Soviet-era science, translated into English

TWO EXPANSION

THEOREMS

CONNECTED WITH
BOUNDARY-VALUE

PROBLEMS FOR THE
EQUATION
\(\psi_{\sigma\sigma}-

K (\sigma)\psi_ {\theta\theta}=0\)

View the original and related papers at https://sovietrxiv.org/items,/ru-195701.67431

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195701.67431

Abstract
Full Text

MATHEMATICS
R. G. BARANTSEV

TWO EXPANSION THEOREMS CONNECTED
WITH BOUNDARY-VALUE PROBLEMS FOR
THE EQUATION ¢, — K (o)) =0

(Presented by Academician V. I. Smirnov, 3 VI 1957)

1. Let, in the strip S{oy < 0 < 0y, —00 < 0 < +o0}, K(0) > ¢ > 0, and
let § = s(o) be a certain curve s with endpoints at the points (o, 6,),
(01,6;). Consider the problem

woa - K(U)d)@Q = 07 1/}‘5 = 11[;<0')7

=1, (0), if s is oriented along the o-axis,
Y, { () (Co)

is not prescribed, if s is a characteristic;
w<0—07 9)% + ’(/}.:7(007 e)bo =0, 1/)(017 9)(11 + 1/}0(017 G)bl =0,

where (), 1,(c) are given functions; ay,by,a;,b, are constants such that
a +b3 £ 0, a? +b? £ 0.

By replacing (o, 0) by (z,t) and ¢ by v according to the formulas

cr = / VK do, ct = 0—40,, c= / VK do, v(z,t) = Y(o,0) KV (o),
o 90

problem (C) is reduced to the form (1)

Uy — Vg + N(2)v = 0; U|t:l(r) = p(z);

! i1 ()] < 1,
H=1) 7 is not prescribed,  if l(z) = +u; (C)
v(0,t) cosa + v,(0,¢) sinaw = 0, 0<a<lm,;

v(1,t) cos B+ v, (1,t)sin 5 =0, 0<p<m,

where

d>KY* (o)

N(z) = —K Y*(0) 7a?
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2. Let s,, and B,,(z) be the eigenvalues and normalized eigenfunctions of the
following Sturm-Liouville problem:

By + s, + N(2)]B, =0, (1)

B, (0)cosa+ By, (0)sina = 0, B, (1)cos B+ B;,(1)sin g = 0. (2)

Put A, = +,/5,. We assume that zero is not an eigenvalue.

If the solution of problem (C') is sought in the form

o0

v= Z /Can(.T)eXp(—i/\nt), (3)

n=—0oo

then the satisfaction of the initial conditions on [ leads to the expansion of p(x)
and ¢(z) in the series

pa) = Y e @) (1
o)~ D (-0, @) o)

where
200) = B, (0) expl-i, (2)]. ©)

Substituting B,,(z) from (6) into (1) and (2), we obtain for z,(z) the equation

24 2N, 4 2 AN + i1 + A2(1 =1} =0 (7)

and the boundary conditions

z,(0)[cosa + iA,l'(0) sin o] + z,(0) sina = 0, ®)

Z,(1)[cos B+ A, ' (1)sin 8] + Zz,(1)sin § = 0.
Thus, in order to determine the coefficients ¢, of the series (3), it is necessary
to expand p(z) and ¢(z) in the form (4), (5) in terms of the eigenfunctions of
the non-self-adjoint system (7), (8).

3. Writing the equation and boundary conditions for the function z,(
B, (z) exp[iA,l(z)], analogous to (7), (8), it is easy to obtain from (3
following orthogonality relation:

h

@

x) =
)t
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1
0

With the help of (9), also using the fact that I,,,, = 2i),,, the coefficients c,, of
the series (3) can formally be determined in the form

1

L Ve V(=g —inp) ] de, U(@)] < 1; (10)

CRZE A

. . 1
] s11 7 ,
= — - — =z 11

4. Let us denote the partial sums of the series (4), (5) with coefficients (10),
respectively, by Sy(lp)(x) and S,(Lq>(x), and the partial sum of the series (4)
with coefficients (11) by S (z).

Theorem 1. If on [0,1] [I'(x)] < 1 and the functions N(z), I”(z), p'(x), g(x)
have bounded variation, then as n — oo:

incase A D<a<m 0<fB<m)

Sép)(x) — p(x), 0<z<1;

q(z —0) +q(z +0)

(9)
Sp(z) — 5 ,

0<xr<l;

S(0) =+ q(0+),  S(1) — q(1-);

in case B (a =8 =)

Sﬁlm(x) — p(z), O<z<l;
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incase C (a=m, 0< <)

it p(0)i(z) =0, 0<z<l;

incase D 0 <a<m f=m)

Sfka) — p(x), 0Lz <,

if p(D[I(1) —=1l(z)]=0, O<z<l,;

Si(0) = q(0+),  if p(1)U(1) = 0;

SP (1) =5 (1) = 0.
This theorem generalizes Langer’ s results (?). In case B, for p(0) = p(1) = 0,
it was proved in (3).

Theorem 2. If I(x) = x and the functions N(z), p(x) have bounded variation
on [0,1], then as n — oo:

incase A(0<a<m 0<fB<m)

p(x —0) +p(x+0)
2 )

2P (z) - 0<z<l;

2P 0) = p(04),  =P(1) = p(1-):;

in case B (a =8 =m)

p(z —=0) +p(z +0) = p(0+) = p(1-)

Y
(1’) — 9 y

0<ar<l1;
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incase C (a=m, 0< <)

p(z —0) +p(z +0) = p(0+)

2P (z) —

=P0)=0,  SP(1) = p(l-) — p(0+);

incase D O<a<m B=m)

=P(0) = p(0+) —p(1-),  =P(1)=0.

For a = 8 = 7 (case B) we have an intersection with the results of Mishoe (%).
The unusual fact noted in (*), that the sum of the expansion of p(x) at any
point x € [0, 1] depends, generally speaking, on p(0+) and p(1—), occurs, as is
seen from Theorem 2, only in those cases when « or 8 is equal to 7.

5. The proof of the theorems is carried out, as in (*), by the method of
contour integration in the complex A-plane over an infinitely large circle.
With the aid of a modification of the generalized Fourier transform (%),
one can show that

S (g = 2N d\, SP(x)=—— ¢ AD(z,\)d),
@) =5 § BN (2) i@( )

ZEC

n n

where

—1 T X l’,)\ ‘ 7 777 7 . Vi /
= e M >{( )/ N [o(y, N (Pl + q(1 = 1) —idp) — @' (y, \pl'] dy+
0

+@£‘f;\§‘) / ei)\l(y) [X(yv )\)(p’l/ + q(l _ 1/2) _ @)\p) _ X’(y7 )\)pl/] dy} ;
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sina — e sin f+

_ o [ PO0+) x(2,A) p(1-) ¢z, A)
Y@ = {zwm > W)

+Xw(:§’§) / ei’\yp(ap’-l—i)«p)dy-i—(pif;\;\) / e’“yp(x’Jer)dy}
0 x

Here o(x, M), x(x, \) are solutions of equation (1), where s = A2, such that

»(0,)) =sina, ¢ (0,\) = —cos q;

x(1,A) =sin S, X' (1,\) = —cos f3;

W(A) = ©XG — X P,

C,, is a circle with center at the origin and radius R,,, satisfying the inequality
Ap+e<R, <)X —6c,e>0.

In passing to the limit (n — c0), essential use is made of the asymptotic formulas
for the functions ¢, x, ¢’, X', w, obtained by the method indicated in (5) (§1.7).
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