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In the paper (1), M. V. Keldysh studied the question of the completeness of the
system of eigen and associated elements of non-self-adjoint equations

y=(Ag+ AHY" Ay + ..+ APTHOD/ A+ A"H) y, (1)

where A, (i =0,1,...,n — 1) are completely continuous operators; H is a com-
plete completely continuous self-adjoint operator of finite order. In the same
paper the resolvent of equations of the form

y=(K; + Ky + ...+ \"K,))y+ f,

where K; (i = 1,2, ...,n) are completely continuous operators, was investigated.

Following M. V. Keldysh, in the present note we consider the equation

y=(A+AHY"A + 4 AP THV/mA 4+ A" H)y=L(\)y,  (2)

where A is a bounded operator; A, (i = 1,2, ...,n—1) are completely continuous
operators; H is a complete completely continuous normal operator, and it is
proved that, under certain conditions imposed on A and H, the system of eigen
and associated elements of equation (2) (of the operator L(\)) is n-fold complete
in the Hilbert space A .

Everywhere we shall adhere to the terminology of the article (1).

Let H be a completely continuous normal operator. The order of the operator
H is called the lower bound p of the numbers « for which H has finite absolute
norm; for p < oo, H is called an operator of finite order.

Let G be the plane of the complex variable, in which the eigenvalues of the
operator AH are located.
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All rays discussed below issue from the origin. We shall say that a ray belongs to
the class & if it is the bisector of some angle with aperture 23, whose vertex is
at the origin and inside which there may lie only a finite number of eigenvalues
of the operator A\H. We shall say that a ray with argument ¢ belongs to the
class R if, upon rotation through the angle (n — 1)¢p, it coincides with some
ray of the class 5 (the argument of a ray is the angle between this ray and
the positive direction of the real axis). We shall say that the class of rays R is
e-dense in G if inside every angle with aperture less than € there is at least one
ray from R.

Let A be a bounded operator; then the operator A can be represented in the
form of a sum A = A’ + B’, where A’ is completely continuous and B’ is
a bounded operator. Such a representation is not unique. We shall call B,
the purely bounded part of the operator A, if A = A; + B,, where A,
is a completely continuous operator, and, moreover, from the representation
A = A, + By, where A, is a completely continuous operator, it follows that
|Bil = | Byl Concerning the completeness of the eigenfunctions and associated
functions of equation (2), the following theorem is valid.

Theorem 1. Let H be a completely continuous complete normal operator of
finite order p; let A be a bounded operator with purely bounded part By; and let

A; (i=1,2,...,n—1) be completely continuous operators.

If, for some € < /pn, the class of rays K for sin B > ||By|| is e-dense in G,
then the systems of eigen and associated elements of each of equations (2) and
(2) (of the operators L(A) and L*(\))*

y=[A* + XA (HY) 4 ATLAS (HOY/) A Ay = L (\)y (2%)

are n-fold complete in the Hilbert space $).
We shall precede the proof of Theorem 1 by the following lemma.
Lemma. If the conditions of Theorem 1 are fulfilled, then the operator

CA) = [E+TO][A+AHY"A; + ...+ AntH0=D/ng L] (3)

has a meromorphic resolvent B(X), which is bounded on all rays of Rz (generally
speaking, by a number depending on the ray), and the resolvents R(\) and R*(\)
of the operators L(A) and L*(\) are representable in the form

R(\) =T(A\™) + B\)[E+T(\")], (4)

RN =T*\") + [E+T*(A")] - B*(\), (4)
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where T*(X) is the resolvent of the operator AH.

We outline the proof. Using the conditions of the lemma, we prove that on each
ray of &3, [C(N)] <1 — ¢ for some ¢ > 0 (¢ < 1) and for sufficiently large [A[.
Consequently, for sufficiently large |\|, B()\) exists and is bounded on each ray
of 8. From (4) we obtain that R()) exists (and is bounded for sufficiently large
|A[) on each ray of 8. Hence it follows that R()) exists on the whole plane and
is a meromorphic function of A. From (4) we have

BO\) = [RO\) — TOWM)][E — AH].
Consequently, B(\) exists on the whole plane and is a meromorphic function of
A. Thus the lemma is completely proved.

For the proof of Theorem 1 we shall use the following theorem, due to M. V.
Keldysh.

Theorem. Let H be a completely continuous self-adjoint operator such that
> ﬁ < 0o (h; are the eigenvalues of the operator AH); let Ky, K,, ..., K,, be
bounded operators. Denote by \; the eigenvalues of the equation

y=QAKH+ ...+ XN'K'y)y,

and by R(\) its resolvent. We have:

where D()) is an operator function of order not exceeding

san-)[53)]

J
m being the largest integer satisfying the inequality m < p.

Let us prove Theorem 1. Suppose that the theorem is false. Then there exist n
elements f, ..., f,_; such that

i

n—

(wa}f,U) =0, (5)

I
[=}

1%

where Y,f " are the derived chains of eigen and associated elements of the oper-
ator L(\).

Consider the equation
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y = [A* + NAT(HY™) oo g XA (HDM N H g+ (V) (6)

where f(A) = fo + Afy + -+ ALf .

From (6) we obtain y = [E + R*(\)]f()\), where R*(\) is the resolvent of L*(\).
Using the theorem of M. V. Keldysh, it is easy to prove that y(\) = [E +
R*(A)]f(A) grows on each ray of X no faster than a polynomial of degree
n — 1. Calculating the principal parts of R*(\)f(\) for the function f(\) =
fotAfi++A""1f, | and using the equalities (5), we find that [E+R*(\)]f(\)
is an entire function of \.

By Lindelof s theorem, taking into account the behavior of y(A) on the rays from
Xy, we find that y(\) grows in the whole plane no faster than \» 1. Hence,

YA =yo+ Ay + -+ A"y, .

Substituting y(\) into equation (6) and comparing the coefficients of equal pow-
ers on the left- and right-hand sides of the equation, we conclude that all y;
(i=0,1,...,n—1) are equal to zero. But this contradicts the fact that at least
one of f; (i =0,1,...,n— 1) is nonzero and that y(A) is a solution of equation

(6).
Thus the theorem is proved for equation (2). The proof for (2*) is analogous.

Concerning the distribution of the eigenvalues of equation (2) (and also of (2*)),
the following theorem is valid.

Theorem 2. If, under the conditions of Theorem 1, the eigenvalues of the
operator A\H are situated on a finite number of rays (we denote the arguments
of the rays by ¢4, ...,¢;), then, for any e for which sine > | B, outside the
angles

Vi —e <argA <y +¢, (7)

where .
wijzu, i=1,2,...,k; j=0,1,...,n—1,
n

there can be only a finite number of eigenvalues of equation (2).

Let us outline the proof. From the definition of X7 it follows that outside the
angles (7) all rays belong to X' when sin 8 > |By|. Consequently, for sine >
| Bol, outside the angles (7) there can be only a finite number of eigenvalues of
equation (2). If B, = 0, then we obtain that for any € > 0

outside the angles (7) there can be only a finite number of eigenvalues of equation
(2). Consequently, the eigenvalues of equation (2) approach asymptotically the
rays
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arg A = v, 1=1,2,...,k; j=0,1,....,n—1.
Let us note that Theorem 2 is also true in the case where the eigenvalues A\H
approach asymptotically the rays argA = ¢,, 1 =1,2,... k.

In conclusion, I sincerely thank Academician M. V. Keldysh, under whose su-
pervision the present work was carried out.
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