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ON THE GROWTH OF THE NUMBER OF
COMPLETELY CRITICAL CYCLIC FIELDS
OF DEGREE 𝑙ℎ
(Presented by Academician I. M. Vinogradov on 19 XI 1956)

This note considers the question of the distribution of completely critical cyclic
fields of degree 𝑙ℎ, whose discriminants do not exceed a given bound, where
𝑙 is a prime∗; ℎ is any positive integer. A field 𝐾 will be called completely
critical if all prime divisors of the discriminant of 𝐾 are completely critical
prime numbers of the field 𝐾.

There exists, obviously, an infinite set of completely critical fields. For example,
even the number of completely critical cyclic fields of degree 𝑙ℎ whose discrimi-
nants consist of only one prime divisor is infinite, since there are infinitely many
prime numbers of the form 𝑝 ≡ 1 (mod 𝑙ℎ). In particular, the completely critical
fields include cyclic fields having degree 𝑙.
Relying on group-theoretic considerations and on the Kronecker–Weber theorem
on abelian fields over the field of rational numbers, one can derive a general
expression for the discriminant of abelian fields of degree 𝑙𝛼, 𝛼 an integer.

Let 𝐾1 be an abelian field of degree 𝑙𝛼 over the field of rational numbers; 𝐺 the
Galois group of the field 𝐾1. Let 𝐺 be a group of type

(𝑙ℎ, … , 𝑙ℎ; 𝑙ℎ1 , … , 𝑙ℎ1 , … , 𝑙ℎ𝜈 , … , 𝑙ℎ𝜈), (1)

where the component 𝑙ℎ occurs 𝑘 times, 𝑙ℎ1—𝑘1 times, and so on, 𝑙ℎ𝜈—𝑘𝜈 times,

𝑘ℎ + 𝑘1ℎ1 + ⋯ + 𝑘𝜈ℎ𝜈 = 𝛼; ℎ > ℎ1 > ⋯ > ℎ𝜈 ≥ 1.

Theorem 1. The discriminant 𝐷 of an abelian field 𝐾1 of type (1) is represented
in the form

𝐷 = (∏
𝑖1

𝑝(ℎ)
𝑖1

)
𝐻(1− 1

𝑙ℎ )

(∏
𝑖2

𝑝(ℎ−1)
𝑖2

)
𝐻(1− 1

𝑙ℎ−1 )

⋯ (∏
𝑖ℎ

𝑝(1)
𝑖ℎ

)
𝐻(1− 1

𝑙 )

,
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where 𝐻 = 𝑙𝛼; 𝑝(ℎ+1−𝜇)
𝑖𝜇

are distinct prime numbers of the form 1 + 𝑡𝑙ℎ+1−𝜇

(𝜇 = 1, 2, … , ℎ); 𝑖𝜇 ≥ 0, but 𝑖1 ≥ 1.

As a consequence of this theorem, one obtains the discriminants of the fields
that were considered in the work (2).
Theorem 2. The discriminant of a completely critical abelian field of degree 𝑙𝛼
has the form

(𝑝1𝑝2 ⋯ 𝑝𝑚)𝐻(1− 1
𝑙ℎ ),

where 𝐻 = 𝑙𝛼; 𝑝𝑖 ≡ 1 (mod 𝑙ℎ) (𝑖 = 1, 2, … , 𝑚) are distinct prime numbers,
𝑚 ≥ 1.

∗ It is assumed that 𝑙 is a noncritical prime number.

Theorem 3. The discriminant of a completely critical cyclic field of degree 𝑙ℎ
is

(𝑝1𝑝2 ⋯ 𝑝𝑚)𝑙ℎ−1, (2)

where 𝑝𝑖 ≡ 1 (mod 𝑙ℎ) (𝑖 = 1, 2, … , 𝑚) are distinct prime numbers, 𝑚 ⩾ 1.

Theorem 4. The number of completely critical cyclic fields of degree 𝑙ℎ having
discriminant (2) is equal to 𝜑(𝑙ℎ)𝑚−1.

For the proof, see paper (3).
Theorem 5. The number 𝑁 of completely critical cyclic fields of degree 𝑙ℎ
whose discriminants do not exceed 𝑥𝑙ℎ−1 is given by the asymptotic formula

𝑁 = 𝜆𝑥 + 𝑂 (𝑥1− 1
𝜑(𝑙ℎ) +𝜀) , (3)

where 𝜆 > 0 is a constant depending only on the structural properties of the
fields under consideration; 𝜀 > 0 is an arbitrary number.

The proof, as in paper (2), is carried out by the classical method of the distri-
bution of prime numbers, using results from the theory of Dirichlet 𝐿-functions
(1). The function considered for this purpose,

𝑓(𝑠) = ∏
𝑝≡1(𝑙ℎ)

(1 + 𝜑(𝑙ℎ)
𝑝𝑠 ) , 𝑠 = 𝜎 + 𝑖𝑡,

is regular in the half-plane 𝜎 > 1/2 and has there a single pole of first order at
𝑠 = 1, since in the representation
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𝑓(𝑠) = ∏
𝜒

𝐿(𝑠; 𝜒) ⋅ ∏
𝑝≡1(𝑙ℎ)

(1 − 1
𝑝𝑠 )

𝜑(𝑙ℎ)
(1 + 𝜑(𝑙ℎ)

𝑝𝑠 ) ⋅ ∏
𝑝≢1(𝑙ℎ)

(1 − 1
𝑝𝑓𝑠 )

𝑔

the function defined by the first product on the right is regular in the whole
plane of complex numbers, except for a simple pole at 𝑠 = 1, while the last two
products converge absolutely and uniformly for 𝜎 > 1/2. Here 𝜒 runs through all
Dirichlet characters (mod 𝑙ℎ); 𝐿(𝑠; 𝜒) is the Dirichlet function of the character
𝜒; 𝑓𝑔 = 𝜑(𝑙ℎ); 𝑓 is the exponent to which 𝑝 belongs (mod 𝑙ℎ).
The constant 𝜆 in formula (3) is represented by the expression

𝜆 = 1
2 (1 − 1

𝑙 ) ∏
𝑝≡1(𝑙ℎ)

(1 − 1
𝑝)

𝜑(𝑙ℎ)
(1 + 𝜑(𝑙ℎ)

𝑝 )⋅ ∏
𝑝≢1(𝑙ℎ)

(1 − 1
𝑝𝑓 )

𝑔
lim
𝑠→1

∏
𝜒≠𝜒0

𝐿(𝑠; 𝜒),

which, by Dirichlet’s theorem on the distribution of prime numbers in progres-
sions, is nonzero; moreover, 𝜆𝑥 is the residue of the function

𝑓(𝑠)
𝑠(𝑠 + 1)𝑥𝑠

at the point 𝑠 = 1, integrated according to the Riemann–Hadamard construc-
tion.
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