generalize the equations of the classical problem of the motion
about a fixed point of a heavy rigid body. Jacobi’s theory of the last multiplier
is applicable to equations (2); as a consequence, the problem of integrating these
equations is reduced to quadratures if four first independent algebraic integrals
not containing time are known.

1. In the general case, the system of equations (2) admits three first indepen-
dent integrals:

the energy integral

𝐴𝑝2 + 𝐵𝑞2 + 𝐶𝑟2 + 2𝑀𝑔 (𝑥′
0𝛾 + 𝑦′

0𝛾′ + 𝑧′
0𝛾″) +

+3 𝑔
𝑅 (𝐴𝛾2 + 𝐵𝛾𝑎′2 + 𝐶𝛾″2) = const;

the integral of the angular momentum

𝐴𝑝𝛾 + 𝐵𝑞𝛾′ + 𝐶𝑟𝛾″ = const;

the relation between the direction cosines

𝛾2 + 𝛾𝑎′2 + 𝛾″2 = 1.
2. If the body has complete kinetic symmetry, i.e.

𝐴 = 𝐵 = 𝐶,

then the system of equations (2) admits a fourth integral

𝑥′
0𝑝 + 𝑦′

0𝑞 + 𝑧′
0𝑟 = const.

This case may be regarded as the degeneration of the following, more general,
case.
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3. Suppose the body has kinetic symmetry about some principal axis of in-
ertia, and the center of mass lies on this axis. For example,

𝐴 = 𝐵, 𝑥′
0 = 𝑦′

0 = 0.

Then equations (2) admit the fourth integral

𝑟 = const

(an analogue of Lagrange’s case in the problem of the motion of a heavy rigid
body).

4. If the body is fixed at its center of mass, i.e.

𝑥′
0 = 𝑦′

0 = 𝑧′
0 = 0,

then equations (2) admit a fourth integral—the integral of kinetic momentum:

𝐴2𝑝2 + 𝐵2𝑞2 + 𝐶2𝑟2 − 3 𝑔
𝑅 (𝐵𝐶𝛾2 + 𝐴𝐶𝛾𝑎′2 + 𝐴𝐵𝛾″2) = const

an analogue of Euler’s case in the problem of the motion of a heavy rigid body).

§ 2. The presence in the equations of motion and in the first integrals of terms
with the multiplier 3𝑔/𝑅 qualitatively changes, in some cases, the picture of the
motion in comparison with the motion, under the same conditions, of a heavy
body.

Let us consider a particular solution of equations (2), possible for 𝑦′
0 = 0:

𝑝 = 𝑟 = 𝛾′ = 0; 𝛾″ = 𝛾″(𝑡); 𝛾 = 𝛾(𝑡); 𝑞 = 𝑞(𝑡).

This solution describes plane motion of the body (a generalization of the problem
of the physical pendulum).

The system (2) reduces to one second-order equation

𝐵 ̈𝜗 + 𝑀𝑔𝑎 sin(𝜗 + 𝛿) + 3 𝑔
𝑅 (𝐴 − 𝐶) sin 𝜗 cos 𝜗 = 0. (3)

Here 𝜗 = arccos 𝛾″; 𝑎 = √𝑥′2
0 + 𝑦′2

0 ; 𝛿 = arcsin 𝑥′
0

𝑎 = arccos (− 𝑧′
0

𝑎 ) …

Equation (3) reduces to a quadrature:

𝑡 − 𝑡0 = ∫
𝜗

𝜗0

𝑑𝜗
√𝑙 + 2𝑀𝑔𝑎

𝐵 cos(𝜗 + 𝛿) + 3
2

𝑔
𝑅

𝐴−𝐶
𝐵 cos 2𝜗

, (4)
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where

𝑙 = 𝜔2
0 − 2𝑀𝑔𝑎

𝐵 cos(𝜗0 + 𝛿) − 3
2

𝑔
𝑅

𝐴 − 𝐶
𝐵 cos 2𝜗0; 𝜗0 = 𝜗(𝑡0); 𝜔0 = ̇𝜗(𝑡0).

Inversion of the integral (4) gives the solution of the problem.

Let the body be fixed at the center of mass, i.e. 𝑎 = 0. Then the integral (4)
reduces to the elliptic integral

𝑡 − 𝑡0 = 1
√3 𝑔

𝑅
𝐴−𝐶

𝐵

∫
𝑢

𝑢0

𝑑𝑦
√(1 − 𝑢2)(1 − 𝑘2𝑢2)

, (5)

where

𝐴 > 𝐶; 𝑢 = 1
𝑘 sin 𝜗; 𝑘2 = 𝜔2

0
3 𝑔

𝑅
𝐴−𝐶

𝐵
+ sin2 𝜗0.

It follows from this that, in the absence of an initial angular velocity, a body
fixed at the center of mass in a central force field will not be in indifferent
equilibrium, as is the case in a plane-parallel homogeneous force field, but will
execute periodic motion with period

𝑇 = 2𝜋
√3 𝑔

𝑅
𝐴−𝐶

𝐵

{1 + (1
2)

2
sin2 𝜗0 + (1 ⋅ 3

2 ⋅ 4)
2

sin4 𝜗0 + ⋯} .

If 𝜔0 ≠ 0, then the motion remains periodic under the condition 𝑘2 < 1, i.e.

𝜔0 < √3 𝑔
𝑅

𝐴 − 𝐶
𝐵 | cos 𝜗0|.

§ 3. In the present paragraph the Lagrange case is reduced to a quadrature: the
body possesses kinetic symmetry (𝐴 = 𝐵), and the center of mass lies on the
axis of symmetry (𝑥′

0 = 𝑦′
0 = 0).

The equations of motion (2) take the form:

𝑑𝑝
𝑑𝑡 − 𝑚𝑞𝑟 = −𝛼𝛾′ − 𝛽𝑚𝛾′𝛾″; 𝑑𝑞

𝑑𝑡 + 𝑚𝑝𝑟 = 𝛼𝛾 + 𝛽𝑚𝛾″𝛾; 𝑑𝑟
𝑑𝑡 = 0, (6)

where it is denoted

sovietrxiv.org/items/ru-195701.76154 Machine Translation

https://sovietrxiv.org/items/ru-195701.76154


𝑚 = 𝐴 − 𝐶
𝐴 ; 𝛼 = −𝑀𝑔𝑧′

0
𝐴 ; 𝛽 = 3𝑔

𝑅 .

The integrals of the equations of motion have the form:

𝑝2 + 𝑞2 − 2𝛼𝛾″ − 𝑚𝛽𝛾″2 = ℎ;
𝑝𝛾 + 𝑞𝛾′ − (𝑚 − 1)𝑟𝛾″ = 𝑘;

𝑟 = 𝑟0;
𝛾2 + 𝛾𝑎′2 + 𝛾″2 = 1.

(7)

For 𝛽 = 0, from (6) and (7) we obtain the relations of the classical problem of
the motion of a heavy rigid body in the Lagrange case.

From (6) we express 𝛾 and 𝛾′ in terms of the other variables, substitute these
expressions into equations (7), and make the change of variables

𝑝 = 𝜌 cos 𝜎, 𝑞 = 𝜌 sin 𝜎.

Then we obtain the equations

𝜌2 𝑑𝜎
𝑑𝑡 + 𝑚𝑟0𝜌2 − (𝑚 − 1)𝑟0𝛾″(𝛼 + 𝛽𝑚𝛾″) = 𝑘(𝛼 + 𝛽𝑚𝛾″); (8)

(𝑑𝜌
𝑑𝑡 )

2
+𝜌2 (𝑑𝜎

𝑑𝑡 )
2
+2𝑚𝑟0𝜌2 𝑑𝜎

𝑑𝑡 +𝑚2𝑟2
0𝜌2+𝛾″ 2(𝛼+𝛽𝑚𝛾″)2 = (𝛼+𝛽𝑚𝛾″)2; (9)

𝜌2 − 2𝛼𝛾″ − 𝛽𝑚𝛾″ 2 = ℎ. (10)

After multiplication by 4𝜌2, equation (9) takes the form

(𝑑𝜌2

𝑑𝑡 )
2

+ 4 [𝜌2 𝑑𝜎
𝑑𝑡 + 𝑚𝑟0𝜌2]

2
+ 4𝜌2(𝛼 + 𝛽𝑚𝛾″)2(𝛾″ 2 − 1) = 0. (11)

Let us now express 𝜌2 𝑑𝜎
𝑑𝑡 + 𝑚𝑟0𝜌2 in terms of 𝛾″ from (8), and 𝜌2 in terms of

𝛾″ from (10), and substitute in (11).

As a result we obtain the equation

(𝑑𝛾″

𝑑𝑡 )
2

= −𝛽𝑚𝛾″ 4 − 2𝛼𝛾″ 3 − 𝑎𝛾″ 2 − 𝑏𝛾″ + 𝑐 ≡ 𝑃(𝛾″), (12)
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where 𝑎, 𝑏, 𝑐 are expressed in terms of 𝑚, 𝑟0, ℎ, 𝑘, 𝛽, 𝛼.

Separating the variables in (12) and integrating, we obtain

𝑡 + ̄𝑐 = ∫ 𝑑𝛾″

√𝑃(𝛾″)
. (13)

The problem has been reduced to a quadrature. Inversion of the elliptic integral
(13) gives the time-dependence 𝛾″ = 𝛾″(𝑡), after which the quantities 𝑝, 𝑞, 𝛾, 𝛾′

are determined as functions of 𝑡.
§ 4. In the case when the fixed point coincides with the center of mass (𝑥′

0 =
𝑦′

0 = 𝑧′
0 = 0), equations (2) coincide in form with the equations of the problem

reduced to quadratures in paper (1).

In paper (2) the problem of the motion of a rigid body in a Newtonian force
field is solved for the case 𝐴 = 𝐵, 𝑥′

0 = 𝑦′
0 = 0, under particular assumptions

on the form of the body and the distribution of density in the body.

It should be noted that the existence of integrals of equations (2) follows from
the general theory of D. N. Goryachev (3).
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