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MATHEMATICS
E. A. BREDIKHINA

ON BEST APPROXIMATIONS OF ALMOST-
PERIODIC FUNCTIONS BY ENTIRE FUNC-
TIONS OF FINITE DEGREE

(Presented by Academician V. I. Smirnov, 20 V 1957)

1. Denote by B, the class of entire functions of degree < A, bounded on the
real axis. Let the function f(z) be defined and bounded on the real axis. Put

B\ = iut, {swlfe) -~ ol |

F(z)eBy z

We shall say that an almost-periodic function f(x) belongs to the class IT if the
Fourier series of this function has the form

DA (A =05 A >0, Ay /A =g > 0> 1for k> 05 A\ =—Ay).

k=—o0

Put

R, (f) = sup

xT

Jla)— 3 At

[ARl<A

Coa) = ) 1A

A=A

2. Theorem 1. If f(x) € II, then R,(f) < C(0)E,(f), where C(0) is a
constant depending only on 6.

The proof of the theorem is based on the following two lemmas.

Lemma 1. If F(z) € B,,

2 sin HTau sin b*Tau
qja,b(“‘) = 7T(b _ CL)

)
U2

where A < a < b, then
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Fopla) = [ Flatu)¥,,(u)du=Fo)

Proof. By virtue of the inequality ((1), p. 76)

T w™ b—a

> 4 2.0
[ 1l 24 2wt 0

F, () exists for any function F(z) € B;.

a

On the basis of the Wiener-Paley theorem ((2), p. 151)

A
x )
F :F0+—/ o (t) dt, 2
@)= PO+ 2= [ et ©)
where ¢(t) € Ly(—A, A); therefore
Fop(@) = FO) [ 9 pdut S 1)+ =
) = w)du + —1I,(z) + —1,(z),
a,b - a,b \/ﬂ 1 \/% 2
where
A %)
L = [ et [ et mu, ) dud,
—A —o0

I(z) = /

Taking into account that

@(t)eit"’/ etuW, X (u) dudt.

/ U, p(u)du=1, / eMTTIY | (u) du =

=e® for|t|<a ((1), pp. 76,77)

and

we obtain
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E, (z) = F(x).

a7

Lemma 2. If F(z) € By, A <|A|, then

1 /T
lim —/ F(z)e " dz = 0.
0

Proof follows from (2) and the Riemann—Lebesgue theorem ((3), p. 19).

A+ A

Proof of Theorem 1 (6). If F'(z) € B, and A} = 5

L

, then, by Lemma

[ Flz+u)¥y »,  (v)du=F(z). (3)

If f(x) € L, then ((1), p. 76)

[ faruiwg, di= 30 4 (4)
—© [Aul<Ag

In the class B, there exists a function F(z) such that ((4), p. 371)

|f(z) = F(a)| < By, (/). ()

From inequalities (5) and (1) it follows that

<

] [ et d [, 0 d

4 2 30+1
<F —+ -1 .
<E, () (5w (6)
From (5) and (6), taking into account (3) and (4), we obtain
2 30+1
Let A\j,_; < A < Ag; then
Ry(f) < Al + A4 + Ry (f). (®)

By Lemma 2,
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T
A, = lim 1{/0 [f(z) — F(z)]e ™ dz,

T—o0

where F(z)—the-

an arbitrary function belonging to the class By; hence |A,| < E\(f), |[A_;| <
E,(f), and from inequalities (8) and (7) it follows that for any A

RA(f) S COB(S), where CO)=3+2 (2+m 751 ).

6—1
Corollary. If f(z) € £, then the order equalities E, (f) ~ Ry (f) ~ a,(f) hold.

Proof. From Theorem 1 of paper (®) there follows the inequality o, (f) <
C1(0)R,(f), where C;(0) is a constant depending only on 6.

The corollary of Theorem 1 is a generalization of Theorem 3 of paper (8).

Theorem 2. Let the function f(z) be defined and bounded on the real
axis. If there exists a sequence of nonnegative (nonpositive) numbers {z;}
(l =0,1,2,...; |zy| < x;q]; limy, o \le > %) such that for some function
Fy(z) € By

Re{f(z)) — Fy(a)} = (1)L, (9)

where L; > L > 0, then E,(f) > L.

Proof. Suppose that there exists a function ®(z) € B, for which

(—Di®(z,)>1 (1=0,1,2,...). (10)

Let n(t) be the number of zeros of ®(z) in the domain |arg z| < ¢, |z| < t, if the

terms of the sequence {x,;} are nonnegative, and let n(¢) be the number of zeros

of ®(z) in the domain |7 —argz| < €, |z| < t, if the terms of the sequence {z,;}

are nonpositive. It is known (°), Ch. V, § 4, Theorem 11, that for arbitrarily
small e

im M8 _ 4

t 2m

t—o0

where d is the length of the indicator diagram of the function ®(z).
On the basis of Pélya’ s theorem ((°), Ch. 1, § 20) d < 2, therefore

(11)
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There exists a subsequence {z; } (k=0,1,2,...) of the sequence {z,} such that
lim s A (12)
™

Taking (10) and (12) into account, we obtain

n(|x l A
lim ( l’“D > lim —£& —

which contradicts (11). Thus the inequalities (10) are impossible at all points
x,; consequently, the set of these points is a set of uniqueness of degree A\ ((*),
p. 376).

Let
0o Zk
Fy(z) :chg§
k=0 :
put i
>N ¢+ Cp 2
Fi(z) = Z . B kﬁ;
k=0 :

obviously, Fy(z) € By and Re Fjj(z) = F(x). From (9) it follows

(=DYRe f(2,) — Fy(z)} > L. (13)

Consequently, by (13) ((#), p. 376, Theorem IV) E,(f) > L.
Theorem 3. If f(z) € £, 0 > 3, and arg A_,, = —arg A, then

oar(f) € —— By(f).

0089_1

Proof ((7), Theorem 5). Let

4 _
L0 (4+p)m 2

P

k
where k is a natural number, p = 0,1,2,..., and ¢, = argA,. Considering p
and k fixed, denote by xé’f:g?l the point of the form xgig?, where r is an integer,

nearest to xﬁ,k). Obviously,

(k+1)
p+2r;

’a:](gm—m < Ajyr-
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(k+2)

(k+2) (k+1)

Denote by x5, the point of the form x,. " nearest to the point z,,, , and
SO onm.
Thus we obtain a sequence {:EIHQT +(1=0,1,2,...; ry = 0) such that

(k+1) (k+1+1)

“Tp+2rl P27 < 7T-/)‘k+l+1'
There exists
o D =(R)
lll}g) xp+2'r'l = Tp
and the inequality holds
’x k) _ a0 o T 1 (14)
P T N -1

Putting [ = 0 in inequality (14), we obtain the following properties of the

numbers i;,k) (p=0,1,2,...):

:zé’“ >0, < gW = (15)

Let )\k71 S )\ < Ak’ then

Re { - 30 A } = (—1)7L,, (16)

AL l<A

where, by virtue of (14),

- ~(k k+l1 i
Ly = Y Akl + 1A |} cos Mo (& = a)) > cos 5

1 ay(f).

By Theorem 2, from (15) and (16) it follows that

T
0—1

E\(f) = cos ay(f).

Corollary. If f(x) € L and ¢;, — oo, then the asymptotic equalities hold

E\(f) = R\(f) = an(f)-

The corollary of Theorem 3 is a generalization of Theorem 4 of paper (8).
I express my deep gratitude to Prof. I. P. Natanson for supervising the work.
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