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Abstract
Full Text
Mathematics

V. P. MASLOV

DEGENERATION IN THE TRANSITION
FROM A DISCRETE SPECTRUM TO A CON-
TINUOUS ONE AND THE TRANSITION
FROM QUANTUM MECHANICS TO CLAS-
SICAL MECHANICS
(Presented by Academician N. N. Bogolyubov, 31 X 1956)

Let {𝑒𝑘
𝑖 } be a system (𝑘 = 1, 2, …) of orthonormal bases in some Hilbert space

𝐻; let {𝑛𝑘} be a certain sequence of integers depending on 𝑘, lim𝑘→∞ 𝑛𝑘 = ∞.
In what follows, in {𝑛𝑘} we shall omit the index 𝑘.
Definition 1. An element of the space 𝑀0

𝑛[𝑒𝑘
𝑖 ] is a sequence {𝑥𝑘}, where

𝑥𝑘 =
∞

∑
𝑖=−𝑛

𝑎𝑖𝑒𝑘
𝑖+𝑛 ∈ 𝐻,

∞
∑

𝑖=−∞
𝑎2

𝑖 < ∞. (1)

Definition 2. An element of the space 𝑀𝑛[𝑒𝑘
𝑖 ] is a class of equivalent sequences

in 𝐻 of the form

∞
∑

𝑖=−𝑛
𝑎𝑖𝑒𝑘

𝑖+𝑛 +
∞

∑
𝑖=1

𝑜𝑖𝑘𝑒𝑘
𝑖 ,

where 𝑜𝑖𝑘 satisfy the condition

lim
𝑘→∞

∞
∑
𝑖=1

𝑜2
𝑖𝑘 = 0. (2)

Sequences of the form ∑∞
𝑖=1 𝑜𝑖𝑘𝑒𝑘

𝑖 satisfying (2) are taken as elements equivalent
to zero.

Define in 𝑀𝑛[𝑒𝑘
𝑖 ] the scalar product as

lim
𝑘→∞

(𝑥𝑘, ̄𝑥𝑘), 𝑥𝑘, ̄𝑥𝑘 ∈ 𝑀𝑛[𝑒𝑘
𝑖 ]. (3)
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If

𝑥𝑘 =
∞

∑
𝑖=−𝑛

[𝑎𝑖 + 𝑜𝑖𝑘]𝑒𝑘
𝑖+𝑛, ̄𝑥𝑘 =

∞
∑

𝑖=−𝑛
[ ̄𝑎 + ̄𝑜𝑖𝑘]𝑒𝑘

𝑖+𝑛,

then, by virtue of (2),

lim
𝑘→∞

(𝑥𝑘, ̄𝑥𝑘) =
∞

∑
𝑖=−∞

𝑎𝑖 ⋅ ̄𝑎𝑖.

The space 𝑀𝑛[𝑒𝑘
𝑖 ] is a separable Hilbert space, since the elements of 𝑀𝑛[𝑒𝑘

𝑖 ]
are put into one-to-one correspondence with sequences {𝑎𝑖}, 𝑖 = 1, −1, …, from
𝑙2 ⊕ 𝑙2. A countable basis in this latter space is formed by the elements {𝛿𝑗

𝑖 },
𝑖 = 1, −1, …; 𝛿𝑗

𝑖 = 1 for 𝑖 = 𝑗; 𝛿𝑗
𝑖 = 0 for 𝑖 ≠ 𝑗. Hence it follows that a countable

basis in the space 𝑀𝑛[𝑒𝑘
𝑖 ] is formed by the elements {𝑒𝑘

𝑛+𝑖}, 𝑖 = 1, −1, ….

If (𝑛 − 𝑛′) → ∞ as 𝑘 → ∞, then the spaces 𝑀𝑛[𝑒𝑘
𝑖 ] and 𝑀𝑛′ [𝑒𝑘

𝑖 ] will be orthog-
onal in the sense of the scalar product

lim
𝑘→∞

(𝑥𝑘, ̄𝑥𝑘) ∶ 𝑥𝑘 ∈ 𝑀𝑛[𝑒𝑘
𝑖 ], ̄𝑥𝑘 ∈ 𝑀𝑛′ [𝑒𝑘

𝑖 ], (3a)

since the scalar product (in 𝐻) (𝑒𝑘
𝑛+𝑖, 𝑒𝑘

𝑛′+𝑗) will be equal to zero for any 𝑖 and
𝑗 when 𝑘 is sufficiently large.

Lemma. Let

𝑥𝑘 =
∞

∑
𝑖=0

𝑎𝑘𝑖𝑒𝑘
𝑖 ∈ 𝐻, lim

𝑘→∞
(𝑥𝑘, 𝑥𝑘) =

∞
∑

𝑖=−∞
lim

𝑘→∞
𝑎2

𝑘,𝑛+𝑖 < ∞.

Then {𝑥𝑘} ∈ 𝑀𝑛[𝑒𝑘
𝑖 ].

Let a sequence of operators {𝐴𝑘}, acting in 𝐻, be given. We shall say that
𝑥𝑘 ∈ 𝑀0

𝑛[𝑒𝑘
𝑖 ] belongs to the domain of definition of the operator {𝐴𝑘} in the

space 𝑀0
𝑛[𝑒𝑘

𝑖 ] if, for each 𝑘, 𝑥𝑘 belongs to the domain of definition of each
operator 𝐴𝑘 in 𝐻, and the sequence {𝐴𝑘𝑥𝑘} belongs to 𝑀𝑛[𝑒𝑘

𝑖 ]. (Taking the
corresponding element in 𝑀0

𝑛[𝑒𝑘
𝑖 ], we define the action of the operator in 𝑀0

𝑛[𝑒𝑘
𝑖 ],

and thereby also in 𝑀𝑛[𝑒𝑘
𝑖 ].)

Let {𝐴𝑘} be a sequence of self-adjoint positive-definite operators with discrete
spectrum, with eigenfunctions {𝑥𝑘

𝑖 } and eigenvalues {𝜆𝑘
𝑖 }, converging strongly

(1) to the self-adjoint operator 𝐴 with continuous spectrum. Let 𝜆 be a point
of the spectrum of the operator 𝐴; 𝑛 determines the number of the eigenvalue
of the operator 𝐴𝑘 nearest from above to 𝜆. Denote by 𝑀𝜆{𝐴𝑘} the space
𝑀𝑛[𝑥𝑘

𝑖 ]*.
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Theorem 1. The closure of the operator {𝐴𝑘} in 𝑀𝜆{𝐴𝑘} is the operator of
multiplication by the number 𝜆.

Proof. On the set {𝑥𝑘
𝑛+𝑖}, 𝑖 = 1, −1, …, the operator {𝐴𝑘} is equivalent to the

operator of multiplication by 𝜆, since

𝐴𝑘𝑥𝑘
𝑛+𝑖 = 𝜆𝑘

𝑛+𝑖𝑥𝑘
𝑛+𝑖 = (𝜆 + 𝑜𝑖𝑘)𝑥𝑘

𝑛+𝑖,

where

𝑜𝑖𝑘 = (𝜆𝑘
𝑛 − 𝜆) + (𝜆𝑘

𝑛+𝑖 − 𝜆𝑘
𝑛) −−−→

𝑘→∞
0.

The set of elements {𝑥𝑘
𝑛+𝑖}, 𝑖 = 1, −1, … , −𝑟, 𝑟, …, forms a countable basis in

𝑀𝜆{𝐴𝑘}; therefore, the closure of the operator {𝐴𝑘} in 𝑀𝜆{𝐴𝑘} is the operator
of multiplication by 𝜆, as was required to prove.

In what follows we shall consider operators 𝐴𝑘 whose eigenvalues satisfy the
condition

(𝜆𝑘
𝑛+𝑖 − 𝜆)(𝜆𝑘

𝑛+𝑠 − 𝜆)−1𝑠1/2+𝛿 → 0 (4)

as 𝑠 → ∞, uniformly in 𝑘 as 𝑘 → ∞, for some 𝛿 > 0 and any integer 𝑖.
Theorem 2. Let {𝑥𝑘} be a sequence of elements of 𝐻, belonging to the domain
of definition of the operators 𝐴𝑘 and normalized to unity, ‖𝑥𝑘‖ = 1.

Suppose that the sequence

{‖(𝐴𝑘 − 𝜆)𝑥𝑘‖(𝜆𝑘
𝑛+𝑙 − 𝜆)−1}

is uniformly bounded as 𝑘 → ∞ for some integer 𝑙. Then there exists a subse-
quence {𝑚} of the sequence {𝑘} such that {𝑥𝑚} ∈ 𝑀𝜆{𝐴𝑚}.

* The spaces 𝑀𝜆1
{𝐴𝑘} and 𝑀𝜆2

{𝐴𝑘} for 𝜆1 ≠ 𝜆2 are orthogonal in the sense
of the definition of the scalar product (3a). Therefore one can form the space
𝑀{𝐴𝑘}, equal to the continuous direct sum of the spaces 𝑀𝜆{𝐴𝑘} with respect
to the measure 𝜆:

𝑀{𝐴𝑘} = ∫
∞

0
⊕𝑀𝜆{𝐴𝑘} 𝑑𝜆 (2).

Proof. Let 𝑥𝑘 = ∑∞
𝑖=0 𝑎𝑘𝑖𝑥𝑘

𝑖 . Consider the sequence {𝑎𝑘𝑛}. It is bounded.
Choose a convergent subsequence {𝑎𝑘′𝑛}. Consider the sequence {𝑎𝑘′, 𝑛+1} and
choose from it a convergent subsequence {𝑎𝑘″, 𝑛+1}; then consider the sequence
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{𝑎𝑘″, 𝑛−1}, choose a convergent subsequence {𝑎𝑘‴, 𝑛−1}, etc. We obtain a col-
lection of subsequences {𝑘′}, {𝑘″}, {𝑘‴}, …. From these choose the diagonal
sequence: from {𝑘′} take the first term, from {𝑘″} the second, and so on. We
obtain a subsequence {𝑚} such that the limit of {𝑎𝑚, 𝑛+𝑖} as 𝑚 → ∞ exists for
any 𝑖, −∞ < 𝑖 < ∞; denote

lim
𝑚→∞

𝑎𝑚, 𝑛+𝑖 = 𝑎𝑖.

Let us estimate the coefficient 𝑎𝑚, 𝑛+𝑖. For sufficiently large 𝑖, by (4) we obtain:

𝑎𝑚, 𝑛+𝑖 = (𝑥𝑚
𝑛+𝑖, 𝑥𝑚) = (𝜆𝑚

𝑛+𝑖 − 𝜆)−1([𝐴𝑚 − 𝜆]𝑥𝑚
𝑛+𝑖, 𝑥𝑚) ≤

≤ (𝜆𝑚
𝑛+𝑖 − 𝜆)−1‖(𝐴𝑚 − 𝜆)𝑥𝑚‖ < const ⋅ (𝜆𝑚

𝑛+𝑙 − 𝜆)−1(𝜆𝑚
𝑛+𝑙 − 𝜆) ≤ 𝑖1/2−𝛿.

Consequently, for any 𝜀 > 0 one can choose 𝑁 such that, for all 𝑚 greater than
some 𝑀 ,

−𝑁
∑

𝑖=−𝑛
𝑎2

𝑚, 𝑛+𝑖 +
∞

∑
𝑖=𝑁

𝑎2
𝑚, 𝑛+𝑖 < 𝜀;

−𝑁
∑

𝑖=−∞
𝑎2

𝑖 +
∞

∑
𝑖=𝑁

𝑎2
𝑖 < 𝜀.

For 𝑚 > 𝑀𝜀 > 𝑀 ,
𝑁

∑
𝑖=−𝑁

𝑎2
𝑚, 𝑛+𝑖 − 𝑎2

𝑖 < 𝜀.

Hence ∞
∑

𝑖=−𝑛
𝑎2

𝑚, 𝑛+𝑖 −
∞

∑
𝑖=−∞

𝑎2
𝑖 < 2𝜀.

The condition of the lemma is fulfilled; consequently, {𝑥𝑚} ∈ 𝑀𝜆{𝐴𝑚}. The
theorem is proved.

Let {𝐵𝑘} be a sequence of operators acting in 𝐻; 𝐶𝑘 is the commutator of 𝐴𝑘
and 𝐵𝑘,

𝐶𝑘 = 𝐴𝑘𝐵𝑘 − 𝐵𝑘𝐴𝑘.

Theorem 3. Suppose that the expressions

‖𝐶𝑘𝑥𝑘
𝑛+𝑖‖(𝜆𝑘

𝑛+𝑙 − 𝜆)−1, ‖𝐵𝑘𝑥𝑘
𝑛+𝑖‖

are uniformly bounded as 𝑘 → ∞ for all 𝑖 and some 𝑙. Then there exists a
subsequence of operators {𝐵𝑚}, defined in the space 𝑀𝜆{𝐴𝑚} as an operator
on an everywhere dense set.

Proof. Since

[𝐴𝑘 − 𝜆]𝐵𝑘𝑥𝑘
𝑛+𝑖 = 𝐶𝑘𝑥𝑘

𝑛+𝑖 + 𝐵𝑘𝐴𝑘𝑥𝑘
𝑛+𝑖 − 𝜆𝐵𝑘𝑥𝑘

𝑛+𝑖 = {𝐶𝑘 + (𝜆𝑘
𝑛−𝑖 + 𝜆)𝐵𝑘}𝑥𝑘

𝑛+𝑖,

it follows that either

‖(𝐴𝑘 − 𝜆)𝐵𝑘𝑥𝑘
𝑛+𝑖‖(𝜆𝑘

𝑛+𝑖 − 𝜆)−1,
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or
‖(𝐴𝑘 − 𝜆)𝐵𝑘𝑥𝑘

𝑛+𝑖‖(𝜆𝑘
𝑛+𝑙 − 𝜆)−1

must be uniformly bounded as 𝑘 → ∞; consequently, by Theorem 2,

𝐵𝑚𝑥𝑚
𝑛+𝑖 ∈ 𝑀𝜆{𝐴𝑚},

where {𝑚} is a subsequence of {𝑘}.
From Theorems 2 and 3 follows the following assertion:

Let 𝑓 ∈ 𝐿2 be a bounded function, and suppose that the commutator 𝐴𝑘𝑓 −𝑓𝐴𝑘
satisfies the conditions of theorem (4). Suppose that the limits

lim
𝑘→∞

(𝑓𝑥𝑘
𝑛+𝑙, 𝑥𝑘

𝑛+𝑝)

exist for any 𝑝 and 𝑙. Then the limits

lim(𝑓𝑟𝑥𝑘
𝑛+𝑙, 𝑥𝑘

𝑛+𝑝)

also exist for any integers 𝑙, 𝑝 and 𝑟 > 0.
Let 𝐴𝑘 be equal to the three-dimensional Hamiltonian operator

𝐻𝑘 = − ℎ2

2𝜇
𝑑2

𝑑𝑥2 + 𝑢(𝑥) (𝑢(𝑥) ≥ 0)

with a system of eigenfunctions {𝜓𝑖}; let ℎ depend on 𝑘 so that ℎ𝑘 → 0 as 𝑘 → ∞
(3). From the asymptotics of the eigenvalues (4) it follows that condition (3)
will be fulfilled. The commutator of 𝐻 with 𝑥 is equal to

𝐻𝑥 − 𝑥𝐻 = −𝑖ℏ
𝜇 𝑝.

The sequence {𝑝𝜓𝑛+𝑖} is bounded ⋯

as ℎ → 0. Indeed,

𝑝2𝜓𝑛+𝑖 + 2𝜇𝑢(𝑥)𝜓𝑛+𝑖 = 2𝜇𝜆𝑛+𝑖𝜓𝑛+𝑖,

(𝜓𝑛+𝑖, 𝑝2𝜓𝑛+𝑖) + 2𝜇(𝜓𝑛+𝑖, 𝑢(𝑥)𝜓𝑛+𝑖) = 2𝜇𝜆𝑛+𝑖;

hence

(𝜓𝑛+𝑖, 𝑝2𝜓𝑛+𝑖) = ‖𝑝𝜓𝑛+𝑖‖2 ≤ 2𝜇𝜆𝑛+𝑖 → 2𝜇𝜆.

Thus the conditions of Theorem 3 are satisfied. Consequently, from the sequence
{ℎ𝑘} one can choose a subsequence {ℎ𝑚} such that the operator of multiplica-
tion by 𝑥 will be defined in 𝑀𝜆{𝐻𝑚}. In the one-dimensional case one can
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prove, proceeding from asymptotics, that the operator of multiplication by 𝑥
is defined in the space 𝑀𝜆{𝐻𝑘}. It follows from Theorem 1 that, as 𝑘 → ∞,
the Hamiltonian operator passes into the operator of multiplication by the to-
tal energy 𝜆, i.e. into the corresponding physical quantity. The momentum
operator 𝑝 = −𝑖 𝑑

𝑑𝑥 in the one-dimensional case passes into the operator of mul-
tiplication by √2𝜇[𝜆 − 𝑢(𝑥)] (𝑢(𝑥) is the potential energy), i.e. into the classical
momentum.

In the limit the following picture is obtained. In the space 𝑀{𝐻𝑘} there are
defined the operators 𝐻, 𝑝, and the operator of multiplication by 𝑥. They
commute with one another and are connected by the relation

𝐻 = 𝑝2

2𝜇 + 𝑢(𝑥).

The matrix element, corresponding to different energy levels 𝜆1 and 𝜆2, of any
of the indicated operators is equal to zero. The mean value is equal to the
classical mean value. However, in contrast to quantum mechanics, one can
specify one more independent variable (𝑥 or 𝑝) and thereby determine the system
completely.

In conclusion the author expresses deep gratitude to S. V. Fomin for valuable
remarks.

Moscow State University
named after M. V. Lomonosov

Received
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CORRECTION
In my article published in DAN, vol. 111, No. 3, 1956 (V. P. Maslov, “The
theory of perturbations of linear operator equations and the problem of a small
parameter in differential equations”), Theorem 5 should read:
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Theorem 5. The solution of the elliptic equation

𝜀Δ𝑢 − 𝑐2(𝑥1, … , 𝑥𝑝)𝑢 = 𝐹(𝑥1, … , 𝑥𝑝, 𝜀); 𝐹 (𝑥1, … , 𝑥𝑝, 𝜀) ∈ 𝐿2

with zero boundary condition 𝑢|Γ = 0 converges in mean to

𝑢0 = 𝐹(𝑥1, … , 𝑥𝑝, 0)
𝑐2(𝑥1, … , 𝑥𝑝) ,

if the square of the function 𝑢0 is integrable in the domain bounded by the
hypersurface Γ (where Γ is assumed sufficiently smooth).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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