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Abstract
Full Text
MATHEMATICS
V. A. IL’IN

ON THE UNIFORM CONVERGENCE OF EX-
PANSIONS IN EIGENFUNCTIONS OF ODD-
DIMENSIONAL DOMAINS
(Presented by Academician S. L. Sobolev on 7 III 1957)

In the present paper we study the question of the uniform convergence of ex-
pansions in eigenfunctions of the equation Δ𝑢 + 𝜆𝑢 = 0 in an arbitrary domain
𝑔 of any odd number of dimensions 𝑁 , with a homogeneous boundary condition
of any of the three types, under the condition that summation is carried out in
the natural order of increasing eigenvalues.

For an arbitrary domain of any even number of dimensions, the corresponding
question was studied by us in paper (1). The abandonment of the requirement of
absolute convergence of the Fourier series and the study of the uniform conver-
gence of this series when summed in the natural order of increasing eigenvalues
made it possible for us, in the cited paper, substantially to weaken the usual
conditions of expandability.

In particular, in (1) the following assertion was proved:
Let 𝑔 be an arbitrary domain of any even number 𝑁 of dimensions, admitting
the application of Green’s formulas to eigenfunctions, and let 𝑓 be an arbitrary
function defined in this domain and satisfying the following two requirements:

1) 𝑓 ∈ 𝑊 (𝑁/2)
𝑝 (𝑔), where 𝑝 > 2;

2) the function 𝑓 itself, its Laplacian Δ𝑓 , and its iterated Laplacians up to
order* [(𝑁 − 2)/4] in the case of the first boundary-value problem and
up to order [(𝑁 − 4)/4] in the case of the second or third boundary-value
problem** satisfy, in the generalized sense (i.e., “on the average”), the
corresponding homogeneous boundary condition.

Then the Fourier series of the function 𝑓 converges, when summed in the order
of increasing eigenvalues, uniformly in any strictly interior subdomain 𝑔′.

In (1) it was indicated that the smoothness condition found, 𝑓 ∈ 𝑊 (𝑁/2)
𝑝 , where

𝑝 > 2, is, for an arbitrary even-dimensional domain, sharp and cannot be im-
proved (see Remark 3).

In the present paper we prove the corresponding expansion theorem for an
arbitrary odd-dimensional domain and also find, for this domain, the sharp
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smoothness condition:

𝑓 ∈ 𝑊 ((𝑁−1)/2)
𝑝 (𝑔), where 𝑝 > 2𝑁

𝑁 − 1.

Comparison of the sharp smoothness requirements for domains of even and
odd numbers of dimensions leads us to the conclusion that the expandability
conditions for even and odd numbers of dimensions are different.

We proceed to a detailed formulation of the results.

Main theorem. Let 𝑔 be an arbitrary domain of any** odd number 𝑁 of
dimensions, admitting the application of Green’s formulas to eigen—

* Square brackets here and below mean that the integer part of the number
enclosed in them is to be taken.

** For 𝑁 = 2, in the case of the second or third boundary-value problem,
satisfaction of the boundary condition is not required at all.

*** Thus the one-dimensional case 𝑁 = 1 is automatically excluded.

eigenfunctions, and 𝑓 is an arbitrary function defined in this domain and satis-
fying the following two requirements:

1) 𝑓 ∈ 𝑊 ((𝑁−1)/2)
𝑝 (𝑔), where 𝑝 > 2𝑁

𝑁 − 1 ;

2) the function 𝑓 itself, its Laplacian Δ𝑓 , and its iterated Laplacians up to
order [(𝑁 − 2)/4] in the case of the first boundary-value problem, and up
to order [(𝑁 − 4)/4] in the case of the second or third boundary-value
problem* satisfy, in the generalized sense (i.e. “in the mean”), the corre-
sponding homogeneous boundary condition.

Then, when summed in the order of increasing eigenvalues, the Fourier series
of the function 𝑓 converges to this function uniformly in any strictly interior
subdomain 𝑔′.

Remark 1. In“classical”terms, the two requirements imposed on the function
𝑓 may be formulated as follows:

1) 𝑓 and its derivatives up to order (𝑁 − 3)/2 are continuous in the closed
domain 𝑔, and the derivatives of order (𝑁 − 1)/2 are integrable over the
domain 𝑔 with exponent 𝑝, where 𝑝 > 2𝑁/(𝑁 − 1);

2) 𝑓 and its iterated Laplacians indicated in requirement 2) satisfy the cor-
responding boundary condition in the “classical”sense.

Remark 2. Let us emphasize that, in the case where 𝑔 is a domain of star-
shaped type, from the known embedding theorems (2) and from the requirement
𝑓 ∈ 𝑊 ((𝑁−1)/2)

𝑝 (𝑔), where 𝑝 > 2𝑁/(𝑁 − 1), it follows automatically that: 1) 𝑓
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is continuous in the closed domain 𝑔; 2) 𝑓 and its iterated Laplacians up to
the order indicated in requirement 2 (and, in the case of the second or third
boundary-value problem, also the normal derivatives of these Laplacians) are
summable with square over any (𝑁 − 1)-dimensional piecewise-smooth mani-
fold. Hence it follows that satisfaction of the boundary conditions contained in
requirement 2) does not require the function 𝑓 to satisfy any additional smooth-
ness requirements besides the fact that 𝑓 ∈ 𝑊 ((𝑁−1)/2)

𝑝 , where 𝑝 > 2𝑁/(𝑁 − 1).
Remark 3. We note that the principal smoothness requirement established in
the present work,

𝑓 ∈ 𝑊 ((𝑁−1)/2)
𝑝 , where 𝑝 > 2𝑁/(𝑁 − 1),

is sharp: in this requirement one cannot decrease either the order of differentia-
bility (𝑁 − 1)/2 or the summability exponent 𝑝.
Indeed, already the case 𝑁 = 1 shows that the order of differentiability (𝑁−1)/2
cannot be replaced by (𝑁 − 3)/2 (whatever 𝑝! may be), since then the function
𝑓 being expanded is not, generally speaking, continuous (this function belongs
only to 𝐿𝑝).

Next suppose that in the requirement 𝑓 ∈ 𝑊 ((𝑁−1)/2)
𝑝 the number 𝑝 = 2𝑁/(𝑁 −

1). In the work of S. L. Sobolev (3) examples are indicated showing that, if
𝑓 ∈ 𝑊 (𝑙)

𝑝 and 𝑝𝑙 = 𝑁 , then the function 𝑓 is not, generally speaking, continuous.
An example of such a function may be

𝑓(𝑄) = log log 𝑟𝑃𝑄,

where 𝑃 is a fixed interior point of the 𝑁 -dimensional domain 𝑔, having diameter
𝑑 < 1. It is not difficult to verify that

𝑓(𝑄) ∈ 𝑊 ((𝑁−1)/2)
2𝑁/(𝑁−1)(𝑔).

This example shows that the requirement 𝑓 ∈ 𝑊 ((𝑁−1)/2)
𝑝 , where 𝑝 > 2𝑁/(𝑁−1),

is sharp and cannot be improved. Still simpler examples are constructed (an
𝑁 -dimensional sphere with radial symmetry) indicating that if the function
being expanded is arbitrarily smooth but does not satisfy at least one of the
boundary conditions contained in requirement 2), then there can be no question
of convergence of the Fourier series of this function (at interior points of the
domain).

Thus, the requirements imposed on the function 𝑓 in the formulation of the
main theorem, taken together, constitute sharp conditions for expandability.

* For 𝑁 = 3, in the case of the second or third boundary-value problem, satis-
faction of the boundary condition is not required at all.

sovietrxiv.org/items/ru-195701.72692 Machine Translation

https://sovietrxiv.org/items/ru-195701.72692


Remark 4. For an arbitrary three-dimensional domain 𝑔, the main theorem
implies the expandability of a function without the assumption of the existence
of its second derivatives.

It suffices to require that the function 𝑓 possess generalized first derivatives
summable with exponent 𝑑 > 3, and, in the case of the first boundary-value
problem, satisfy“on the average”a homogeneous boundary condition of the first
kind (in the case of the second or third boundary-value problem, satisfaction of
a boundary condition is not required at all!).

We outline the proof of the main theorem.

1. First of all, one establishes the initial asymptotic formula of the form

∑
√𝜆𝑖<𝜇

𝑓𝑖𝑢𝑖(𝑄) = 2√𝜋
1

2(𝑁−1)/2Γ(𝑁/2) ∫
𝑅

0

sin𝜇𝑟
𝑟 𝐷(𝑁−1)/2𝐹𝑄(𝑟) 𝑑𝑟 + 𝛼(𝜇). (1)

Here 𝛼(𝜇) denotes an infinitesimal quantity as 𝜇 → ∞, and the estimate of the
𝛼-terms is uniform with respect to 𝑄, provided that 𝑄 belongs to an arbitrary
strictly interior subdomain 𝑔′; 𝑅 is any number not exceeding the minimum
distance between the boundaries of 𝑔 and 𝑔′; 𝐹𝑄(𝑟) = 𝑟𝑁−1𝑓𝑄(𝑟), where 𝑓𝑄(𝑟)
is the“mean”value of 𝑓 on the surface of the 𝑁 -dimensional sphere 𝐶𝑄

𝑟 of radius
𝑟 with center at the point 𝑄, i.e.

𝑓𝑄(𝑟) = 1
𝜔𝑁𝑟𝑁−1 ∬ ⋯ ∫ 𝑓(𝑆) 𝑑𝑆; 𝜔𝑁 = 2(√𝜋)𝑁

Γ(𝑁/2)

is the area of the surface of the 𝑁 -dimensional sphere of unit radius; the symbol
𝐷 denotes the operation

𝐷𝐹𝑄(𝑟) = 𝑑
𝑑𝑟 [1

𝑟 𝐹𝑄(𝑟)] ;

the symbol 𝐷𝑘 denotes the 𝑘-fold repeated application of the operation 𝐷.

For the derivation of the initial asymptotic formula (1), a scheme is used which
has much in common with the scheme for deriving the asymptotic formula set
forth by us in papers (1,4). However, a number of entirely new points arise here,
connected with estimates of the behavior of generalized derivatives of functions
of one variable 𝐹𝑄(𝑟) and with the convergence of certain auxiliary series. In
view of the brevity of the present article, we are forced to restrict ourselves to
this indication.

2. Starting from the properties of one-dimensional trigonometric Fourier se-
ries, the principal term standing on the right-hand side of formula (1) is
investigated, and it is proved that this term has the asymptotic order
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𝑓(𝑄) + 𝛼(𝜇), (2)

where 𝛼(𝜇) is infinitesimal, uniformly with respect to 𝑄 ∈ 𝑔′. As a result, we
arrive at the main asymptotic formula of the form

∑
√𝜆𝑖<𝜇

𝑓𝑖𝑢𝑖(𝑄) = 𝑓(𝑄) + 𝛼(𝜇), (3)

where 𝛼(𝜇) is infinitesimal, uniformly with respect to 𝑄 ∈ 𝑔′. From the asymp-
totic formula (1) there follows directly the assertion of the main theorem on the
uniform convergence of the Fourier series of the function in any strictly interior
subdomain 𝑔′.

The author expresses his deep gratitude to A. N. Tikhonov for his attention to
this work and to S. L. Sobolev for a number of valuable comments.
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