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The main result of the present note reduces to the existence of functional spaces
in which the conditions for convergence of the solution of a difference equation to
the solution of the corresponding differential equation are considerably broader
than the commonly known stability conditions (for example, the Courant con-
dition). Such spaces are, in particular, the spaces of generalized functions over
the fundamental spaces, considered by I. M. Gel’ fand and G. E. Shilov (12),
consisting of entire functions.

1. We shall denote by Z the space consisting of all entire analytic functions
©(z) of the complex variable z with convergence uniform in every bounded
domain. For all operators considered below in Z we shall assume that their
domains of definition satisfy the following conditions:

a) they are linear manifolds;

b) they contain all polynomials and all exponentials e** (a is any complex
number);

c¢) together with each function ¢(z) they contain its derivative ¢’(z) and all
its shifts ¢(z + h) (h is any complex number).

The shift operator E" is the operator taking the function ¢(z) into (2 + h).

2. A linear continuous operator A is called constant if it commutes with
any shift operator, i.e. if for any complex h E"A = AE". Every constant
operator A can be expanded in a series in powers of the differentiation
operator D:

(oo}

_ Ak
Af;HD.

The complex coefficients a;, are the moments of the operator A; they may be
defined as follows: a;, = Az* at 2 = 0. The function
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a
u(z) = k’: 2k

is an entire function; we call it the characteristic function of the operator A
and write A = u(D).

All constant operators commute with one another; the characteristic function
of the product of two operators is equal to the product—

to the introduction of their characteristic functions. The operator A is invertible
if and only if there exists an operator B such that

= ZBk

In order that a sequence of constant operators converge to some constant op-
erator, it is necessary and sufficient that the sequence of their characteristic
functions converge uniformly in every bounded domain.

If the zeroth moment a of the operator A is different from zero, the logarithm
of its characteristic function w(z), in a neighborhood of the point z = 0, can be
expanded in a power series

[e]

Inu(z ZX? 2F.

k=0

The coefficients y, are the semi-invariants of the operator A. (For the rela-
tions between moments and semi-invariants, see, for example, (), p. 210.)

3. Let A be a constant operator, and t a real parameter. The equation

(24

5 = ¢ (1)

with the initial condition (¢, z) = @,(z) has the solution

t—to)A

90:@( %o

in the domain where the corresponding operators are defined. If A is a polyno-
mial in the differentiation operator,

C
A:c0+c—1D+...+—pDP,
1! p!
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then the operator el*~*0)4 has semi-invariants x,, = (t —ty)c, k = 0,1,...,p;

for kK > p, x;, = 0. Questions of existence and uniqueness of the solution of
equation (1) for this case were investigated by I. M. Gelfand and G. E. Shilov

(2).

4. Let the constant operator F., depending on the real parameter 7, satisfy
the following requirements:

a) its zeroth moment a,(7) does not vanish;
b) as 7 — 0, the ratios x;/7 tend to finite limits cy;
c) fork>p>0,¢, =0.

t—t
Then, as n — oo and 7 = ——2 the sequence of operators F converges to the
n
operator

! %
exp |[(t—ty) |+ D+ ...+ =DP ||,
1! p!
which takes the function ¢,(z) into the function ¢(t, z) satisfying the equation

%4 =c ¢1 9% - o (2)

and the initial condition ¢(ty, 2) = py(2).

5. All the definitions and theorems given above carry over directly to spaces
of linear continuous functionals over linear manifolds in Z. This, in par-
ticular, applies to the sim-

the spaces of generalized functions over the basic spaces Z¢ mentioned above,
consisting of entire functions satisfying inequalities of the form

lo(x +iy)| < aeblvl®=elel"

(g>1; a,b,c>0).

6. The conditions of item 4 are satisfied, in particular, by many difference
operators used for the numerical integration of equations of the form (2).
Suppose, for example, that a numerical integration formula has the form

Q(t+7,2) =3 b,o(t,z+mh), (3)

where m runs through some finite set of indices, and the coefficients b,,, depend
only on the real parameters 7 and h (the mesh steps). Formula (3) corresponds
to the difference operator
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G.p=> b,Em,

whose moments are

a, = h* kabm.

Let h = h(7), with h — 0 as 7 — 0; then the operator G will depend only on
7. If, under this condition, it satisfies the conditions of item 4, we arrive at a
differential equation whose solution, in the limit as 7 — 0, is given by formula

(3)-

This equation depends, generally speaking, on the choice of the function h(7).
There exist difference equations for which the limits of the ratios x/7 do not
depend on the form of the function h(7) (in the terminology of I. M. Gel’ fand,
they are called flexible); for them the limiting theorem of item 4 is always valid.

In any case, the conditions of item 4 are considerably weaker than the usual
stability conditions, which are essentially connected with the signs of the even
semi-invariants. In particular, unstable numerical integration formulas may also
give the correct solution (in the limit). The reason for this lies, of course, in the
nature of the topology of the spaces we have chosen.

The practical use of unstable formulas is limited by the circumstance that func-
tions arising in the process of integration may grow without bound. However, in
the space of generalized functions one can introduce a process of “smoothing,” by
means of which any sequence converging to a functional of function type can be
transformed into a bounded sequence of continuous functions converging to the
same limit. Combining integration by a formula of type (3) with such “smooth-
ing” (not necessarily at every step), one can obtain a process quite acceptable
from the practical point of view. Since the basic formula need not be stable,
conditions on the steps (of the Courant-condition type) become immaterial.
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