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I. M. Gel’ fand and B. M. Levitan (1) investigated the question of an expression
for the trace of the difference of two regular operators of Sturm-Liouville type.
In the case considered by them, both operators have discrete spectrum. However,
in quantum field theory () there arises the question of the finiteness of the trace
of the difference of two operators, each of which has continuous spectrum. In the
present work this question is considered in the simplest example of two operators
of Sturm-Liouville type on the interval (0, c0). The conditions obtained and the
expression for the trace coincide with those obtained in ().

1. We shall consider differential operators of the type

Ly =—y" +q(x)y,  y(0)=0. (1)

If

oo
/ z|g(z)|dz < oo,
0

then the operator L has continuous spectrum on the half-axis 0 < A\ < oo and
a finite number of negative eigenvalues A = —»2. The spectral function E, for
A > 0 is an integral operator with kernel ©(x,y, ), which has the derivative
with respect to A:

%@(m7y,/\) = w(z, Nw(y, \), (2)

where w(z, \) are eigenfunctions of the continuous spectrum normalized to 6(A—
A). They differ only by a factor from the solutions ¢(z, k) of the equation
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(p”(.’ﬂ, k) + k2¢($7 k)= q(m)go(m, k);

3
P00 =0 0k =1 ?
k=X —o0 < k < o0;
as ¥ — 00, ¢(z, k) has the asymptotics (3):
Ak
oz, k) = ;ﬂ ) sin(kx —n(k)) + o(1). (4)
Here A(k) and n(k) are the modulus and argument of the function M (k):
Mk)=1 +/ e*rq(z)p(x, k) dx; (5)
0

n(=k) = —n(k); A(=k) = A(k).

Lemma 1. If g(z) has two continuous integrable derivatives, then, as k — oo,
the following estimate holds:

M(k)zl—zzl_k/oocq(t)dt—i— 4%2(;(0)—% {/Oooq(t)dtr+0<k13>. (6)

Lemma 2. If

/ 2|g(x)| dz < oo,
0

then the function 7(k) is continuously differentiable. Moreover, under this con-
dition one may differentiate with respect to k asymptotic formulas of type (4).
Thus, for the solution

M%M=A%ﬂ%@

the following estimate is valid:

Pl k) = %w@:, k) = (x —n(k)) cos(kx —n(k)) + o(1). (7)

Lemma 3. The representation

2 < sn(s) N
InAk)=—-P |
nAh) = 2 /0 82_k2ds+;n : O<k<oo) (8)

holds. Here the index P means that the integral is understood in the Cauchy
sense; —w; are the discrete eigenvalues.
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2. Let us now consider two operators with potentials ¢; (z) and g5(x), denot-
ing them, respectively, by L; and L,.

Define the trace of the difference L; — L, by the following equality:

R
Sp(L, — Ly) = lim [ Ad[Sp(E\" — EY)] =

R—o00

0 R N
:/ )\dSp( E )+ hm A ( lim / (oo (2, A)]? = wa (2, M) [?] dx) dA.
o 0 N—oo o

It is easy to see that
0 1 2 2 = (22
/ AdSp(EY — B = =32+ 3
oo =1 =1

Let us compute the principal part of the trace. We pass to the variable k = v/\.
Then the second term in the expression for the trace will have the form

2 R N
. “ 2 . 2 a2
Jim 2 / K dk (nggo / (W3, k) w2<x,k>1d:c),

where (x, k) = Vmkw(x, A) is a solution of equation (3) having the asymptotic
behavior

P(xz, k) = sin(kz — n(k)) + o(1).

With the aid of the differential equation for ¢(z, k) and estimates of type (4)
and (7), it is not difficult to obtain that

/ V2 (x, k) d fN — 177(16) + 47116 sin(2kN — n(k)) + o(1).

After integration with respect to k over finite limits and passage to the limit as
N — oo, we obtain

2 " > 1", d
2[R et — s ae = = [ =k -

R
= R (R) ) + [ k)~ )

Taking the logarithm of estimate (6) for M (k), we obtain the estimates

o) =57 [ awar+0(55):
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If

then
) =) =0 (55).

Therefore we may pass to the limit as R — oo, and as a result we obtain

N3

ny 9 oo
Sp(Ly = Ly) ==Y+ a2 [ k() —m(b) k. (10)
=1 0

=1

3. It is now not difficult to obtain for the trace an expression analogous to
that obtained by Gelfand and Levitan. On the one hand, in view of the
estimate 7, (k) — n5(k) = O(1/k3), one can show that

o [T ) )
! kP/O $mls) = m(8)) / (71 (5) — ma(s)) ds,

R—00 82 — k2

and, consequently, taking formula (8) into account, we obtain

ny 3 9 00 )
SO [ s (9)-my(s)) ds = Jim K(n A, () -In Ay 1))
=1 =1 0 o0

On the other hand, from the asymptotic formula (9) for In A(k) it follows that

Jim K2 Ay () — T Ay(F) = 2(0(0) — 0,(0)).

Finally we obtain for the trace of the difference L, — L, the expression

nq >
1)2 2)2
SP<L1*L2):*ZXE) JFZXE)JF
=1 =1
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2
+—
™

[ ) = malh) =~ (01 0) ~ 00 (11)

This formula is the analogue of the corresponding formula of Gelfand and Levi-
tan.

4. Formula (11) has been obtained by us under very strong restrictions on
the potentials g;(z), namely, the ¢,(z) must be twice continuously differ-
entiable and

/0 (14 22)[g,(2)] do < oc.

However, with the aid of a limiting passage these restrictions can be removed.
More precisely, the following theorem holds:

Theorem 1. If the following conditions are satisfied:

[ dla@lde<oe, =12
0

b) g(x) = ¢, (x) — qy(x) is continuous in a neighborhood of x = 0;

/Ooog@c) dz =0,

then the trace of the difference of the operators L, and L is finite and expression
(11) holds.

5. In the case considered above the operators had simple spectrum. The
case of spectrum of finite multiplicity may be considered by the example
of operators in the space of vector-valued functions with N components

Ly=—y"+Qx)y,  y(0)=0.
Here Q(x) is a real symmetric matrix function. If

/ 2|Q(@)| de < oo,
0

where |Q(z)| is a suitably chosen norm, then this operator has an N-fold con-
tinuous spectrum on the half-axis 0 < A < oo and a finite number of negative
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eigenvalues of finite multiplicity. The spectral function E, is an integral opera-
tor with matrix kernel O(z,y, A), which for A > 0 has derivative

dO(z,y,A) 1 .
d)\ - F\/X ‘Il(x’ \/X)\I/(ya \/X) )

where ¥(z, k) is the matrix solution of the equation

U(z, k) + K2V (z, k) = Q(z)¥(x, k); U(0,k) =0, (12)

which as £ — oo has the asymptotic form

U(a, k) = Qli{eikwf — e S (k) + o(1). (13)

Here I is the identity matrix; S(k) is the so-called S-matrix of the operator
L (this is a unitary symmetric matrix function, uniquely determined by the

potential Q(x) (4)).
The analogue of Theorem 1 for this case may be formulated as follows:

Theorem 2. If the following conditions are satisfied:

a)

[ sle@lds <o i=1
0
b) G(z) = Q1(x) — Qy(x) is continuous in a neighborhood of zero;

c)
/ TrG(x)dx =0,
0
where Tr G(x) is the trace of the matriz G(x),

then the difference of the operators L, and L, has a finite trace, which is ex-
pressed as follows:

Sp(Ly —Lo) = = _m o 4 3"y ¢
=1 =1
1 [~ 1
+—Z/ k(lndet S; —Indet Sy) dk = —E(Tr Q1(0) — TrQ,(0)). (14)
T Jo

Here m,; is the multiplicity of the corresponding eigenvalues.
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